
K ⊂ L: finite abelian extension of global fields
G = Gal(L/K)

S: finite non-empty set of places of K,
containing all archimedean ones and ones
ramified in L

T : finite non-empty set of places of K, disjoint
from S, such that US,T = {x ∈ US |x ≡ 1
(mod v), ∀v ∈ T} is torsion-free

For each complex character χ ∈ Ĝ, the
associated modified L-function LS,T (χ, s) is
defined as an infinite product
∏
v∈T

(1 − χ(σv)Nv1−s)
∏
v �∈S

(1 − χ(σv)Nv−s)−1

There is a unique C[G]-valued function θ(s)
which satisfies

χ(θ(s)) = LS,T (χ, s) ∀χ ∈ Ĝ, ∀s ∈ C \ {1}



Theorem. θ(1 − n) ∈ Z[G] for all integers
n ≥ 1.

The augmentation ideal IG is defined by the
short exact sequence

0 −→ IG −→ Z[G] −→ Z −→ 0

g �−→ 1

Let n = |S| − 1 = the order of zero of ζK,S,T (s)
at s = 0, and let

hS,T = #
{fractional ideals of OS , coprime to T}

{(x)|x ≡ 1 (mod v), ∀v ∈ T}



Let Y be the free Z-module generated by the
places v ∈ S and define X by

0 −→ X −→ Y −→ Z −→ 0

v �−→ 1

We define a homomorphism

λS,T : US,T −→ (IG/I2
G) ⊗ X

ε �−→
∑
v∈S

(fv(ε) − 1) · v.

where fv is the local Artin reciprocity map at v.

Conjecture. (Gross) θS,T := θ(0) ∈ In
G, and

that

θS,T ≡ hS,T · det λS,T (mod In+1
G )



Let G = G1 × G2 × · · · × Gm,
Hi = G1 × · · · × Gi−1 × Gi+1 × · · · × Gm, and
let φi : Z[G] −→ Z[Hi] be the map induced by
natural projection.

Theorem. Suppose α ∈ Z[G] such that
φi(α) ∈ In

Hi
for i = 1, . . . , n. Then α ∈ In

G.
(We assume m ≥ n.)

Corollary. Choose a prime number l. Suppose
K is a global function field of characteristic
p �= l such that

• its class number is prime to l.

• it does not contain a primitive l-th root of
1.

Then Gross’s conjecture holds for all L/K

whose Galois group is an abelian l-group.


