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1 - Basic Setup - note that this is identical
to that of Rubin’s conjecture.

L/K finite abelian extension of global fields
with group G.

S DO S1,T finite sets of places of K, r a nonneg-
ative integer. Sy etc. places in L over these.

Hypothesis

1. S DO infinite places

2. S DO ramified places

3. #5171 = r and every element splits com-
pletely in L/K

4. #£S>r+1

5. TNS =0 and Uy, g torsion free.

UrsT = {S-units =1 (mod w) Vw € Tr.}



For x € G, write ey, = # Yeeax(g)g?

@L/K,S,T(S) = op(s) > LL/K,S(Sax_l)ex
YeG
where 67(s) = [Iper, (1 — Ny *Frob,1). The
rth term in the Taylor expansion at O:
E/K,S,T(O) .= Sll_% S_TGL/K,S,T(5)°

Idempotent e =), )= €x-

Dirichlet regulator map

)\5 UL,SL — RXSL

L
u = Tyes, I [fullw - w
Ag st = (S, T) ray-class group of K, size

HpGT(NP o 1)
(Uks:UksT)

hg st =hKs



A RUp s — RXg, is an R[G] isom.

Analytic class number formula

Ok k.57(s) = £hg grdet(\)s¥7 71 (mod s#°)

In general, relate GE/KST(O) to units. Choos-
ing W = (wq,...,wr) above Sy leads to a C[G]-
Isomorphism

W* O )\SL ((C /\%[G] UL,S,T)G'," — C[G]er

So there is a unique element

€= €L/K757T7T7W = ((C /\%[G] UL’S’T)GT

mapping to @E/K’S’T(O).

What are its integrality properties?



Take homomorphisms

P=¢1N--Nor€ /\%[G]HOmZ[G](UL,S,Taz[G])
Look at element ®(¢) € C[GT].

Conjecture (Rubin) () € Z[G].

This conjecture, for r = 1 and all T, is equiv-
alent to the abelian Stark conjecture.

We will demand more of ®(¢) ...

Taster: conjecture ®(¢g) € Ié, where d = #S5 —
r —1 and I = augmentation ideal.

Furthermore, we'll conjecture a value for ®(¢)
. rd pd+1
in Ig/1~" .



2 - Formulation of Congruence

If ¢ € Homyg(M,Z[G]), define ¢'(m) to be
the coefficient of 15 in ¢(m), which gives ¢l ¢
Homy(M,7Z). We have

o(m) = Y ¢t (g tm)g,
geG

and ¢ — ¢! is a group isomorphism.

If 0 < n €Z then such a ¢! induces
é: AGM — AZTIM

by $(my A+ Amp) = Ty (1)1l (m;)m!,
where m; is the wedge of all the m; except m;.
We can iterate this so that & = ¢1 A--- A ¢r
induces a map ® which knocks down exterior
powers by r.



For v a place of K, local reciprocity map
fo = (_7L’UJ/K'U) KX — G
Choose ordering vy, ...,vq41 for S—S;. Define,
following Gross, a homomorphism Regg from
NU s to ZIG]/IETT by
ui N---ANugr— det(fvj(uz) — 1)1§z,3§d

Depends on ordering of places up to sign.

UL, - -5 Upfq Z-basis for Uk g 7. Set

Regd = Regg(P(ug A -+ Aupgg))

N.B. independent of basis & places up to sign.



rxr det. /Z

/o Y

o1 (up1)) - b (up(1))

Regg = Zsign(a) : . : X
o (rb%(ua(r)) T ¢71’ (ua(r))
fvl(uo(r—l—l)) -1 .- fvd(ua(r—l—l)) —1
Al fvl (ua(r—{—d)) -1 - fvd(ua(r—l—d)) —1
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dx d det. /Z[G]

where o runs through all elements of the
symmetric group 5,44 such that
oc(l)<...<o(r)and o(r+1) < ... <o(r+4d),
and wuy,...,u,44 IS @ Z-basis for Uk s 1

Conjecture (Burns) “C=(L/K,S,T,r)"

d(e) = J_rhK,S’TRegg (mod Ié"’l)



3 - Basic properties
1) L/M/K: C=(L/K,S,T,r) = C=(M/K,S,T,r)
2) C=(L/K,S,T,r) = C=(L/K,S, TU{v},r)

3) C=(L/K,Su{v},T,r+1) = C=(L/K,S,T,r)
if v splits completely in L/K.

4) C=(L/K,S,T,r) = C=(L/K,SU{v},T,r)
forall v g SUT.
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4 - Special cases
If r=0,eeC /\%[G] Ur,sTér 1S @L/K,S,T(O) €
C[Gler. C=(L/K,S,T) says that modulo Ig;"'l,

have
O /Kk,57(0) = thig sT7Regg(ur A -+ Aug),

u; a Z-basis for Uk g . This is = Gross's Con-
jecture for this data.

If more than r places split completely...

d>0: C=(L/K,S,T) says 0 =0.

d = 0: it's the homomorphic image of A.C.N.F.
for K. Let u; be a Z-basis for Uk g 7
A.C.N.F. < = hK,S’T/#Gr’U,l N N up
C=(L/K,S,T,r) <—

®(e) = thg 57 det(od(u;));
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5 - Some evidence

Theorem 1 (H.) C=(L/K,S,T,r) holds if L/K
IS quadratic.

Ingredients in the proof:

e A.C.N.F. gives formulae for ¢ (Rubin). Suf-
fices for d = 0 case (equality in Z).

e Can always add a split place to S and in-
crease r.

e (G cyclic = we can add inert places to S too,
for d > 0.

e S50 can increase S to Kill Ap, 5.

e Now RHS collapses to a single term. Proof
of Gross’'s conjecture in quadratic case ~» Cri-
terion for nonvanishing of this regulator.
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Theorem 2 (H.) 2C=(L/Q, S,T,1) holds with
S1 = {oo} if L is real.

ie. 2¢(e) = £2hg 51 3i(—1)" T o1 (u)Rega(u).

Ingredients in the proof:

o L — Q(¢m)
e Formula for L/L,S(O7X) ~

2e = No(¢n)/n(l = )™

e Distribution relations for cyclotomic elements
e Careful induction on #{p | m}

e Lower top field from Q({m), add T conditions
in at the end.
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6 - Interpretation of Darmon’s conjecture

N, S coprime integers. K C Q({n) quadratic
field. L C Q(¢g) real.

Henri Darmon conjectured about a “circular
unit” - explicit element ag € K({g) made from
cyclotomic elements. We can relate ag to

/
the base-change factor from @E/Q,S,T(O) to
2
@EK/K,S,T(O)'
Conjecture

Y o lag®o = +2*hg gRg

o€l g
in UK(CS),S,T®IP/I?+1, n = number of primes
dividing S which split in K/Q. Rg is a sum of
terms of the form u; ® Reg made out of minus-
units.
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h
> a_loz(;T R o = :I:Q*LS’TRS’T.
O'€rS h@a‘SaT
Hit this conjecture with ¢! ® id to get a con-
gruence statement in Z[G].

A T-modified Darmon conjecture implies a “base
change” statement for C=.

Theorem 3 (H.) Assume C=(L/Q, S,T,1) and
Darmon’s conjecture hold. Then can conclude
(4-2") C=(LK/K,S,T,2); ie.

(4-2") (1A $2)(e) = (4-27) (ihK,S,TZ(—l)i—i_l(—l)j—i_l
d1(ui) P53 (us)
¢1(uj)  ¢3(uy)

det(fu, (u;) — 1)17&z',j> (mod I&Th)
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7 - Relations between abelian Stark-type
conjectures

equivariant
Tamagawa
number
conj.

Darmon's conj.

base change

Y

Gross's conj.

analytic class Rubin's conj
number formula

N

N
=

Popescu's conj.

abelian Stark
conj
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