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Notation: n > 1

K number field with u, C K

S finite set of primes, {v | noo} C S

Kg max. extension of K unramified outside S
Gi,s = Gal(Kg/K)

Ok s = S-integers of K

Clg g = S-class group of K

Ik ¢ = S-ideal group of K

Brg(K) = ker(@,esBr(Ky) — Q/Z)

Cup product:

U
HY(Gg 5, pn) @ H (G5, in) — H*(Gf 5, 1&?)

T he cohomology groups:
The Kummer sequence

X X
1= pn = Okgg— Okgs—1
yields
1 — O ¢/OK"s — H(Gk 5, n) — Clg g[n] — 1
1 — Clg,g/n — H*(Gg g, pn) — Brg(K)[n] — 1
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Rephrasing of interpretation of H1:

HY(Gg g, pn) = D /K<,
Dy = {CL c K*: G'OK,S < TLIK’S}

We define a pairing:

U
(,)s=10(, dnks: DgxDg = H*(Gg g, 13?)

The projection of (, )g to Brg(K)[n] ® un is
the sum of norm residue symbols at v € S. We
consider the case that this projection is trivial.

A formula for the pairing:

Theorem 1. Let a,b € Dg satisfy (a,b), g, =
1 for all v € S. Write bOg ¢ = b", a" = a,
L = K(a), m = [L : K], and b = Ny iy for
~ € L*. We may write

'VOL,S — c1—(7[.’71/m

for some ideal ¢ and element o € Gal(L/K).
T hen

(a,b)s = Np ¢ pn(m—1)/2 & (o-1



Remarks.

1. The contribution from b™{(m=1)/2 has order
dividing 2 and is trivial if m is odd.

2. Taking o to be a generator of Gal(L/K), the
ideal in the theorem is the same as [[";! o'y’ -

OL,S modulo mIL,S-

Corollary 1.Ifb € Ny, Oy ¢ then (a,b)g = 0.

Corollary 2.Ifa,1—a € O ¢ then (a,1—a)g =
0.



Relationship with K-theory.

X X
Ky (Ok.s) = Oks K.
’ <:1:®(1—a:)|a:,1—:v€(9}<(’5>
K3 (Ok,s)— K5 (K)

0 K2(Ok ) —— Ka(K) —@,gsky —0

Theorem 2 (Tate,Soul€). There is a com-
mutative diagram

KM(Ok s)/n——K2(0k,5)/n

T,

H?(Gg 5, 1%?)

where the horizontal map is the natural map,
the diagonal map is induced by ( , )g, and
the vertical map is an isomorphism given by a
Chern class map.



Our focus: n = p, an odd prime

K = Q(Cp)r S = {(1 — Cp)}

Remarks:
1. ClK,S — ClK
2. Brg(K) =0, so

H?(Gg.5,15%) 2 Clg ® pp.

More notation: A = Gal(K/Q)
w: Gq — Zp, the Teichmiller character
Idempotents:

1

— S w(8)Ts

dEAN

€
Assumption (cyclicity conjecture):
(Clg ® Zp)©i is cyclic for (odd) q.

This conjecture was a question of Iwasawa’s.
It is a consequence of Vandiver’'s conjecture.

For r > 2 even, (Clg ® Zp)1-r = 0 if and only
it p| Br.



Assume p | Br. We call (p,r) an irregular pair.
Choose an isomorphism

v (Clg @ pp)2r — Z/pZ(2 — 1),
defined by a, ® ¢ — 1.

Galois equivariant pairing:

(, )r=rtoexyo(, )s: Dg XDk — Z/pL(2—r)

Pairing with (:

Eisenspace considerations yield <C701X<,S>"“ = 0.
Under the cyclicity conjecture, the inverse limit
Aso Of p-parts of class groups up the cyclotomic
Zp-tower has the form

AL 2 Zp[[T1/ (£(T)).
Let arOf. g = ai”( O/,
Proposition 1. (¢,a,)r = —f.(0) (mod p).

Remark: f.(0) Z0 (mod p) if and only if the
A-invariant of AL ™" is 1.

Buhler-C.-E.-M.-S. have verified A =1 for p <
12,000, 000.



More notation:
C cyclotomic p-units
For odd i, choose n; € CT,

n = (1 - (mod CP).

Note: (n;,n;)r =0 unlessi+j =r (mod p—1).
Set €ir — (Mis Mr—i)r-

Technical issue:
Let

qi = [(Clg ® Zp)“1~],

and take o; € (0% )T with ofi =n; (mod CP).
Note: g; = 1 if Vandiver holds at p.
If ¢; > 1, then ¢; , = 0, and one should consider

<a’i7 ar—i>7"



To compute possible values of the e; ., we im-
pose relations.

Some relations in Milnor K-theory:
a. ¢(¢"-1)+ @ —1)=¢TP -1

b. (¢oF+e —1)(¢* — 1) +¢*(¢" - 1)~ 1)
= (¢"** = 1)(¢*** - 1)

C. (¢"FP—1)(¢% — 1) +¢*(¢* — 1(¢* — 1(¢*F* — 1)
= (¢" = 1)(¢D

d. ¢"(¢%* —1)(¢*** — 1)
+ (¢* = 1)(¢" - 1)(Ca+b 1)(¢**? —1)
= (¢* — 1)(¢3lth) — 1)

e. ¢*(¢* —1)(¢*’ — 1)(¢+tP — 1)(¢+*" - 1)
+ (¢* = 1)(¢" = )T — 1)(¢+F=> — 1)(¢* T3 — 1)
— (C2a+4b . 1)(<2a—|—2b _ 1)(<b _ 1)

f. (¢% — 1)(¢2e+®) —1)(¢ote—1)(¢c— 1)
4+ ¢2(¢* — 1)(¢ — 1)(¢% — 1)(¢o TP — 1)
= (¢otbte —1)(¢2* — 1)(¢° — 1)(¢*t — 1)



We consider only the relations (c) with
bodd, 1<b<p—2and a=1.
Note that these may be rewritten:

1t 1+¢

1.
T+¢ 1 C14C
Note: If o, 3 € C then
p—2
(a, B)r = Z (afi, BEr=i),.,
'L'Z?dld

and for ¢ with p{e,

(1 - (91— = n,fi_l (mod CP).

From these and our relations, we obtain
p—2

d (A+@+1)r i —2r ) (1-2r ) (12 = 0 (1)
=1
7 odd

for z; = e; . (and odd b as before).
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Theorem 3. For all irreqular pairs (p,r) with
p < 10,000, there exists a nontrivial, Galois
equivariant, skew-symmetric pairing

(,)Y:CxC—Z/pZ(2—T)

satisfying (1) with z; = (n;,n.—;), and it is
unique with these properties up to a scalar mul-
tiple.

Corollary 3. For all irregular pairs (p,r) with
p < 10,000, one has

(K31 (Ok.5)/p)e2—| < p.

In fact, we computed:
Proposition 2. For all irregular pairs (p,r) with
p < 4,000, one has

(K3 (Ok,s) © Zp)2r| < p.
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A surjectivity conjecture:

Conjecture. For any odd p satisfying Vandiver’'s
conjecture, the map

K (O ) ® Zp — K2(Ok.5) ® Zp
IS surjective.

Remarks:

1. If p violates Vandiver’'s conjecture, but satis-
fies the cyclicity conjecture, this conjecture still
probably holds. If one of the even eigenspaces
of the p-class group has p-rank > 2, then one
would need to take minus parts.

2. We make no conjecture about injectivity.
For instance, the relations we have are not al-
ways sufficient to show that eigenspaces of Ké”
are O for regular pairs (p,r).

Zeroes of the pairing:
Remark: The pairing is not nondegenerate.
In fact, ey, = 0 since, for P =n,_,,

(Ni (7)1 Clrc(7),5 ® Zp)™ 77 = 0.
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Table of pairings:

3

p=37r=32
(12603613531343623610113611 26)

"'II

p =259 r=144
(145 21 30 14 3
38145827 321

55048 57 7 522 11 0 54 24 45 29
50 44 27 32)

p = 67, r = 58
(1453856 047 629 29 15 65

26 45 57 0 10 22 41 2
52 38 58 5200 11 29 22 66 2 2

4 43 65)

p = 101, r = 68

(15640962663 06181713592736468800 13
05 37 28 9 66 30 2040 0 38 75 5 61 45 100 17 17 12
66 72 53 86 31 70 15 48 29 35 89 84 84)

p =103, r = 24
(1 70 17 22 77
54 88 90 23 26
18 3317920 4

25 78 26 81 86 33 102 18 4 26 92 77
57 0 11 86 70 85 85 97 57 0 46 6 18
6 77 80 13 15 49 26 11 77 99 85)

p = 131, r = 22
(1357412981 05025796 130 0 38 8 81 67 83 64
3 127 107 0 34 69 23 105 34 64 100 105 70 73 37 13
118 114 124 36 95 7 17 13 118 94 58 61 26 31 67 97
26 108 62 97 0 24 4 128 67 48 64 50 123 93 0)
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Relationship with K-theory II:

We remark that «; (with o = n;) has nonzero
image «; in

HY (G5, Z/pZ(3))> = (H (G5, 1p) (i — 1))
We have the restriction map

HL(Z[1/p), Z/pZ(5)) = HY (G5, Z/pZ(5))2,

and a; generates the image of the composition
of the natural map

HY(Z[1/p], Zp(i)) — HH(Z[1/p], Z/pZ(5)).

with restriction.

By results of Soulé and Dwyer-Friedlander, we
have surjections

chy it Ko 1(Z) ® Zp — H(Z[1/p], Zp(i)) (2)
for k=1,2 and 7z > 1.
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Conjecture (Quillen-Lichtenbaum). The maps
Ch; j, are isomorphisms.

The Quillen-Lichtenbaum conjecture has re-
portedly been proven by VVoevodsky and Rost.

We have a commutative diagram:

Ko 1(Z) ® K2j-1(Z) Ko(it5)-2(Z) @ Zy
JCh’i,].@Chj,l lChi—l—jQ
Hl(z[%]a Zp(i)) ® Hl(Z[%], Zp(3)) —>H2(Z[%]7 Z,(i+ 7))

where the top horizontal map is the product.

Let b, € Ko;,_1(Z) have image «;.

Theorem 4.Ifb;-b,_;, =0 (mod p) then

o)y =
<O‘z Gy z>7“ 0,

and the Quillen-Lichtenbaum conjecture im-
plies the converse.

Remark. The pairing is more precisely analo-
gous to products in K.(Z;Z/p).
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An approach to nontriviality:

Let L = K(n;ﬁ;), an unramified cyclic exten-
sion K of degree p.

Consider the commutative diagram:

Clz,s/pClL.s H2(Gs, tp) — Byl H2(Lp, 1) —0
lNL/K lCOI’ lf

0—Np/kClrs/pClks—Clg s/pClik,s *Clks/Np/kClp,s—0

0

Let o generate Gal(L/K).
For any z € L, let D = YP_% kok.
Fix a prime pg of L above p.

Theorem 5. Suppose thatb = Ny /i for some
BeOf g Then

(r®id)(a,b)s = ¢® (a,87)p 1,
for some ideal class ¢ with image generating
Clrg,s/Np/kClLs-
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Remark. If |Clg ® Zp| = p, then Ny, Of ¢ =
O};S, and 7 is an isomorphism.

We let Ag denote the subgroup of Gal(L/K)
fixing pg.

Proposition 3. Let 3<:<p—2 be odd such
that p { B,_;. Assume n,_; = Nrp kB, with
chosen to have image contained in the €, ;-
eigenspace of Of ¢/Or % under Ag. Thene; , #

0 if and only if 3P ¢ L, P

Question: Does there exist 8 € O ¢ with
D Xp

For p = 37, this is computationally verifiable.

Theorem 6. The pairing {(, )3 for p = 37 is
nontrivial. Thus, the surjectivity conjecture is
true for p = 37.
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Idea of proof.

With the help of W. Stein and C. Fieker, we
determined the p-unit group of the fixed field
F' of Ag as follows.

/\
\/

The field F' is generated by the trace x of a
37th root of g, and we found a minimal poly-
nomial for this element using CRT. Various
Magma routines then took 5 days on a 2GHz
processor to produce an optimal representation
of the integer ring of F', from which its p-unit
group was computable. One of the p-units g
had norm p. By computing the various embed-
dings of z in the Ly, we were able to verify the
condition of the proposition for gP.
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The minimal polynomial of z:

37 — 648358434

—118234637824%33

— 12333550676582432

— 789490027381555231

— 25584896141781024768x3°

—19612786666813992009728x2°

— 2221784070205669762924544 128

— 33628014249666292632903483392227

— 480571169760919024421471204147222°

— 2249002615426863992005848511545344 2>

— 13099755496539209311468832290825568256x24
—3171787436319383501703813676940597919744 123

+ 476259323830076662111107898811789814530048222

— 1396232608839552259966984463923520026947092480z21

— 331493134727514939719441018060252656606965137408220
— 80268638062435074559599184759300711777564488630272x1°
— 8720575656721364925618242048178120979952828721680875
52418
%—17?2659418875854490177280483057352783210247369401565
18417

+ 3724422223633487548164125253859655282863175862268729
0108864216

— 2065140478547750146788189515335798341552634994293825
692132966415

4+ 3118354412560871576377464195599807837437444537079124
1228146966528x14

+ 2854705449484624416795330612386811215415869973011706
032441160613888x13

— 1855731458356048530821147730152877548185437344079899
1639264756844462080x12

4+ 3087405021478910646130093242279350919332930043815268
74716399929954349875211

— 8448611691348801851628818131891130395295947814515408
16736263726469132320768x1°
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—1816305918878969636874702964809165551139833636304814
68702049951552077809319936x°

+ 4849659113957649708716655446098404792782070205898868
441096885058833612420499374082°

+ 5511404977678219958262233454095746148362443395726320
7123073326516074293876028866560x"

— 1068505898256327898948966128873297210949111791350824
10100519870323032421196184294522880x°

+ 1225313897986066030513017243242734500242304084259199
96998908148191119982817601008959488x°

+ 1982469259694895457314935195126430029297012127795195
501396552566165464092269185291272585216x4

— 6606779528917029897795831254093541405143192723743455
08868647000437128182296246506433818918912x3

— 264988194757 7745980599970091092292918947828671888834
33765067934878438826901051317961493560950784 22

+ 6728762060805419616052269030627338051927895313522501
37517709918865110475053588494379165834704584704x
—26229302920145682793735730674797865320906253597999312
3331515899375253384527718903616471614294706880512

A better polynomial for F':

3" 4+ 49y3% + 12y3° 4 369y3* — 336433 — 268y32 — 3912y3! — 7555430
+60363y2° —254771y%® 4 1584299y%" —4912687y2° + 17776688y>°
— 51189497y%* 4+ 135760742y%3 — 339845565922 + 729194231y>!
— 1823351247y20 + 2954679204y'° — 7136330744y'8

+ 1487010509647 — 19798475744y% + 63485328194y

— 69489469832y'4 + 240906930339y'3 — 130150428853y1?

+ 883058481925yl — 525666202335y!° 4 1336924708802y°

— 2790390347185y + 2312809893723y’ — 3005373888911¢°

+ 6491297663291y° — 2826510585529y* + 4902736951337y3

— 6453741855514y + 3673618997547y — 1546779831802

The embedding of 3P:
—445 41337t —3t31 — 932 + 18133+ 14434+ 21334+ 0(%®), t =(¢ -1
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A few consequences for p = 37:
The group KM (O g) ® Z3z7 has order 37.

Under the Quillen-Lictenbaum conjecture, the
product maps

Koi_1(Z)®Ke3472k—2i(Z) — Keog701(Z) 7237

are surjective for a given odd 2z and any k if
1 % 5,27 mod 36 and zero otherwise.

(Without Quillen-Lichtenbaum, we have non-
triviality and nonsurjectivity in the two respec-
tive cases.)

Theorem 7. Let M/K be a cyclic extension of
degree 37 that is unramified outside 37. Then
|Clprs ® Zz7| = 37 if and only if

1/37 1/37)

M ¢ Q(C3727 y o7

Furthermore, only M = K(ng 1/37

37-class number.

) has trivial
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