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ABSTRACT

In this thesis, we discuss the following problem:

Let X be an FT (Fano type) variety, and P, ..., P, € X be finitely many points
(possibly singular). Is there a geometrically free rational curve f : P! — X over
P,....PY

The answer is ‘yes’ when X is a projective toric variety over C. As a corollary,
we shall prove that the smooth loci of projective toric varieties over C is strongly

rationally connected.
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1 Introduction and Preliminaries

1.1 Introduction

In recent years, there have been two main streams of development in birational ge-
ometry. The first breakthrough comes from Hacon, McKernan and their coauthors.
Using ideas from Siu, Kawamata and Shokurov, they announced a series of fundamen-
tal results of the minimal model program (MMP): the finite generation of canonical
rings and the existence of minimal models of varieties of general type ([BCHMO6]).
The second important advance comes from the study of rationally connected vari-
eties, a concept independently invented by Kollar-Miyaoka-Mori ([KMM92b]) and
Campana([Ca92]). This kind of variety has interesting arithmetic and geometric

properties ([Kol96],[KMM92b]) and is considered quite fundamental ([Kol01]).

These two main streams are related. It has become increasingly clear that the
birational geometry of higher dimensional varieties is closely related to the geometry
of rational curves on those varieties. From the point of view of the minimal model
program, one expects that rational curves on varieties with mild singularities (e.g.,
log terminal singularities) share many of the basic properties of rational curves on
smooth varieties. Surprisingly, very little seems to be known in this direction.

Roughly speaking, a variety X is called rationally connected if for any two generic

points x1,x9 € X, there is an irreducible rational curve connecting x; and x,, see

Definition 3.1.1.

A class of proper rationally connected varieties comes from the smooth Fano vari-
eties ([Ca92], [KMM92a] or [Kol96]). Shokurov ([Sh00]) proved that FT (Fano type)

varieties (see Definition 1.2.7) are rationally connected varieties assuming LMMP
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(Log Minimal Model Program). Q. Zhang ([Zh06]), Hacon and McKernan ([HMO7])
proved the same result without assuming LMMP. The condition of kit singularities
cannot be weakened to log canonical singularities (see 2.2 in [KMM92b]). However

the rational chain connectedness holds for the log canonical Fano varieties [Sh00].

A harder question is whether the smooth locus of a rationally connected variety
is rationally connected. In general the rational connectedness of a nonproper variety
is subtle. D. Zhang ([Zh95]) gave an example of a projective rational surface S
with only rational double point singularities, but its smooth locus is not rationally
connected (see Example 3.2.15). This example is not FT. Now people ask whether
the smooth loci of FT varieties are rationally connected. For the surface case, Keel
and McKernan gave an affirmative answer, that is, if (S, A) is a log del Pezzo surface,
then its smooth locus S*™ is rationally connected ([KM99]), but this does not imply

the strong rational connectedness.

The concept of strongly rationally connected varieties (see Definition 3.2.14) was
first introduced by Hassett and Tschinkel, see Definition 3.2.14. A proper and
smooth rationally connected variety X /k is strongly rationally connected ([KMM92b]
2.1,[Kol96] IV.3.9). Xu announced very recently ([Xu08]) that the smooth loci of log
del Pezzo surfaces are not only rationally connected but also strongly rationally con-
nected, which confirms a conjecture of Hassett and Tschinkel ([HTO08], Conjecture
19).

In Chapter 1, we will give some preliminaries, including the definitions, and stan-
dard notation.

In Chapter 2, we first recall the definition of toric varieties and their properties in
terms of lattices and fans. We will then introduce isogeny of toric varieties, which is

the important trick in the proof of our main theorem.



In Chapter 3, we introduce rationally connected varieties as well as their arithmetic
and geometric properties. We will also introduce rationally chain connected varieties,
strongly rationally connected varieties, and the relations among the three classes. In
the end of the chapter, we will discuss the role of free rational curves in the theory of
rationally connected varieties. In this thesis, we define weakly free rational curves and
geometrically free rational curves, which are generalizations of free rational curves.

In Chapter 4, we pose our main question (see §4.1). Then we get some results of
free rational curves for projective spaces and quotient spaces. We have an affirmative
answer for the problem for projective toric varieties over C. As a corollary of the
Main Theorem, we find that the smooth loci of toric varieties are strongly rationally
connected. The rest of the chapter contains the proofs for the Main Lemma and Main
Theorem.

It is expected that the main theorem can be solved by similar methods for complete

toric varieties over any field.

1.2 Definitions and preliminaries

Throughout the paper, we are working over an uncountable field of characteristic 0,

for simplicity C. In this section, we recall some definitions and fix notation, which

will be used throughout this thesis. Basic terminology can be found in [Ha77].
When we say that x is a point of a variety X, we mean that x is a closed point in

X.

Definition 1.2.1. A variety X over a field k is called rational (or k-rational or
rational over k) if X is k-birational to P{™ X, We say that X is unirational if there

is a dominant map P} --» X.

Definition 1.2.2. A rational curve is a nonconstant morphism f : P! — X.



By the Liiroth theorem (See [Ha77] Chap IV. Example 2.5.5), every morphism
g : P! — X is either constant or it can be written as P! iﬂpﬂ L X where f is

birational onto its image, and A is a finite morphism.

Z>( denotes the set of non-negative integers, and similarly R>( denotes the set of
non-negative real numbers.

A morphism of varieties is everywhere defined. It is denoted by a solid arrow
f: X =Y. A rational map of varieties is defined on a dense open set; it is denoted
by a dotted arrow f: X --» Y.

For a birational morphism f : Y — X the exceptional set Ex(f) C Y is the set
of points {y € Y} where f is not biregular (that is f~' is not a morphism at f(y)).

A contraction of Y is a proper surjective morphism f : Y — X with f,Oy = Ox.
We also say that it is an extraction of X, especially, if it is constructed from X. We
say f is a small contraction if Ex(f) has codimension > 2.

A topological space X is a Zariski space if it is noetherian and every (nonempty)
closed irreducible subset has a unique generic point. A subset of X is locally closed
if it is the intersection of an open subset with a closed subset. A subset of X is

constructible if it can be written as a finite disjoint union of locally closed subsets.

See [Ha77] Chap II. Exercise 3.17, 3.18, 3.19.

Definition 1.2.3. Let X be a smooth variety, and D = U]_, D; is a Weil divisor on X,
where D; are prime divisors. A point P € CND is call an-point it P € D;;N---ND;,

forsomel <n <rand P ¢ D; N---ND;

In+1

forany {Dj,,...,D;,.,} C{D1,...,D,}.

If n =1, we also say P is a unary point.

Let X be a smooth variety and D = > d;D; a Q-divisor (or R-divisor, when
d; € R) on X. We say that D is a simple normal crossing divisor (abbreviated as

SNC) if each D; is smooth and they intersect everywhere transversally.



Let X be a scheme. A resolution of X is a proper birational morphism g : ¥ — X

such that Y is smooth.

Definition 1.2.4. Let D = ) d;D; be a Q-divisor on a normal variety X, that is,
d; € Q and D; is a prime divisor on X for every ¢. Then D is said to be Q-Cartier if
there exists a positive integer m such that mD is a Cartier divisor. A normal variety

X is said to be Q-factorial if every normal prime divisor D on X is Q-Cartier.

Let X be a scheme and D = > d;D; a Q-divisor (or R-divisor) on X. A log
resolution of (X, D) is a proper birational morphism g : ¥ — X such that Y is
smooth, Ex(g) is a divisor and Ex(g)Ug™" (Supp D) is an SNC divisor. Log resolutions

exist for varieties over a field of characteristic zero by Theorem 1.2.5 (see [Hironaka64]

or [KM98] Theorem 0.2).

Theorem 1.2.5. Let X be an irreducible reduced algebraic variety over C and I C Ox
a coherent sheaf of ideals defining a closed suchscheme Z. Then there are a smooth
variety Y and a projective morphism f Y — X such that

(1) f is an isomorphism over X \ (Sing X U Supp Z),

(2) f*I C Oy is an invertible sheaf Oy (—D) and

(8) Ex (f)U D is an SNC divisor.

Let (X, D) be alog pair with an R-divisor D such that K+ D is R-Cartier. Suppose
that f : Y — X is alog resolution of (X, D). Then we have Ky + f,'D = f*(K+D)+
> e;E; where E; are f-exceptional prime divisors and we call e; := e(F;, X, D) the
discrepancy of (X, D) at E; (the discrepancy of E; can also be defined without a log
resolution, but with a divisorial resolution of E; only). The value a(F;, X, D) = ¢; +1
is called the log discrepancy of (X, D) at E;. If E is a prime non-exceptional divisor on

X, then we define a(E, X, D) =1 —multgD. The pair (X, D) has only log canonical



(lc) singularities if e; > —1 for all exceptional and non-exceptional divisors F;. We

say that (X, D) is Kawamata log terminal (or klt), if all e, > —1 and | D| < 0.

Definition 1.2.6. A smooth projective variety X is called Fano if the anti canonical
divisor —Kx is ample. A normal projective variety X is called Q-Fano if —Kx is

Q-Cartier and ample. If dim X = 2, it is called a del Pezzo surface.

Definition 1.2.7. A normal projective variety X is called FT (Fano Type) if there
exists an effective Q-divisor D, such that (X, D) is klt (see §1.2 for definition) and
—(Kx + D) is ample. See [PSh09] Lemma-Definition 2.6. for other equivalent defini-

tions.

Suppose T' parameterizing a family of rational curves, and ev: P! x T' — X is the
evaluation morphism (map). Let f; = ev|pi, : P! — X. Let B be a set of closed
points in P!, and By = B x t,t € T. If B, = B for all t € T, we write f;|p for fi|p,.

Occasionally, we will apply the projection formula.

Theorem 1.2.8. (projection formula, see [Debarre01] Chap I 1.9) Let w : X — Y
be a proper morphism between varieties and let C' be a curve on X. We define the
1-cycle m,C' as follows: if C is contracted to a point by w, set m,C' = 0; if 7(C) is a
curve on'Y, set m,.C = d - w(C), where d is the degree of the morphism C — 7(C')

induced by 7. If D is a Cartier divisor on X, we have

mD.C = D.r.C.



2 Toric varieties

2.1 Introduction

The theory of toric varieties was first introduced by Demazure (see [Demazure70])
and then by Mumford et al. (see [TET73]), Satake (see [Satake73]) and Miyake-Oda
(see [MOT73]). Now it is widely used in mathematics and theoretical physics. Our

main references are from definitions in [Fulton93], [Oda78], [Oda88] and [Danilov78§].

Definition 2.1.1. A toric variety X of dimension n is a normal variety that contains
a torus T' = (C*)" as a dense open subset, together with an action T'x X — X of T

on X that extends the natural action of T on itself by multiplication.

Definition 2.1.2. A toric morphism or equivariant morphism consists of a homo-
morphism f : T — T and a morphism f : X — X' such that f(tx) = f(t)f(x) for

teTl,xe X.

The other way to define toric varieties is combinatorial using lattices and fans.
Let N = Z" be a lattice of rank n. Let M = Hom(N,Z) denote the dual lattice, with
dual pairing denoted (, ) : M X N — Z. A fan A is a finite collection of convex
cones 0 C Ny := N ®z R satisfying the following:

(i) Each convex cone o € A is rational polyhedral in the sense that there are
finitely many vy, ...,vs € N C Ng such that o = {ryv; +- - +rsvs|r; € Ry for all i}
and is strongly convex in the sense that o N (—o) = {0}.

(ii) Each face 7 of a convex cone o € A again belongs to A.

(iii) The intersection of two cones in A is a face of each.

If o is a cone in N, the dual cone & is the set of vectors in Mr = M ®z R that

are nonnegative on o. This determines a commutative semi-group

Se=0NM={ue M| (u,v) >0 forallveoc}.



This semigroup is finitely generated (see [Fulton93] §1.2 Gordon’s Lemma). Such an

algebra corresponds to an affine variety: set
U, = Spec (C[S,]) = {u: Sy, — C|u(0) = 1,u(m+m’) = u(m)u(m’) Ym,m' € S,}.

If 7 is a face of o (denoted by 7 < o), then S, is contained in S;, so C[S,] is a
subalgebra of C[S,], which gives an open embedding U, — U,. With these identi-
fications, these affine varieties can be glued from U, together to form an algebraic
variety, which is called the toric variety associated to the fan A, denoted by X(A).

The big torus of X(A) is

Ty = Uy = Spec (C[M]) = Spec C[X1, X', ..., X,,, X, |=C" x--- x C".

n

A map of fans ¢ : (N',A") — (N, A) is a Z-linear homomorphism ¢ : N' — N
whose scalar extension g : N — Ng, where N = N' ®;z R, Ng = N ®; R, satisfies

the following property: For each o’ € A’ there exists 0 € A such that pro’ C 0.

Theorem 2.1.3. (/Oda88] §1.5, Theorem 1.13) A map of fans ¢ : (N',A’) — (N, A)

gives rise to a morphism of algebraic varieties
o X =X(A) =Y =Y(A),

whose restriction to the open subset T coincides with the homomorphism of algebraic
tori

@®1ITN/:N/®ZCX—>TN:N®Z(CX

arising from . Through this homomorphism, . is equivariant with respect to the
actions of T+ and Ty on the toric varieties.
Conversely, suppose ' : Ty — Ty is a homomorphism of algebraic tori and

f:X =X(A) =Y =Y(A) is a morphism equivariant with respect to f'. Then



there exists a unique Z-linear homomorphism ¢ : N — N which gives rise to a map

of fans (N, A") — (N, A) such that f = p..

The first way of defining toric varieties is from a geometric point of view. The
second one is from a combinatorial point of view. The previous lemma essentially
establishes that they are equivalent. See also [Oda78] and [Fulton93].

The gist of the theory lies in the fact that geometric properties of toric varieties
can very often be described in terms of the elementary geometry of fans. Here we

give some criteria that we will use later.

Theorem 2.1.4. ([Oda88] §1.4 Theorem 1.10)(Nonsingularity) The toric variety
X (A) is nonsingular if and only if each o € A is nonsingular in the following sense:

There ezist a Z-basis {ny,...,n,} of N and s <r such that 0 = R>gny +---+Rxsons.

Theorem 2.1.5. (/Oda88]§1.4 Theorem 1.11)(Completeness) The toric variety X (A)
is complete if and only if A is a finite and complete fan, i.e., A is a finite set with

the support |A| := Uyeao coinciding with the entire Ng.

Theorem 2.1.6. ([Oda88] §1.5 Theorem 1.15)(Proper morphism) Let ¢ : (N', A) —
(N, A) be a map of fans. The equivariant morphism f = p, : X(A") — Y (A) is proper
(i.e., the inverse image of each compact subset is compact) if and only if for each

o €A, the set A, = {0’ € A | p(0') C o} is finite and ¢~ (o) = |AL] := Uprear o’

Theorem 2.1.7. ([Oda88] §1.5 Corollary 1.17) The equivariant morphism @, :
X(A") — Y(A) is proper if and only if ¢ : N' — N is an isomorphism and A’

is a locally finite subdivision of A under the identification Ng = Ng.

As with any set on which a group acts, a toric variety X = X(A) is a disjoint
union of its orbits by the action of the torus 7' = Tx. We can describe the Ty-orbits

in terms of A as follows:



Theorem 2.1.8. ([Oda88] §1.2 Proposition 1.6) For each o € A we can regard the

quotient algebraic torus
orb(c) := {u: M No*+ — C*; group homomorphisms}

of Ty as a Ty-orbit in X (A). FEwvery Ty-orbits is of this form and in this way, A
is in one-to-one correspondence with the set of Tx-orbits in X (A). Moreover, the
following hold:

(i) orb({0O}) = Up = Th.

(ii) For o € A, the complex dimension of orb(c) coincides with the codimension
r —dimo of o in Ng.

(iii) For o,7 € A, 7 is a face of o if and only if orb(c) is contained in the closure
of orb(T).

(iv) For o € A, orb(o) is the unique closed Tx-orbit in U, and we have U, =

LI, orb(T).

We also need two facts about Q-factoriality of toric varieties.

Theorem 2.1.9. ([Matsuki02] §14.1 Lemma 14-1-1) A toric variety X (A) is Q-
factorial if and only if each o € A is simplicial, i.e., there exist eractly s = dimo
lattice points vy, ..., vs such that o = {ryvy + -+ + rvg|r; > 0}. It is factorial if and

only if it is nonsingular, i.e., vy,...,vs form a (part of a) Z-basis of N.

Theorem 2.1.10. (/Fj03] Corollary 5.9. Small projective toric Q-factorialization).
Let X be a toric variety over k. Then there exists a small projective toric morphism

f:X — X such that X is Q-factorial over k.
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2.2 Isogeny of toric varieties

The following lemma is a characterization of finite surjective toric morphisms with

respect to lattices and fans of toric varieties.

Lemma 2.2.1. Let f : X — Y be a toric morphism, and ¢ : (N';A") — (N, A),
where (N'; A") (respectively (N, A)) is the lattice and fan of X (respectively of Y ), be
its corresponding map of lattices and fans. Then f is finite surjective if and only if
1) rank N'= rank ¢(N') = rank N.
2) pr gives a one-to-one correspondence between o' € A’ and o € A, and we

denote this by prA' = A.

Remark. Let f: X — Y be a finite surjective toric morphism of toric varieties and
v (N',A") — (N, A) be the corresponding map of fans, then we can identify N’ as

a sublattice of N and A’ = A.

Proof. If part:

Since rank N’ = rank ¢(N’) and N’/ ker p = ¢(N'), we have ker pp = 0. So, ¢
induces a toric isomorphism between (N, A’) and (¢(N'), prA). On the other hand,
@ gives a one-to-one correspondence between ¢’ € A" and 0 € A, ie., prA" = A.
Therefore, after an identification, X can be viewed as a toric variety given by (N', A),
where N’ C N is an inclusion of same rank lattices. Therefore we get that f is a
finite surjective toric morphism [cf [Fulton93] page 33-34]. More precisely, the finite
group N/N’ acts on X, and X — Y is the quotient map.

Only if part:

1) Since f is a finite surjective toric morphism, we get dim X = dim f(X) = dimY.

Therefore rank N’ =rank ¢(N') =rank N.

11



2) The lattice map ¢ can be decomposed as:

) P
I

(Na QDRA/

(N, A (N, A)
)

where Id is the identity map of the lattice N. This gives a decomposition of f into
toric morphisms:

A
where Z is the toric variety given by (N, prA’).

Since f is finite, it is proper. By the criterion of properness of toric morphisms (See
Theorem 2.1.6), prA’ is a subdivision of A. Therefore, by the criterion of birational
maps between toric varieties (See Theorem 2.1.7), the morphism A is birational. On
the other hand, since f is finite and surjective, we get h is finite and surjective as well.
Therefore, the toric morphism h has to be an isomorphism since h is finite surjective

and birational. Hence pr A’ = A. ]

Lemma 2.2.2. Let N’ be a sublattice of N and rank N' = rank N, then there exists

a positive integer r, such that rN is a sublattice of N’

Proof. Let {ey,...,e,} be a basis of the lattice N and {f,..., f,} a basis of N’,
where n =rank N =rank N’. Let F' = (fi,...,f.)",E = (e1,...,e,)", where "
denotes the transpose of matrix.

Since N’ is a sublattice of N, and rank N’ = rank N, we get F' = AFE for an
invertible matrix A over integers, i.e., A € GL,(Z). So we have (det A)E = A*F,
where A* is the adjoint matrix of A. Let r = | det A| # 0 since A is invertible, which

is a positive integer. Therefore, rV is a sublattice of N'. O

Lemma 2.2.3. For a lattice N, fan A and a positive integer r, let ¢ : (rN,A) —

(N, A) be a map of fans which is defined by ¢(a) = a/r for a € rN. Then ¢ induces

12



an isomorphic toric morphism f : X — Y where X is the toric variety given by

(rN,A) and Y is the toric variety given by (N, A).

Proof. Let ¢ : (N,A) — (rN,A) be a map of lattices and fans which is defined by
t(a) = ar for a € N. Then we can easily verify that o = Id,y and ptp = Id y.
Therefore, the corresponding toric morphisms f : X — Y and g : Y — X satisfy
fg=1dy and gf = Id x. In other words, the toric morphism f, which is induced

by ¢, is a toric isomorphism. O]

Corollary 2.2.4. Let f : X — Y be a finite surjective toric morphism. Then there

exists a finite surjective toric morphism g:Y — X.

Proof. By the remark of Lemma 2.2.1, we can identify the lattice N’ of X as a
sublattice of the lattice NV of Y. And identify the fan A’ of X as the fan A of Y.
By Lemma 2.2.2, there exists a positive integer r, such that »N is a sublattice
of N'. Therefore the inclusion map of lattices ¢ : (rN,A) — (N, A) induces a finite
surjective toric morphism g : Z — X, where Z is the toric variety given by (rN,A).
By Lemma 2.2.3, Z and Y are isomorphic as toric varieties. Then, after identifi-

cation, g : Y — X is a finite surjective toric morphism. O

Definition 2.2.5. An isogeny of toric varieties is a finite surjective toric morphism.
Toric varieties X and Y are said to be isogenous if there exists an isogeny X — Y.
The isogeny class of a toric variety X is a set consisting of all toric varieties Y such

that X and Y are isogenous.

Let us sum up the properties of isogeny.
1) If toric varieties X and Y are isogenous, then Y and X are isogenous by
Corollary 2.2.4. Moreover, isogeny is an equivalence relation, i.e., it is reflexive,

symmetric and transitive.

13



2) If a toric variety Y is in the isogeny class of X and p: X — Y is the isogeny,
then there is a one-to-one correspondence between the set of orbits {OX} of X and
the set of orbits {O} = u(O;*)} of Y. Hence dim O;¥ = dim O} for all 4, and the
number of orbits is independent of the choice of toric varieties in the isogeny class of

X.

2.3 Examples
Example 2.3.1. Dimension 1 toric varieties are either C, C*, or CP*.

Example 2.3.2. (singular toric surface) Take n = 2, and take o generated by es and

261 — €9.

Semigroup generators for S, are e}, €;+¢€5 and ej+2¢3, so C[S,] = C[X, XY, XY?| =

C|U,V,W]/(V? — UW). Hence U, is a quadric cone, i.e., a cone over a conic.

Example 2.3.3. (Twisted or weighted projective space) Let vectors vy, ..., v, be the

standard basis eq,...,e, for N = Z", and vg = —e; — -+ —¢,,. Let A be the fan

14



whose cones are generated by any proper subsets of the vectors vy, ..., v,. The toric
variety X (A) is CP".

To construct weighted projective space P(dy,...,d,), where dy,...,d, are any
positive integers, start with the same fan used in the construction of projective space,
i.e., its cones generated by proper subsets of {vg, v1,...,v,}. However, the lattice N
is taken to be generated by the vectors (1/d;)v;,0 < i < n. The resulting toric variety

is in fact the variety

P(dy, . ..,d,) = C""\ {0}/C",
where C* acts by (- (2g,...,2,) = ((®xg,...,(%"w,).

Example 2.3.4. Any toric variety X is rational, because it is birational to its big

torus (C*)", which is rational, where n = dim X.

Example 2.3.5. Projective toric varieties are FT (see Definition 1.2.7). Let K be
the canonical divisor of the projective toric variety X(A), T" be the torus of X, and
Y. = X\T = >_D; be the complement of T"in X. Then K is linearly equivalent
to —3. Since X is projective, there is an ample invariant divisor L. Suppose that
L =5 "d;D;. Let the polytope Oy = {m € M|(m,e;) + d; > 0,Ve; € A(1)}, where
M is the dual lattice of N, and A(1) is the set consisting of 1-dimensional cones in
A. Let u be an element in the interior of [J;. Then D =div x" + L is effective and
ample and has support %, that is, D = > d/D; and all d; > 0.

Let € be a positive rational number, such that all coefficients of prime divisors
in €D are strictly less than 1. Then ¥ — €D is effective. It is easy to check that
(X,X —€D) is kit (see §1.2 for terminology and notation), and —(K + X —eD) ~ eD

is ample. Hence X is F'T.
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3 Rationally connected varieties

3.1 Rationally connected varieties

Definition 3.1.1. ([Kol96] Chap IV, 3.2 Definition.) Let X be a variety (not neces-
sarily proper).

(1) We say that X is rationally chain connected if there is a family of proper
and connected algebraic curves g : U — Y whose geometric fibers have only rational

components with cycle morphism v : U — X such that
u? U xy U — X x X is dominant.

(The image of u(® consists of those pairs 1, 2o € X such that z1, x5 € u(U,) for some
yeyY.)

(2) We say that X is rationally connected if there is a family of proper algebraic
curves g : U — Y whose geometric fibers are irreducible rational curves with cycle

morphism u : U — X such that «(? is dominant.

Roughly speaking, a variety X is rationally connected if for any two generic points
x1,xy € X, there is a rational curve connecting x; and x5, and the curve belongs to
a bounded family. A variety X is rationally chain connected if for any two generic

points z1, x5 € X, there is a chain of rational curves connecting x; and .
Remark. The affine space A" is rational, but not rationally connected.

Motivation: Rationally connected varieties are right higher dimensional analogs of
rational curves and rational surfaces. In other words, a rationally connected variety

is expected to have plenty of rational curves. (see [Kol01].)

Theorem 3.1.2. (see [AK03] Definition-Theorem 29) Let X be a smooth projective

variety over C. Then the following are equivalent:
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(1) There is a dense open set X° C X such that for every xy,xo € X°, there is a
chain of rational curves connecting x1 and x-.

(1°) There is a dense open set X° C X such that for every x1, x5 € X°, there is a
rational curve connecting x1 and xs.

(2) For every x1,x9 € X there is a rational curve through xy and z;.

(8) For every xi,...,x, € X there is a rational curve through 1, ..., x,.

(4) For every x1,...,x, € X there is a free rational curve (see definition 3.2.2)
through x1, ..., ZTpy,.

(5) There is a very free rational (see definition 3.2.2) curve on X.

Corollary 3.1.3. (/Kol96] Chap IV. 3.10.3 Theorem.) Let X be a smooth variety

over C. Then X 1is rationally chain connected if and only if X s rationally connected.

Complete rationally connected varieties have many nice geometric and arithmetic
properties (see [AKO03] for an elementary introduction):

0) (Birational invariance) Let X and Y be two complete varieties with X birational
to Y. Then X is rationally connected if and only if Y is rationally connected.

1) (Castelnuovo’s criterion) A smooth projective rationally connected variety X
satisfies HO(X, (24)®™) = 0 for every m > 1, and the converse holds for dim X = 1,
dim X = 2 (Castelnuovo’s criterion), and dim X = 3 (see [KMM92b]). The converse
is conjectured to hold for dim X > 4.

2) (Deformation Invariance) Let S be a connected C-scheme and p : X — S a
smooth projective morphism. If a fiber X, is rationally connected for some s € S,
then every fiber of p is rationally connected (see [KMM92b]). It is an open problem.
Deformation invariance is expected to fail for the class of smooth non-unirational
varieties or smooth non-rational varieties for dim X > 4.

3) If X is a smooth variety, and there is a dominant morphism X — Y to a
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rationally connected variety Y such that general fibers are rationally connected, then
X itself is rationally connected, see [GrHaSt03].
4) (Algebraically simply connected, see [Debarre01] Chap 4, Corollary 4.18) Let
X be a smooth projective rationally connected variety. Then any connected finite
étale cover of X is trivial. The variety X is said to be algebraically simply connected.
5) (Simply connected, see [Debarre01] Chap 4, Corollary 4.18) Let X be a smooth

projective rationally connected variety over C, then the variety X is simply connected.

Example 3.1.4. It is easy to see that rationally connected varieties are rationally
chain connected varieties. On the other hand, we have seen that for smooth projective
varieties over C, rationally chain connected varieties are also rationally connected. In
general, the property of rational chain connectedness does not imply rational connect-
edness. For example, a projective cone X over a smooth elliptic curve E is rationally
chain connected but X is not rationally connected. Actually, for any projective cone
X over a smooth curve C' with genus ¢g(C') > 1, X is rationally chain connected but
not rationally connected. However, if X has mild singularities (e.g. klt), then rational

chain connectedness implies rational connectedness, see [Sh00].
Here are some examples of rationally connected varieties.

Example 3.1.5. Let 2 be the set of projective rational varieties; B the set of pro-
jective unirational varieties, and € the set of rationally connected varieties. Then
2ACB CC.

For the surfaces case, there is no difference, i.e., a projective rationally connected
surface is rational, and thus unirational.

There are examples of threefolds X which are unirational but not rational. Whether

or not B = € is an open problem but they are expected to be unequal.
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Example 3.1.6. All complete toric varieties are rational (see Example 2.3.4). Hence

complete toric varieties are all rationally connected.

Example 3.1.7. Smooth Fano (see Definition 1.2.6) varieties are rationally con-

nected. See [KMM92a).

Example 3.1.8. A smooth hypersurface X in P" is rationally connected if and only

if dim X < n.

Example 3.1.9. The closure of the image of a rationally connected variety is ratio-

nally connected.
Example 3.1.10. FT varieties are rationally connected. See [Sh00],[HMO07],[Zh06].

Example 3.1.11. Any log canonical Fano variety is rationally chain connected [Sh00].

3.2 Free rational curves and strongly rationally connected

varieties

Definition 3.2.1. Let C' be a proper curve without embedded points, X a smooth
variety and f : C' — X a morphism. Let B C C be a closed subscheme with ideal
sheaf Ip and g = f|g.

f is called free over g if f is nonconstant and the following two equivalent condi-
tions are satisfied:

(1) HY(C, f*Tx @ J) = 0 for every subsheaf J C I such that length(Iz/J) = 1.
(If C' is smooth, then this can be written as: H'(C, f*Tx ® Ig(—p)) = 0 for every
peC.)

(2) HY(C, f*Tx ® Iz) = 0 and f*Tx ® Ip is generated by global sections.
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Definition 3.2.2. In the C' = P! case, by [Ha77] V. Exercise 2.6, we can write
[ Tx @1 20(a1) ® -+ @& O(ay,). f:P'— X is called a free rational curve (resp.

very free rational curve) over g if all a; > 0 (resp. all a; > 1.)

Definition 3.2.3. ([Kol96] Chap IT 3.8 Definition) Let E be a vector bundle on P!
E is called semi-positive (resp. ample) if any of the following equivalent conditions is
satisfied:

1) H'(P', E(—1)) = 0 (resp. H (P, E(-2)) = 0);

2) E (resp. E(—1)) is generated by global sections;

(1) '
(2) E

(3) E~ > 0O(a;) and a; > 0 (resp. > 1) for every i;

(4) H'(P', E) — E ® k(p) (resp. H'(P', E(—1)) — E(—1) ® k(p)) is surjective

for some p € P!

Remark. Intuitively, a free curve can be moved in every direction, while a very free

curve moves freely in any direction with one point fixed.

Example 3.2.4. ([Debarre01] Chap 4, Examples 4.7) (1) If f : P! — X is noncon-
stant, f*Ty contains Tp1 = Opi(2) and a; > 2. So if f: P! — X is a free rational
curve, Ky - f,P' = —>"  a; < —2. There are no free rational curves on a variety
whose canonical divisor is nef.

(2) Any rational curve in P is very free.

(3) A smooth rational curve C' on a smooth surface X is free (resp. very free) if

and only if C% > 0 (resp. C? > 0).

The following proposition shows that a free curve can move from any smooth

subvariety of codimension at least 2.

Proposition 3.2.5. ([Kol96] Chap II. 3.7 Proposition.) Let f : C — X be free over
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g. Let Z C X be a subscheme of codimension at least two. Then
f(C—BnzZ=0
for a general deformation [’ of f over g.

The following theorem is very useful for determining if a rational curve is free.

Theorem 3.2.6. (/Kol96] Chap II. 3.11 Theorem) Let X be a smooth projective
variety over a field of characteristic 0. Let B C P! be a subscheme, |B| < 2 and
g : B — X a morphism. There are countably many subvarieties V; = Vi(B,g) C X

such that if f : P — X is a nonconstant morphism such that flg = g and im

f & UV, then f is free over B.

We also need to introduce the deformations of a tree of rational curves, which
is a main trick Kollar-Miyaoka-Mori used in their foundational work on rationally

connected varieties (see [KMM92al).

Definition 3.2.7. ([Kol96] Chap II. 7.1 Definition) Let f : C' — X be a morphism.

A smoothing of f:C — X is a diagram

!
0eT
where 0 € T' is a connected, smooth and pointed curve such that
(1) ¢ is flat and proper over T
(2) q is smooth over T — {0};
(3) [Flg-10) 1 ¢ '(0) = X] = [f: € — X].

Fl~1 : ¢ (t) — X is called a nearby smoothing for t # 0.
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Definition 3.2.8. ([Kol96] Chap II. 7.2 Definition) Let f : C — X be a mor-
phism and x4,...,x, € C distinct points. We say that the above smoothing fixes
f(z1),..., f(x,) if there are sections t; : T — Y such that

(1) t;(0) =2, € C CY, and

(2) Fot,(T) = f(x;) for every i.

We say that f is smoothable fixing f(x1),..., f(z,) if there is a smoothing which

fixes f(x1),..., f(zn).

Definition 3.2.9. ([Kol96] Chap II. 7.4 Definition) Let C' be a connected curve and
D C C a subcurve, C; the irreducible components of C' not contained in D. We say
that C' is obtained from D by attaching trees if

(1) every C; is isomorphic to P!, and

(2) C; intersects D + Z;;ll C; in a single point which is an ordinary node of C.

(3) If D = P!, then we say that C is a tree of smooth rational curves.

(4) A tree of smooth rational curves is called a chain of smooth rational curves
(of length n) if C;,; intersects 23:1 C; in a single point which is a point of C;(1 <

i<n-—1).

Theorem 3.2.10. (/Kol96] Chap II. 7.6 Theorem) Let C = C; be a tree of smooth
rational curves, and f : C'— X a morphism such that X is smooth along f(C).

(1) Fiz a smooth point 0 € C. If f*Tx|c, is semi-positive for every C;, then
f:C — X can be smoothed keeping f(0) fized.

(2) Fix smooth points p; € C;. If f*T'x

c, s ample for every C;, then f:C — X
can be smoothed keeping the f(p;) fized.
3) Let f, : P! — X be a nearby smoothing. Then f;Tx is semi-positive in the
t

first case and ample in the second case.
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Definition 3.2.11. ([Kol96] Chap II 7.7 Definition) A comb with n teeth is a con-
nected and reduced curve C' with irreducible components D, (', ..., C, with the fol-
lowing properties:

(1) D is smooth and every C; is isomorphic to P!; (D is called the handle and C;
the teeth)

(2) the only singularities of C' are ordinary nodes;

(3) every C; intersects D in a single point z; and z; # z; for i # j. These are the
only intersections between the irreducible components.

A subcomb of C is a subcurve which contains the handle.

Theorem 3.2.12. ([Kol96] Chap II 7.9 Theorem) Let C = D+} ., Ci be a comb,
D1y ... Pr € D points different from the x;. Let f : C' — X be a morphism such that
X is smooth along f(C) and f*Tx|c, is semi-positive for every i. Then there is a
subcomb C" = D + " C; with m' teeth such that f' := f|cr : C' — X is smoothable

fixing f'(p1), ..., f'(pk) and m’ satisfies both of the following inequalities:
m' >m —h'(D, (f|p)"Tx(= X pi)), and

-----

The theorem can be applied to deform a nonfree rational curve to be a free rational

curve, if D = P!, If we attach to the curve D = P! sufficiently many free rational

.....

and m > hY(D, (f|D)*Tx(—>_p;)), then D + 3" C; can be smoothed to a rational

curve. Then apply Theorem 3.2.6; it is free.

Now let’s introduce the definition of a strongly rationally connected variety.

Theorem 3.2.13. ([Kol96] Chap 1V, 3.9.4Theorem.) Let X be a smooth separably

rationally connected variety over an algebraically closed field. There is a unique largest
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open subset ) # X° C X such that if xq,...,x, € X° are distinct closed points, then
there is a morphism f : P* — X° such that

(1) x1,..., 2, € f(PY);

(2) f*Tx is ample;

(3) f is an immersion if diim X = 2 and an embedding if dim X > 3.

Moreover, if C C X is a rational curve such that C N X° # (0, then C C X°.

With the same notation as above, X is called strongly rationally connected if
X" = X. This new concept was first introduced by B. Hassett and Y. Tschinkel.

There are no examples where X° # X

Definition 3.2.14. (see [HT08| Definition 14.) A smooth separably rationally con-
nected variety Y is strongly rationally connected if any of the following conditions
hold:

(1) for each point y € Y, there exists a rational curve f : P! — Y joining y and a
generic point in Y;

(2) for each point y € Y, there exists a free rational curve containing y;

(3) for any finite collection of points yi,...,y, € Y, there exists a very free
rational curve containing the y; as smooth points;

(4) for any finite collection of jets
Spec kle] /(T CY, i=1,...,m

supported at distinct points vy, ..., ¥m, there exists a very free rational curve smooth

at y1,...,ym and containing the prescribed jets.

Example 3.2.15. The example follows from Zhang ([Zh95]) that the smooth locus

of a rationally connected variety may not be strongly rationally connected.
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Let X = (P! x E)/{g) where E is a smooth elliptic curve and ¢ is an involution
acting diagonally and effectively on both factors (with ¢g|z = involution). Then X
has 8 singular points. The second projection gives a fibration X — E/(g) = P! (I
use the same ¢ to denote the action on F) with general fibres P!, so X is a rational
surface. The smooth locus X of X has an étale double cover equal to P! x £ minus
a few points, so 71 (X?) is infinite. However, if Y is a smooth rationally connected
variety (possibly not be proper), then m;(Y") is finite (see Lemma 7.8 [KM99] and
Proposition 2.10 [Kol95] for example).

This example is not FT. Otherwise its smooth locus X° is rationally connected

(see [Xu08]).

3.3 Weakly free and geometrically free rational curves

Definition 3.3.1. Let X be a complete normal variety, B be a set of finitely many
closed points in P!, and ¢ : B — X be a morphism. A rational curve f : P! — X is
called weakly free over g if there exist an irreducible family of rational curves T" and
an evaluation morphism ev: P! x T'— X such that

1) f = fi, = eV|pixy, for some ty € T,

2) for any t € T, f; = ev|piy; is a rational curve and f;|p = ¢,

3) the evaluation morphism ev: P! x T'— X by ev(z,t) = fi(z) is dominant.

We say that f’ : P! — X is a general deformation of f, or f' is a sufficiently
general weakly free rational curve, if there is an open subset U of T', such that ' = f;
and t € U C T. We say that g : P! — X is a general deformation of f, which is a
weakly free rational curve, if there is an irreducible family 7", g = g; for some t € T’

and g is weakly free with its own family.

Definition 3.3.2. Let X be a complete normal variety, B be a set of finitely many
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closed points in P!, and g : B — X be a morphism. A rational curve f : P! — X is
called geometrically free over g if there exist an irreducible family of rational curves
T and an evaluation morphism ev: P! x T'— X such that

1) f = fi, = eV|prxy, for some ty € T,

2) for any t € T, f; = ev|piy; is a rational curve and f;|p = g,

3) for any codimension 2 subvariety Z in X, f;(P') N Z C g(B) for general t € T

(general meaning t belongs to a dense open subset in 7', depending on 7).

If X is smooth over an uncountable field of characteristic 0, then weak freeness

over g is equivalent to usual freeness over g if |B| < 2.

Proposition 3.3.3. For a normal algebraic variety X, geometrical freeness implies

weak freeness.

Proof. Let T be the irreducible family of the geometrically free rational curve f :
P' — X. Let Y = ev(P! x T) be the closure of ev(P' x T), where ev: P' x T — X
is the evaluation morphism. So Y is irreducible and has codimension < 1.

Suppose that Y is of codimension 1. Let D be a general big divisor in Y, such that
f'(PYYN D #  for a general deformation f” of f. Indeed, by Chow’s lemma, there is a
projective variety Y and a morphism ¢ : Y’ — Y, such that ¢g induces an isomorphism
of g71(U) to U in some nonempty open subset U C Y. We can choose D’ to be a
general ample divisor in Y’ such that D’ intersects the proper transformation of f
inside U. Then D, the image of D', is a big divisor in Y, a subvariety of codimension
2 in X, and f/(P')N D #  for a general deformation f’ of f. This contradicts the

assumption that f is geometrically free. Hence f is weakly free. n

Weak freeness and geometric freeness are generalizations of usual freeness if the

curve passes through singularities. To consider weakly free rational curves or geo-
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metrically free rational curves, we think of them as general members in a certain

family.

Example 3.3.4. Let X be a projective cone over a conic. Let T be the family of
all lines through the vertex O. Then [ € T' is not free. However [ is weakly free and

geometrically free over O by construction.

4 Main problem and results

4.1 Main problem and results

Main problem: Let X be an FT variety, and Py, ..., P, € X be finitely many points

(P; may be singular). Is there a geometrically free rational curve f : P! — X over

P,..., P2

Theorem 4.1.1 (Main Theorem). Let X be a projective toric variety. Let Py, ..., P,
be finitely many points in X (P; may be singular). Then there is a geometrically free
rational curve f : P! — X over P;,1 < i <r. Moreover, f is free if all points P; are

smooth.

Lemma 4.1.2 (Main Lemma). Let X be a projective toric variety. Let P,Q € X
be two distinct points (P,Q may be singular). Let S C X be a closed subvariety of
codimension > 2. Then there exists a weakly free rational curve on X over P,Q,

disjoint from S\ {P,Q}.
If all points P; are smooth, and S = Sing X, then we get the following corollary.

Corollary 4.1.3. The smooth loci of projective toric varieties are strongly rationally

connected.
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4.2 Examples

In this section, we consider rational curves in the classical sense. That is, a curve C'

is called a rational curve if C' is birational to P'.

4.2.1 Rational curves in projective space

Theorem 4.2.1. Let S be a subvariety in P of codimension > 2 and {P;}", be a
set of m points in P\ S. Then for any integer d > m, there exists a rational curve

C' of degree d, such that each P; € C and CN S = (.

Proof. Case 1. n > 3.
Step 1. There exist a tree of lines in P", actually it is a comb with m — 1
teeth, T = >, <i<m Li such that each L; is a line and thus L; is isomorphic to P!,

P,e L1 <i<m,and P, ¢ L, for i # j. The tree has degree m.

Lemma 4.2.2. (see [Musili01] 35.18) Let V be a closed subset of P of dimension
r <n. Then there exists a linear subspace Ey of P" of dimension n —r — 1 such that

VNEy,=0.

We apply this lemma in our proof. Let V = S U (U;»,; P P;) which is a closed
subset of dimension » < n — 2. Then, by the lemma, there exists a linear subspace
By with dim By = n —r — 1 > 1 such that £y NV = (). Then there exists a line L

in Ey such that L NV = ) since Ey is a linear subspace. See Figure 1.
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I II

Let Cp, be the cone joining P, and all points on L, i.e., P, is the vertex. Then
Cp, =P2. Let S; = S U, j~1 PPj, then we have dim S; < n —2, and Cp, N S; is a set
of finitely many points. Indeed, if dim Cp, NS} = dimP? NS > 1, then there exists a
curve C' C Cp, NS, =P2NS;. By Bezout’s theorem, CNL # () since C and L are

in P2. We get LNV D LN S, # (. This contradicts the construction of L!

Since the line L has infinitely many points (here we can assume k is an algebraically
closed field with characteristic 0), there exist points @)1 € L, such that the lines

PlQl N Sl == @ Let L1 = PlQl.

We will repeat our construction for L; above to get the other L; (see figure II).
Let S; = S Uj k> ﬁ and Cp, be the cone joining P; and line Ly for 2 < i < m.
On the cone Cp,2 < i < m, there exists L; = P,Q; such that L, N Ly = @, and
L;NS; = 0,2 <i < m. From the construction, we have L;NL; = () for 2 < i # j < m.

Indeed, if L;, N Lj, for some 2 < iy # jo, then P, Pj, and L are in same plane P2.

09

So Ly N P, Pj, # 0. Contradiction!

Step 2. To get a rational curve C' passing through {P;} by deformation with fix
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points {F;}.

In step 1, we have constructed a tree of smooth rational curves passing through
{P,;}i*, and disjoint with S. It is well known that Tp» is ample, and so is f*Tpn|r, =
Tpn|p1 since f is an embedding. Indeed, it’s true for a finite morphism g : ¥ — X
that ¢*Tx is ample if T'x is ample. Applying Lemma 3.2.12, there is a rational curve
C passing through P; for all 7. Since the tree is deformed smoothly, we have CN.S = ()

and the degree of the deformed curves is invariant. So, deg C' = m.

Case 2. n = 2.

In this case, S is a set of finitely many points. For m > 3, the above tree

construction method doesn’t work since every pair of lines intersects in P? (see Figure

I11).

11

We could use a method similar to that to get lines L; in Figure III such that
the intersection points are at most nodes. Then we can do partial normalization or
disjoint lines at the points L; N L;,2 < i # j < m, to get a morphism f from a tree

of lines T' to P? such that f(T) = >_ L; (see Figure IV). For any non-constant map
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from P! into P2, the pull-back of the tangent bundle Tp2 to P! is a sum of ample
line bundles. Applying Lemma 3.2.12, we can construct a rational curve C' passing

through P; for each ¢ and disjoint from S.

v

So far we have proved that there exists a rational curve of integral degree d = m
passing through m points {P,..., Py} and disjoint from S. For d > m, we can
add d — m distinct points {Pp41,..., Ps}. Also we can assume {P,11,...,FPs} N
{P1,...,Pn} = 0 since the ground field over which we are working is infinite. The
same construction as above gives a degree d rational curve passing through { P, ..., P,,}

and disjoint from S. O
Remark. In this case, n =1, S =0, C = P! and d = 1. However, there exists a map
f: P! — P! of any degree d such that f(P!) = C passes through any point.

4.2.2 Rational curves on quotient spaces

In this section we consider the quotient space P" /G, where G is a finite group (possibly

not commutative).

Theorem 4.2.3. Let m: P*" — X be a finite morphism, Hx = w,Hpn, where Hpn is

a hyperplane in P™, S be a codimension > 2 subvariety in X, and {P;}I", be a set of
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m points outside S. Then there exists a rational curve C of sufficiently large degree
d with respect to Hx, such that each P; € C and C NS = 0. More precisely, we can
take any d > (m + 1) deg® m with deg® 7|d, where deg® m denotes the separable degree

of m.

Remark. Due to the algebraic fact that every field extension E/k can be decomposed
as £ D Ey D k, where E/Ej is an inseparable extension and Ey/k is a separable

extension, every finite morphism 7 : P* — X can be decomposed as

P x o x

that is m = [a, [ separable, « inseparable. Denote the separable degree deg® 7 of «
as deg 3 and the inseparable degree deg’ 7 of 7 as deg a.

In characteristic 0, d > mdeg® 7. But this may not be true if characteristic p > 0.

Proof. The inverse image 7~ *(S) has codimension > 2 in P". Choose a point Q;
in each fibre 771(P;), 1 < i < m. By Theorem 4.2.1 there exists a rational curve
C = f(P1) of any degree d > m, where f : P! — P, passes through each point Q;

and is disjoint from 71(.9).

The image curve C' = 7(C) = xf(P') is a rational curve in X disjoint from S.

The degree of C' with respect to Hx, can easily be computed:

1 ~ 1 ~ d ~ - d
Hy.C = Hy. .G = P HyC =~ g O —q. 8T
deg g deg g deg 7 deg s

where 75 = 7|5 : C — C. The first equality comes from C' = m.C , the second

€gTH
one from the projection formula (see Theorem 1.2.8), that is, Hx.7.C' = 7*Hx.C,

and the third one from 7*Hyx = 7*n,Hpn = degm - Hpn.
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Since 1 < deg s < degm, we have the degree of C' with respect to Hy, that is,
d < Hx.C < d-degw. Therefore there exists a sufficiently large degree curve C' in X

passing through the points {P;} disjoint from S.

Furthermore, we can construct a curve of degree d = deg®w - d for d > m + 1.
Indeed, for a generic point P, 1, different from {P;}",, in X, we can choose a point
Q1 in the fibre 77(P,,41). Since P, is generic, Q,,,1 is generic and, for a general

line L, through @,,,1, the map 7 : Ly — X has degree deg’%. We then

m—+41
switch @)1 and @,,,+1 and apply Theorem 4.2.1 to deform Cu L+ to arational curve
C’ passing through each @;,1 <7 < m + 1. The curve C' has degree m + 1 and its

image €' = 7(C") has degree (m + 1) deg® . O

Corollary 4.2.4. Let G be a finite group, P"/G be a quotient space, S be a codimen-
sion > 2 subvariety in P" /G, and {P;}", be a set of m points outside S. Then there
exists a rational curve C with sufficiently large degree d, such that each P; € C' and

CNS=10. More precisely, we can take d > (m + 1) - #G and #G|d.

Proof. The finite morphism 7 : P* — P"/G is separable and has degree #G, so we

can apply Theorem 4.2.3. O

Corollary 4.2.5. Let S be a subvariety in a weighted projective space P*(ag, ay, . . ., a,)
of codimension > 2 and {P;},1 < i < m be a set of m points outside S. Then
there exists a rational curve C' of sufficiently large degree d, such that each P; € C
and C NS = 0. More precisely, we can take d > (m + 1) - (bg---b,), where
P*(ag, ay,...,a,) = P"(by,by,...,b,) and P"(bg,by,...,b,) is a well formed projec-

tive space.

Proof. 1t is well known that a weighted projective space P"(aq, a1, ..., a,) is isomor-

phic to a well formed weighted projective space P"(bg, by, . .., b,) and P™(bg, by, . .., by)
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is a quotient P"/G for the finite group G = Zy, X Zp, X - -+ X Zy, ( see [Dolgachev82]
1.2.2 or [Fulton93] page 36, Exercise b)). Then by Corollary 4.2.4 we can get the

estimate because #G = by - - - b,. O]

Lemma 4.2.6. Let X be a complete Q-factorial toric variety with Picard number

one. Then there exists a weighted projective space X' and a finite toric morphism

Tm: X' — X.

Proof. Let A be the fan associated to the toric variety X. Here dim X = n. Let
V1, ,Upt1 be the one dimensional cones in A. If the v;’s span the lattice IV, then
X is a weighted projective space, so there is nothing to prove. If not, then we take
a sublattice N’ spanned by the v;’s in N. If we consider A in N’, then we obtain a
weighted projective space X’. The natural inclusion N’ — N induces a finite toric

morphism X' — X. H

Corollary 4.2.7. Let S be a subvariety of X of codimension > 2, where X is a
complete Q-factorial toric variety with Picard number p(X) =1, and {P;},1 <i<m
be a set of m points outside S. Then there exists a rational curve C of sufficiently

large degree d, such that each P; € C and C' NS = ().

Proof. If dim X = n, then by Lemma 4.2.6 there exists a finite morphism 7 :
P(ayp,...,a,) — X from a weighted projective space to a toric variety with p(X) = 1.
Thus there exists a finite morphism P* — X. The corollary comes from Theorem

4.2.3. [l

4.3 Proof of Main Lemma

Main Lemma 4.1.2 is the special weak case of Main Theorem 4.1.1 with » = 2 by

Proposition 3.3.3.
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Proof. Step 1. After Q-factorization, we can assume that X is a projective Q-factorial
toric variety.

Indeed, for any toric variety X, there exists a small projective toric extraction
q: X' — X such that X’ is Q-factorial. Take points P’, Q' € X’ such that ¢(P') = P
and ¢(Q’) = Q. The inverse image S’ = ¢~1S is a closed subvariety of codimension
> 2, because ¢ is small.

By Lemma 4.3.5 below, a weakly free rational curve f’ : P! — X’ over P', Q' € X',
disjoint from S’ \ {P’, Q'} gives a weakly free rational curve f = go f': P! — X over
P,Q € X, disjoint from S\ {P,Q}.

Step 2. A weakly free rational curve can move from any smooth variety of codi-

mension > 2 in the following sense:

Lemma 4.3.1. Let X be a projective normal variety. Let P,QQ € X be two points
(possibly singular), and S be a closed subvariety of codimension > 2. Let Oy, ..., Oq be
all irreducible components of Sing X. Let f : P! — X be a sufficiently general weakly
free rational curve over P, Q. Suppose f(P) intersects O1 \ {P,Q},...,04 \ {P,Q},
and is disjoint from Og 1 \ {P,Q},...,0: \ {P,Q}. Then there exists a weakly free
rational curve f' over {P,Q}, such that f'(P') is disjoint from ((S\ Sing X)UOy U
U0\ {P,Q}. Moreover, for any fived closed subvariety Z of X, if f(PY)N(Z\
{P,Q}) =0, then f'(P') N (Z\{P,Q}) = 0.

Lemma 4.3.2. Let T be an irreducible family of rational curves on X, and O, ...,0; €
X be s proper irreducible subvarieties in X. Then

i) there exist s',0 < s’ < s, subvarieties among {O;} (after renumbering we
assume they are Oy, ...,0y) and

it) a general member of T intersects Oy, ..., Oy, and is disjoint from Og 41, ..., Os.
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Proof of Lemma 4.3.2. Let F; = {t € T|f(P') N O;} for each 1 < < s.

PlxT5— X,

|

T
where ev: P! x T — X is the evaluation morphism and p : P! x T — T is the
projection.

F; = p(ev™1(0;)) for each i. Since O; is an irreducible variety, it is constructible
(see §1.2 for the definition of constructible sets). So ev™!(O;) is a constructible set
(see [Ha77] Chap II. Exercise 3.18). Since p is a morphism, F; = p(ev™1(0;)) is
constructible for each i (see [Ha77] Chap II. Exercise 3.19 (Theorem of Chevalley)).

After renumbering, we can assume dim F} = dim F5 = - - - = dim F, = dim X, for
0<s <s,and dimF; < dim X for s’ +1 < j <s.

For each i, let

F? dim F; = dim X

)

U,L':
X\F, dimF; <dimX

where F? is the interior of F}, and F; is the closure of F;. Each Uj is open and dense in
the irreducible space T'. Hence for a sufficiently general member ¢, that is, ¢t € N_,U;,

f:(PY) intersects Oy, ..., Oy, and is disjoint from Oy 1, ..., Os. O

In the proof of Lemma 4.3.1, we need the following lemma about resolutions.

Lemma 4.3.3. Let X be a projective normal variety. Let Py, ..., P, € X ber points.
Let f : P! — X be a sufficiently general weakly free rational curve over Py, ..., P..
Then there exists a resolution @ : X — X, such that

1) 77 Y(Sing X U{P,}) is a divisor with simple normal crossing;

2) 7Y (P;) C 7~ '(Sing X U{P,}) is a divisor for each point P;;

3) w: X — X is an isomorphism over X \ (Sing X U{P});
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4) every point in f(P)N7~'(Sing X U{P;}) belongs to one irreducible component
of 7 1(Sing X U {P;}), where f: P! — X is the strict transformation of a general

deformation of f, which is a (weakly) free rational curve.

Proof of Lemma 4.3.3. First, by Theorem 1.2.5, there exists a resolution 7 : X; — X
such that

a) m : X; — X is an isomorphism over X \ Sy, where S; = Sing X U {P;};

b) 71 (P;) C 7, 1(S)) is a divisor with simple normal crossing for each point P;

¢) m; *(Sy) is a divisor with simple normal crossing.
Therefore, 7, : X; — X is a resolution satisfying 1), 2) and 3).

By Lemma 4.3.4, there is a resolution 7, : X — X, such that every point of f(P!)
belongs to at most one component of the exceptional divisor of 7 = mm : X — X,

where f is the strict transformation under 7 of a general deformation f’ of f.

Hence 7 : X — X is a resolution satisfying 1), 2), 3) and 4). O

Lemma 4.3.4. Let X be a smooth projective variety (over C). Let D C X be an
SNC divisor, and C C X be a curve. Then there exists a resolution 7 : X — X, such
that

1) 7 is an isomorphism over X \ D;

2) D =n"'D is an SNC divisor;

3) every point in C' N D belongs to one irreducible component of D, where C is

the strict transformation of C' under .

Proof of Lemma 4.3.4. First, notice that there are finitely many points in C'N D, but
they cannot be fixed for different C'. Let Dy,..., D, be all prime divisors of D.
If there is an n-point (see Definition 1.2.3) P € C' N D with n > 2, denote

D? = Npep, D;, where the intersection runs through all prime divisors D;,1 <i < r
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of D such that P € D;. Let Z be the closure of Up DF, where the union runs through
all n-points P in C'N D with n > 2. Let m : X; — X be the blow up over Z. Then
D = walD + Zj e1; 1, where F,; is the m-exceptional prime divisor, and e
is the multiplicity of Ej;. If there is any point P’ in 7, *(C) N7} D such that it is an
n-point with n > 2, then we repeat the same construction for D, Z and get D', Z;.
Let m : Xo — Xj be the blow up over Z;. The process of such repeated blowing
up will be terminated at some blowup m; : X; — X, 1. In the end, any point in
(m; ' D)(C) N (7 - - 7)(D) belongs to one prime divisor. For general C, 7 is

independent of C'.

Indeed, for each blow up, we have

k
(mi- - m)D = (' m YD+ D03 ey By,
=1 3

where E;; is the m-exceptional prime divisor and e;; is the multiplicity of F;;. More-
over, we have e;; > i + 1 for each 4, j. Indeed, this can be proved by induction. If
k =1, then m : X; — X is the blow up over Z (see the construction above). So

WID = WIID + Zelelj,
J

where the summation of j runs through all n-points P with n > 2. For an n-point
P € OND with n > 2, after renumbering, we can assume that P € D = D;N---ND,,.

Then 7' D7 is a m-exceptional prime divisor, say Fi;. Then
WTD: (Wf1D1+~~—|—7rf1Dn+nE11)—|—'-- .

So €11 = n > 2. Now suppose that (rf---75)D = (777D + S5, > eijEi,
and e;; > i+1 for each 4, j. 41 is the blow up of X}, over Zj,, where Zj, is constructed
as Z and Z; above. Notice that if P € (7' -7 )C' N (7} - - 7})D is a n-point with

n > 2, then P € Ej; for some j. The multiplicity ej41; of a m,4i-exceptional prime
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divisor Ej41; comes from ey, for some j' and another prime divisor of 7} - - - 77 D. So

€k+1,j = €erjr +1 > k + 2 by the induction hypothesis.

Suppose t > m + 1, where m = C.D for general curve C in our family. Let
T = m ---Tm,m. Then by construction, WﬁlC.EmH’l > 1, WﬁlC.EZ-j > 0 for each
i=1,...,mand 77 'C.x~'D;, > 0 for each k = 1,...,r, where 7~'C is the strict

birational transformation of C'. So

m—+1

7T_10.7T*D == 7T_IC. <7T_1D + Z Z eijEij> Z 6m+1’1<7T_1C.Em+1’1> Z €m+1,1 2 m+2

On the other hand, by the projection formula (see Theorem 1.2.8), 7~ !C.7*D =

C.D = m. Contradiction! O]

Proof of Lemma 4.3.1. By Lemma 4.3.3, there is a resolution 7 : X — X, such that

1) 7~!(Sing X U{P,Q}) is an SNC divisor;

2) m~1(P) and 7 1(Q) are SNC divisors;

3) m: X — X is an isomorphism over X \ (Sing X U {P,Q});

4) every point in f(P') N 7~ (Sing X U {P,Q}) belongs to only one irreducible
component of 7~ (Sing X U{P, Q}), where f : P! — X is the strict transformation of
a general deformation of f, which is a weakly free rational curve. Moreover, we can
assume f is free by Theorem 3.2.6. (Here we need the assumption that the ground
field is of characteristic 0.)

A general deformation f' of f is free, and is disjoint from (S\Sing X)\7m Y P,Q},
since f is free on X, and (S\Sing X)\7'{P, Q} is a smooth subvariety of codimension
> 2. On the other hand, every point in f(P') N7~ !(Sing X U{P, Q}) belongs to only
one irreducible component of the divisor 77!(Sing X U {P,Q}), and f(PY) is disjoint
from 77 1(Oyy1 \ {P,Q}),..., 7 1(Os \ {P,Q}). So a small deformation f” of f is

disjoint from 77Oy 41 \ {P,Q}),..., 7 (O, \ {P,Q}), and every point in f”(P') N

39



7~1(Sing X U {P,Q}) belongs to only one irreducible component of 7=!(Sing X U
{P,Q}). Therefore, we can assume f”(P') intersects open subsets in divisors 7~ '(P)
and 77(Q), disjoint from the closure of ((S \ Sing X) \ 7= {P,Q}) U m(Oy1 \
{PQHU---Ur (O, \ {P,Q}). So f" = xf": P! - X is a weakly free rational
curve passing through P, @, disjoint from ((S'\ Sing X) U Oy U---UO;) \ {P, Q}.

For any fixed closed subvariety Z of X, if f(P') N (Z\ {P,Q}) = 0, then f(P")
is disjoint from 7=1(Z \ {P,Q}). Since every point in f(P') N7~ !(Sing X U {P, Q})
belongs to only one irreducible component of the divisor 7=!(Sing X U {P, Q}), the
small deformation f” of f is disjoint from the closure of 7='(Z \ {P,Q}). Hence

f" = mf" is disjoint from Z \ {P,Q}.

f" belongs to an irreducible family 7" of rational curves. Sp C {(t, f/*(P)) C
T" x P'} is an irreducible multi-section. p : T” x P! — P! is the projection and
T, = S%. We can assume p' = p|pv : Tp — T" is a finite etéle cover (otherwise, we

can consider p over an open subset of 7").

T} = Sih—T" % P! T" x P (T" x PY) xpu T}
\ lp pl lq/
p /
T" Al p TI/3

By definition of fiber product, there exists a section sp : Tp — Y, where ¥ =
(T" x PY) xpn T".

S8 S qa ' {(t, fI71(Q)) S T” x P'}) is an irreducible multi-section. 7" = S7,. We
can assume 1" — T} is a finite etdle cover. Repeating the same construction, there

is a section s : T" — Y, where Y/ =Y xq, T".

Y(*Y,:YXTIIDTI

1

Tp—T'
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Now there are two sections sg and the pull back of the section sp over 7”. Notice
that they are disjoint, i.e., sp Nsg = 0. Since T” is a family of rational curves
over two points P,(). We can assume that these two sections are constant after
automorphisms of P!, that is, sp = T’ x 0 and sg = T’ x oo, where 0,00 € P'.
Hence general members over 1" are weakly free rational curves over P, (), disjoint
from ((S\ Sing X)U Oy 41 U---UO;) \ {P,Q}. (Remark. The method works for at

most 3 points. But, if dim 7" > 4 + the number of points, the method also works.) [

Step 3. We can reduce the proof of Main Lemma 4.1.2 to the case S = I(X),

where I(X) denotes the union of orbits of X of codimension > 2. Notice that Sing
X C I(X), since X is a toric variety.

Indeed, for any subvariety S C X of codimension > 2, suppose there is a suf-
ficiently general weakly free rational curve f : P! — X over P,QQ € X, disjoint
from I(X) \ {P,@Q}. Apply Lemma 4.3.1 to the subvariety S, and the weakly free
rational curve f. Since Sing X C I(X), s = 0 in Lemma 4.3.1, that is, f(P!)
is disjoint from O; \ {P,Q},..., O\ {P,Q}. Then there exists a general deforma-

tion f’ of f, which is a weakly free rational curve, such that f/(P!) is disjoint from

((S\Sing X)UO1U...UO)\{P,Q} = ((S\Sing X)U Sing X)\{P,Q} = S\{P,Q}.

Step 4. Let Oy,...,Os be all orbits in I(X). Let f : P' — X be a sufficiently
general weakly free rational curve over P, () € X. By Lemma 4.3.2, we can assume
that f(P') intersects with Oy \ {P,Q},..., 04 \ {P,Q}, and is disjoint from Oy, \
{P,Q},...,0;\ {P,Q} for some ¢'.

Notice that s’ depends on the points P,(Q and the variety X. However, since
s’ is bounded by 3, and 5 is independent of isogeny class of X, there exists an s

such that for any toric variety Y in the isogeny class of X, and two distinct points
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P Q) € Y, there exists an irreducible family Ty of rational curves on Y such that a
general member fy over Ty is weakly free over P, (), intersects with at most s’ orbits
O1\{P,Q},...,04\{P,Q} among I(X), and is disjoint from Oy ;1 \{P, Q},...,Oz\
{P,Q}. Furthermore, we can assume that dimO; > dimOy > --- > dim Oy >
dimOg41 > -+ > dim Os.

Now we verify that there is a weakly free rational curve fy_; over P, on X such
that f'(P') intersects at most O; \ {P,Q},...,0y_1 \ {P,Q}, and is disjoint from
O« \{P,Q},...,0: \ {P,Q}.

Indeed, we fix a toric variety X. We have the following cases:

1) If fo(P!) is disjoint from Oy \ {P,Q}, then fy_; = fy¢ is a weakly free ra-
tional curve over P, (@, such that fy_;(P!) intersects at most s’ — 1 orbits O; \
{P,Q},...,0y_1\ {P,Q}, and is disjoint from Oy \ {P,Q},...,0: \ {P, Q}.

2) If fo(P') intersects Oy \ {P, @}, we can suppose that Oy is smooth. Indeed,
consider the isogeny p : Y — X such that OY = p=1(Oy) is smooth. If Oy is
smooth, let 4 = id. Since p is surjective, there are two points P,Q € Y such that
w(P) = P and u(Q) = Q. Let OF = u=40;),1 < i < 5. 1If there is a weakly
free rational curve f!, | : P! — Y over P,Q such that f/, ,(P!) intersects at most
OY \{P,Q},...,0F \{P,Q}, and is disjoint from O} \ {P,Q},..., 0¥ \ {P,Q},
then by Lemma 4.3.5, its image fy_; = pfl,_; is a weakly free rational curve over
P, Q, intersecting at most O; \ {P,Q},...,0y_1 \ {P,Q}, and is disjoint from Oy \
{P,Q},...,0; \ {P,Q}.

Notice that dimO; > dim Oy > --- > dim O;, Z = Oy 11Uy 5 - - -UOj5 is a closed
subvariety of X and fy(P') N (Z\ {P,Q}) = 0. By Lemma 4.3.1, there is a weakly

free rational curve fy_; on X, such that fy_;(P') is disjoint from (Oy UZ)\{P,Q} =
(O \{P,Q} U Oy \ {P,Q}) U---U(0: \ {P,Q}).
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Lemma 4.3.5. Let X, X' be two complete varieties (over a field of characteristic 0),
and p : X' — X be a dominant morphism, dim X > 0. Then the image of a weakly
free rational curve on X' is weakly free on X in the following sense:

Let P, Py, ..., P, € u(X) be r distinct points, and S C X be a closed subvariety.
Let "= ™S, and P}, Py, ..., P' € X' be points such that u(P}) = P, fori =1,...,r.
If f/ : P! — X' is a weakly free rational curve over P, Py, ..., P’ disjoint from
S"\A{P[,Pj,...,P}, then f = po " is a weakly free rational curve on X over
Py, Py, ..., P., disjoint from S\ {Py, Ps,...,P.}, where f” € T" is a general member

and T" is the family of rational curves associated to f'.

Proof of Lemma 4.3.5. Since f'is weakly free, ev: P! x 77 — X’ is dominant, where
T is the family associated to f’. Since p : X’ — X is dominant, ev: P! xT — X' — X
is dominant. Hence for generic f” € T', f = po f” is a weakly free rational curve

(i.e., a general curve wouldn’t be contracted by p and would be weakly free). O]

Step 5. By induction, there is a weakly free rational curve fy over P, () on X,

disjoint from I(X)\ {P, Q}. O

4.4 Proof of Main Theorem

Now we consider the general case, which has r points P;,1 <17 < r.

Step 1. First we consider S = Sing X.

There is a free rational curve fy : Cyp = P! — X disjoint from {P;} US. Indeed, we
can apply Main Lemma 4.1.2 to the subvariety {P;} US and any two smooth points
P,Q ¢ {P}US in X. So there is a weakly free rational curve fo : Cp 2 P! — X over
P, Q, disjoint from {P;} U S. Since fo(P!) is in the smooth locus of X, f; is free and

disjoint from {F;} U S.
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Let m: X’ — X be the resolution in Lemma 4.3.3. We construct a tree of smooth

rational curves C' and a morphism f : C' — X' as follows.

I. Assume that Pp,..., P, are smooth points for some 7/, 1 < 7/ < r, and
Py q, ..., P, are singular points.

Choose points ti,...,t,. € Cy, such that P/ = fy(t;) € X are distinct.

Applying the Main Lemma 4.1.2 to S = Sing X and points P;, P/, there are weakly

free rational curves f; : C; & P! — X over P, P/ for each 1 < i < r, disjoint from

S\{F}

For each 1 < 4 < 7/, since P; and P/ are smooth points, f;(P') is contained in

the smooth locus of X. Therefore f; are free for each 1 < i < r'. We identify

the free rational curve f; : C; = P! — X birationally with a free rational curve

44



fi : C; 2P — X'. We also identify P, € X with P, € X/,1 <i <7 and P/ € X
with P/ € X', 1 < i < r. More precisely, f;(0;) = P;, where 0;, € C;;1 < i </, and
fi(o0;) = P! where 0o, € C;,1 < i <r.

For each r' +1 < j < r, P/ is singular. Let f; : C; = P! — X’ be the strict
transformation of f;. Since 7 : X’ — X is after resolution satisfying all the conditions
of Lemma 4.3.3, we assume that each point in f}(C;) N7~ P; belongs to at most one
prime divisor of 7' P; for r’+1 < j < r, disjoint from the closure of 71 (S\{P;}), Vi.
Notice that f; may not be free over P; and ();. We can suppose that f; is very free
for 1 <4 <r"and f} is very free for ' +1 < j < r by Theorem 3.2.6.

By construction of f;,1 < i <" and fj,r" +1 < j <, f;(C;) and f}(C}) are

disjoint from the closure of #=1(S'\ {P,..., P }).

ITI. Gluing U}_,C;, we get a comb of smooth rational curves C' = Y7 C; (see
Definition 3.2.9.) and a morphism f : C' — X’'. We identify points co; € C; with
t; € Cy for each 1 < ¢ < r. Then we have a comb of smooth rational curves
C =>""_,C;and a morphism f : C'— X' because fo(t;) = fi(co;) = P!. Notice that
f(C) is disjoint from the closure of 7=1(S \ {P;}).
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In the end, f : C' — X’ can be smoothed into a rational curve f’ : P! — X’ such
that f’ is free over P;,1 < i < 7" and Q;,7" +1 < j < r, and is disjoint from the

closure of 77(S'\ {P;}) by Theorem 3.2.10.

Step 2. Now we consider any closed subvariety S of codimension > 2.

By Step 1, there is a free rational curve f' : P! — X’ over P;,1 < ¢ < 7’ and
Q7" +1 < j <r,disjoint from the closure of 7~*(Sing X \ {P;}). Since S\ Sing X is
a smooth subvariety of codimension > 2 in X, we identify it with a smooth subvariety
of codimension > 2 in X'. Since f’ is free over P;,Q;, 1 <i <7’ 7'+ 1< j <r and
disjoint from 7 (Sing X \ {P,;}), a general deformation f” of f’ is free over P, Q;,
1<i<7r,r+1<j <r. Moreover, f”(P') is disjoint from (S\ Sing X) \ {P;},
or the closure of 7#(Sing X \ {P;}) by Theorem 3.2.5. Hence f” is free over P;, Q;,
1 <i<7r+1<j<r and disjoint from 771(S\ {P}). Therefore, 7f’ is a

geometrically free rational curve over Py, ..., P. on X.

46



References

[AKO3]

[BCHMO6]

[Ca92]

[Danilov78]

[Debarre01]

Carolina Araujo and Janos Kollar, Rational curves on varieties. Higher
dimensional varieties and rational points (Budapest, 2001), 13-68,

Bolyai Soc. Math. Stud., 12, Springer, Berlin, 2003.

C. Birkar, P. Cascini, C. Hacon and J. McKernan; FEzxistence of mini-
mal models for varieties of log general type, arXiv:math/0610203, 2006.

Preprint.

F. Campana; Connexité rationelle des variétés de Fano. Ann. Sci. Ecole

Norm. Sup. 25 (1992) 539-545.

V. Danilov; The geometry of toric varieties, Russ. Math. Surveys 33
(1978), 97-154.

Olivier Debarre; Higher-Dimensional Algebraic Geometry, Universitext,

Spring-Verlag, New York, 2001.

[Demazure70] M. Demazure; Sous-groupes algébriques de rang mazimum du groupe

de Cremona. Ann. Sci. Ecole Norm. Sup. 3 (1970), 507-588.

[Dolgachev82] Igor Dolgachev; Weighted projective varieties. Group actions and vec-

[Fjo3]

[Fulton93]

tor fields (Vancouver, B.C., 1981), 34-71, Lecture Notes in Math., 956,

Springer, Berlin, 1982.

O. Fujino; Notes on toric varieties from the Mori theoretic viewpoint,

Tohoku Math. J. 55 (2003), no. 4, 551-564.

W. Fulton; Introduction to Toric Varieties, Annals of Mathematics

Studies 131 (1993), Princeton University Press.

47



[GrHaSt03]

(GZ95]

[Ha77]

[Hironaka64]

[HM07]

[HTO8]

[KMOS]

[KM99]

[KMM92a)

Tom Graber, Joe Harris, Jason Starr; Families of rationally connected

varieties. J. Amer. Math. Soc. 16 (2003), no. 1, 57-67

R. V. Gurjar, D.-Q. Zhang; 7 of the smooth points of a log del Pezzo
surface is finite I. 11. J. Math. Sci. Univ. Tokyo. 1 (1994), no. 1, 137-180;

2 (1995), no. 1, 165-196.

R. Hartshorne; Algebraic geometry. Graduate Texts in Mathematics,

No. 52. Springer-Verlag, New York-Heidelberg, 1977

H. Hironaka. Resolution of singularities of an algebraic variety over a

field of characterist zero. Ann. of Math., 79: 109-326, 1964.

C. Hacon, J. Mckernan; On Shokurov’s rational connectedness conjec-

ture, Duke Math. J. 138 (2007), no. 1, 119-136.

B. Hassett, T. Tschinkel; Approximation at places of bad reduction for
rationally connected varieties, Pure and Applied Mathematics Quarterly

4 (2008) no. 3, 743-766.

J. Kollar and S. Mori; Birational Geometry of Algebraic Varieties, Cam-
bridge Tracts in Math., vol. 134, Cambridge University Press, Cam-
bridge, 1998, With the collaboration of C.H. Clemens and A. Corti,

Translated from the 1998 Japanese original.

S. Keel, McKernan; Rational curves on quasi-projective surfaces, Mem.

Amer. Math. Soc. 140 (1999), no. 669.

J. Kollar, Y. Miyaoka, S. Mori; Rational connectedness and boundness

of Fano Manifolds, J. Diff. Geom. 36 (1992), no. 3, 765-779.

48



[KMMO92b)]

[Kol95]

[Kol96]

[Kol01]

[Kol07]

[Matsuki02]

IMOT3]

[Musili01]

[OdaTs]
[Oda88]

[PSh09]

J. Kollar, Y. Miyaoka, S. Mori; Rational connected varieties, J. Alge-

braic Geom. 1 (1992), no. 3, 429-448.

J. Kollar; Shafarevich maps and automorphic forms. M. B. Porter Lec-

tures. Princeton University Press, Princeton, NJ, 1995.

J. Kollar; Rational curves on algebraic varieties, Ergeb. Math. Grenz.

3 Folge, 32. Springer-Verlag, Berlin, 1996.

J. Kollar; What are the simplest algebraic varieties, Bulletin of the

American Mathematics Society, vol. 38 no. 409-433, 2001.

J. Kollar; Lectures on Resolution of Singularities, Princeton University

Press 2007

K. Matsuki, Introduction to the Mori program, Universitext, Spring-

Verlag, New York, 2002.

K. Miyake and T. Oda; Almost homogeneous algebraic varieties under
algebraic toric action, in Mainfolds-Tokyo 1973 (Hattori, ed.), Univ. of

Tokyo Press, 1975, 373-381.

C. Musili; Algebraic geometry for beginners. Texts and Readings in
Mathematics, 20. Hindustan Book Agency, New Delhi, 2001. xviii+335

pp. ISBN: 81-85931-27-5
T. Oda; Lectures on Torus Embedding and Applications, TATA, 1978
T. Oda; Convex Bodies and Algebraic Geometry, Springer-Verlag, 1988

Y. G. Prokhorov, V.V. Shokurov; Towards the second main theorem on

complements, J. Algebraic Geometry 18 (2009) 151-199

49



[Satake73]

[Sh00]

[TE73]

[Xu08]

[Zh95]

[Zh06]

I. Satake; On the arithmetic of tube domains, Bull. Amer. Math Soc. 79

(1973), 1076-1094.

V.V. Shokurov; On rational connectedness. (Russian) Mat. Zametki 68
(2000), no. 5, 771-782; translation in Math. Notes 68 (2000), no. 5-6,

652660

G. Kempf, F. Knudsen, D. Mumford and B. Saint-Do nat; Toroidal

embeddings I, Lecture Notes in Math. 339, Springer 1973.

C. Xu; Strong  rational  connectedness of  surfaces,

arXiv:math/0810.2597v1, 2008.

D.-Q. Zhang; Algebraic surfaces with nef and big anti-canonical divisor.

Math Proc. Cambridge Philos. Soc. 117 (1995). no. 1. 161-163.

Q. Zhang; Rational connectedness of log Q-Fano wvarieties, J. Reine

Angew. Math. 590 (2006), 131-142.

20



VITAE

Yifei Chen was born on February 24, 1979 in Nankang, Jiangxi Provence, P.R.
China. He received his Bachelor of Science in Computer Science from Beijing Normal
University in Beijing, China in July 2000 and his Master of Science in mathematics
from the Institute of Mathematics, Chinese Academy of Sciences in Beijing, China
in July 2003. He enrolled in the graduate program at Johns Hopkins University in
the fall of 2004. His dissertation was completed under the guidance of Professor

Vyacheslav Shokurov. He defended his thesis on March 10, 2009.

o1



