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Abstract

Examining the system of Diophantine equations

filz) =22+ ..22 =y,
fg(l’) = )\11‘% + /\TL[L‘?1 = U9,

with \; # A\; and 14, \; € Z, we show that the singular series S(v) converges if n > 6.

READERS: Takashi Ono (Advisor).
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Chapter 1

Introduction

1.1 The Classical Waring’s Problem

The story begins almost ninety years ago with Hardy and Littlewood, who examined

the integer solutions for the equation
x‘{+$g+...+wi:y, veL

for an integer 6 > 2. To put this another way, if f is a polynomial function such that
f:Q" — Q where v € Q, we wish to study the set f~!(v) (i.e. the fiber of f which
maps down to v). Classically, to describe this set, one would first define the ring of
(rational) adeles as follows. Let Q, be the completion of Q with respect to the p-adic
norm, and let Q,, = R (i.e. the completion of Q with respect to the usual absolute
value). Then for any finite set of primes S (possibly including co), we can define

Qu(S) =[] x [[ 2z

peES pgS
The union of these Q4 (S) over all possible S is called the ring of adeles, denoted Q.

Using this, we can define

Nw) = #(F VKD = e € Kos fo) =v = Y 1

z€Ky:f(z)=v



such that
U Kt = ng
t
where the {K;} is a family of compact sets in Q) which can be parameterized by t

in such a way that lim; ., iy = Q}. One would then consider

1 Ni(v)
t—oo  t* ’

where t*, loosely speaking, is t to some non-negative power. This type of quantity
is known as a singular series, denoted &(v). Hardy and Littlewood made extensive
use of the singular series; using a method which they called the circle method, they
showed that the above quantity grew sufficiently quickly as t — oo to ensure that

N(v) itself was guaranteed to be non-zero for sufficiently large v.

In this paper, while preserving the spirit of the Hardy-Littlewood computation, we
take a slightly different tack in devising our version of the singular series. This allows
us to apply the ideas of Hardy and Littlewood to larger classes of functions, and it
allows us to ask a broader range of questions about these functions. We describe these

methods and the function of particular interest to this paper in the next section.

1.2 New Formulations for N(t) and S(t)

We state here the new ideas for N and .S in more generality than is necessary for the
specific example discussed in this paper. Let k& be an A-field, let ks be the ring of
adeles over k, and let S* denote the group of complex numbers of absolute value 1.
We fix a basic character x of k, i.e. let x : ky — S* be a homomorphism such that

x(k) =1 but y is non-trivial. Let f : " — k™ be a polynomial map over k. We use



the same notation f for maps obtained from f over k,, ks in the natural way.

Next, we consider the function
p:ky —C
and use it to define

)= ) ). ()

YER™, f(v)=v

This sum can be thought of as Ny, (v). We assume that ¢ is a function in what is
known as the Schwartz space, denoted S(k}). The assumption of ¢ € S(k}) implies

the following properties:

> le()] < +o0, ie. @l € LI (E). (A.1)

yekn

o € L'(K}). (A1)
Let

(Te)(©) = D e(x(< f(7),€>). (%)

yek™
This is clearly integrable, since |x(< f(7),& >)| = 1. Moreover, because f(vy) €

k™. it is clear that 'y is a function modulo £™, i.e.
(Fe)(€ +a) = (Tp)(E), Vack™
Also , for v € k™, the "v-th Fourier coefficient of (I'¢)(§)” is
JGEGHEESTE

-5

yek™

BS

DY R G OB

Let

V(&) = x(< fly) —v, & >).



Note that ¢ € Hom (k" /k™,S'). Hence we have

1 ifep=1,
/ P(€)de =
ke

So this integral is 1 if and only if f(v) = v. Thus,

0 otherwise.

S o) / V(< F() = € >)de

seme S

= D e

yekn, f(v)=v

= N(v).
This means that (%) is the "v-th Fourier coefficient of (#x)”.

Now, we can move from the sum over £" to the integral over k}, because of adelized

axiom (A.1). For £ € k', we let

Gi(€) = / o@)x(< f(x),€ >)da.

n
A

By (A.1)a, this integral converges. We let

Sw)= [ Ge@)x(< & v >)ds.

ki
Clearly, S(v) = ég\o(z/), the Fourier transform of Gy. In order for this to be useful,

we require an implicit condition:
Go € L'(k). (A.2)

This allows the integral S(v) to converge.

1.3 The Intersection of Two Quadratics

This new formulation of the singular series allows us to ask the same Waring-type

questions about other polynomials or m-tuples of polynomials as well. In this section,



we will consider the specific case of

K = @7
fQ - @,
Tr = (951,3727 -~-7xn>7

f(@) = (fi(x), f(x)),

where n is even and

fQ(ZL') = )\11’% + )\nl'i,

We will assume \; # \; V i # j. For future ease, we note that fi(x) = |x|*

Of course, we are interested in whether a pair of natural numbers can be repre-

sented by such a pair of functions; i.e., for v = (v1,1,) € N?, we examine when

filz) = v,
fg(l‘) = .

We require a Schwartz function ¢ which allows the axioms in the previous section to

be satisfied. We will take
p(z) = [[o(@) = eo(@) [ 20(),
v p
where

¢p(x) = the characteristic function on Z,,

—mlz|?

Yoo(x) =€



Since (1, Z, = Z, we note that [, () is the characteristic function on Z. So

Now)= > ()

yekn, f(v)=v

_ Z e~ ()

YEL™, f(v)=v

=e ™ Z 1.

VEL™ f(v)=v
So e™ N (v) gives the exact number of solutions to the equation f(z) = v.
Now, we approximate N (v) with our singular series S(v). First, for z, € Q,, we

let {z,} denote the fractional part of z,; i.e.
{z,} =2, (mod Z,).
We let x be a basic character of QQ; in particular, we will let

x(@) = ] xo(aw)
be the product over the various valuations of Q, where

e~ 2% if ¢ = o0,
Xv(xv) =
e? @t if v #£ 00, v =p.

In this case, given our definitions above, we have

Gol6) = [ plo(< f(o).¢ )i

A

which means that

50) = | GolOx(< & v >)ie

In the upcoming parts of this section, we will consider the localizations of this function

for the various places of Q. Such a localization is

500 = | Gelox(< 6w >)ie

We will consider separately the places where v is infinite and v = p is finite.



Chapter 2

v=o00: f=/(f,fa) over R

2.1 Convergence

First, we consider the case where v = oo, which means that Q, = R. Before evaluating

S,(v), we must show that |G,p(€)| € L' (R?), i.e.

| 195l < .
RQ
This will allow us to use Fubini’s Theorem.

Throughout this section, we will use Gy and Grp. interchangeably when the

context is clear. By our definitions,

000 = [ TN + L))

_ / 7T 22 —2mi(T, 2264 S, M) g
n

:/ e~ Uiz @ (142161 +Xi2) 7.
R’n
n
_ H/ o (42061 HXi€)) g
i=1 7R

So

n

[ 1gse01ae = [ 11

=1

/e—wx?(1+2i(fl+>\if2))dx de.
R



By a computation of T. Ono, we know that

1
(1+4(& + )\ifQ)Qﬁ .

/ IR (H2(ETNE)) 1y o 2 tan (261 +iE2))
R

So the above integral is

d
/RzH 1+451+A£2> )i5

=1

1
T rdg.
/RQ H (14 4( 51 +Xi&2)?) 1 (1 +4(& + Aipz)?)t
Now, let us review Holder’s inequality. As always, we let || - ||, denote the L,-norm.

The basic form of Holder’s is the following statement:

Holder’s Inequality. Let f € L, and g € L,, where % + % =1. Then

Fglls < 11f1lpllglly

Now, instead of using Holder’s for two equations f and ¢, we require a general-

ization to r equations fi, ..., fi:

Generalized Holder’s Inequality. Let fi,...f, be such that f; € L,, V i, where

>iz1p = L. Then
T T
ITT £l < TT il
i=1 i=1
The proof is a simple exercise in induction.

Now, we can apply this in our case by letting r = 7, and

1
(1+4(& + M&)?)T (1+4(6 + )\i+%§2)2)% '

—_

fi=

Since the f; are all positive, it is clear that

n

LA = ]

=1

[
0|3

fid€.
1



So

n

g < [ty =TI [ 020,

1 =1 =1

n|
|3
:\w

'Ew\:

970(6)1 = |

or, equivalently,

)

A:“‘z

1 1 n
) (K e e v e o e id

)

1 n
i@ )

|3

1
(/R?((l +4(&1 + )\ifz)Q)) (

<.
Il w3
o E

Let us change variables to let

z=8& + Aiynby,

w = & + Nio.

Let J; be the Jacobian of the transformation above. It is easy to see that

1

J=—.
Ai = Ay

By our assumption that the \’s are unequal, this change of variables is non-degenerate.

Moreover, let

Then the above integral is




But we know the integral

1 n
/R(a i)

converges if n > 6 and diverges if n < 4. Thus, if n > 6 and n is even then

Go(§) € L'(R?).

As a corollary, if n is odd and n > 6 then Gy € L'(R?). This follows from the

fact that, if n odd,

/R2H 1+4§1—|—/\§2 i /RzH 1+4§1+A€2))

1
(14 4(& + M&)?)7

Hence if the integral converges for n — 1 then it converges for n, and we know that

dg,

NI

since

V€.

n—1>6.

2.2 Evaluation of S(v)

Naturally, throughout this section we will assume n > 6. The goal of this section is

to prove that, in the case described previously, we have the following:

Theorem 2. Let

n—2

1
K= e ™ (y)"5 .

2
Additionally, let Jy denote the 0-th Bessel function of second type, and let rect denote
the usual rectangle function; both of these terms will be defined more explicitly later in

the chapter. Moreover, let u; vary over the unit ball, and let AV be the usual measure

of this ball in hyperspherical coordinates. Then




Proof. To begin the proof of this theorem, we write the definition of S(v):

/GfSO X(< & v >)dE

p(x (7),§ >)X(< & v >)dwdg

_ / / ¢ lel? o= 2mi((Sy D H (ST NaD)) 2mi<Er> g
]RQ n

:/ e—”|x2/ 6—2“((2?:19012)51*‘(2?:1)\ﬂ?)&)627ri(§1V1+§2V2)d5d$‘
Rn RZ

Now, the first step will be to get rid of one of the integrals, specifically the one with

respect to &;. To facilitate this process, let us change variables so as to eliminate &;

by using
z =&y + &y,
1.e.
fl = = 52”27
V1
1
dfl = —dz.
151
Then

1 _ 7”- n z 5 v n 2 .
S(v) = _/ ezl / / o2 (S0 22) (2~ 22)+(Z0, \ 5)52)€2m(z)dzd£2dx
vy Jre R JR
_ L[ e / / ¢TIy #) (I = B0aDe) iz g e
vy Jre R JR

:i e‘”|x|2/6_%2.(2?—1(&_2):3?)526152/e_2ﬁiz(|w2"11_1)dzdx.
1% R™ R R

Now, we will use the fact that the Fourier transform of e~ X is itself. Define I,

by

=~ [ et / eI N T g / T P B
R R

V1 Jrn

Then S(v) = lim._ I.. Isolating the last part of I, we let

—2miz lal2 _
Je_/e iz e=m(e2)?
R

11



\zP

[fwelet X =€z, Y = , then
1/ —27mi(XY) —m X2
Jo=—- [ e ™ e ™ dX.
€ Jr

But this integral is just the Fourier transform of ™" evaluated at V. As noted

above, the Fourier transform of e=™” is itself. So

J = le—wYQ

€
[ET
Ly
€

Plugging this back into the definition for I, gives

12

]e = L €—7T|$‘2 / 6727”;(22;1(Ai*%)zg)@déée—ﬂ'( ”16
R" R

V€

) dx.
Next, let us change to hyperspherical coordinates, i.e. let

x1 = tcos ¢,

To = tsin ¢y cos ¢o,

Tp_1 = tsin ¢y sin ¢s... sin ¢, o cos ¢y, _1,
Ty = tsin ¢ sin @s... sin ¢, Sin @, _1.

So |z|* = t*. For ease of notation, let w; = 2:. Then

2

/ / / —mt? 2wt (D (i 2w *’T(t 71)215”*1
V1€ Sn—1

-sin™ "2 ¢y sin" " ... sin ¢, _odEodtde.

Let
t2 — U
y = :
€V
Then
yery + vy = t7,
evidy = 2tdt.

12



So

1. —// / e Tyeritu), —2mi(yer14+v1)(3 = 1(&*%)“’ )E2 —7ry
Sn 1

(yerr +11)" 7 sin™ 2 ¢y sin" " gy... sin ¢n—2?d¢d52-

If we take the limit as € — 0,

e A A L
Sn—1

"% gy sin" "2 g sin ¢y _odydpdss

// —7T(V1) —2mi(v1) (T 1()\17q) ) ( )%2
Sn— 1

1" "2 ¢y sin" " ¢s... sin ¢, _odpdés,

where the last line comes from the well-known fact that

/ ey =1,

since this is the integral of the Gaussian distribution over all R. So

]_ n— —2mi(v n T2 ws . _ - n— .
S() = 5e ) T [ [ SO 2 a0 i,
R Jsn-1

For future ease, we write out the bounds for integration over S™ ! explicitly. If we
let

n—2

1
K e 5677‘-(’/1)<1/1>T

then

27 T T ) n v
:// / / ¢ (i (e ghwde sin""? ¢y sin" 7 ¢y sin ¢ _pdpdEy
rJo Jo 0
:// / / ¢ iDL - sin""? ¢y sin" "~ ¢y sin ¢ _rdpdEy
2T
[ [ 2 i . sin g, adde

13



2.3 Taylor Series

The goal of this section is to rewrite the expression for S(v) with the Taylor Series
expansion for e; this allows us to take the integral more effectively. First, though,
we wish to remove the last variable w,; to do this, we change from hyperspherical

coordinates to rectangular coordinates and then back to hyperspherical.
To this end, let w; be as above. So

w1 = COs gbla

Wy = SiN @ COS P,

Wy,_1 = SiN @1 sin @s... Sin ¢, _9 COS ¢y, 1,

To change variables, we must compute the Jacobian .J |g%\ For1<i<n-—1,
J

96 1

Ow;  sin gy sin go...Sing;

Note that % = 0 for ¢ > 7, so the Jacobian matrix is upper triangular. Thus, if we
J

change variables from ¢ to w, we see that the change of measure is

3¢z 3@
| =| H awl
B 1
sin™ ! ¢1 8in" 2 ... sin Py
1 1

|wy| SIn™ 2 ¢ 8in™ 7 ... Sin o

14



Then

// /le

n 1. 92

/ o " e~ ODCIS Q=P On =D A-EIL w?))&dwnﬂ...dwld&
1430 w? ||

// /1%
1—|—w1
7112

/ L ¢~ 2rD(SIS Qi Pwi On=ZD =S5 W& g iy de,
—1+ZZ-L:_11 w? ’wn|

where we must split the integrals separately into 0 < ¢, 1 < mand 7 < ¢,,_1 < 27 s0
that the change of variables is an injection and hence is well-defined. So the above is

TN

n 1. 92

/ e o 2 DECIS Qe Pe Qn= B0 W& gy g e,
14y

! 2|wn|

i=1 W
1— wl
- / / /
1—&-11)1
n 1w2
/ Z 1 1 e_Qﬂi(Vl)(Z?;ll( i_%)w +( )(1_2?;11 w?))€2dwn71--.dw1d€2-..
s w? 1= S

1 pl-w?
)]
RJ-1J-1+w?
[
VA Z?;f wy

Now, we will put this back into hyperspherical coordinates, except in one fewer vari-

o2 (EI5 i Al (A 52dwn 1o.dwidés.

able. So

wy = t cos ¢y,

wy = tsin ¢y cos o,

Wy_o = T SiN ¢y sin @s... sin ¢, _3 cos ¢,,_2,

Wy,_1 = tSin ¢y sin ¢s... sin ¢,,_3 sin ¢, _».

15



For notational convenience, we write

dV = sin™ 3 ¢y sin™ * ¢... sin ¢,,_sdu.

Then we have

2D I A Ui+ O3 gy v
/ /Sn 2 / V 1 - t2 62
—9 —2mivy (A / 727ri(1/1)(t2 Z?z_ll (Ai—An)u?)é2 dtdésdV.
/Sn 2 / V 1 - t2 62

Examining only the integral over dt, we write the exponential in terms of its Taylor

series expansion:

—2mi(1y) (2 D0 ( i — An)uia))”
/ mz : "

where we have used here the fact that

= 2P
=2

k=0
Now, the sum is absolutely convergent, and the integral is over a finite interval. Thus,
we can rearrange summation and integration and find the integral of each summand.

So the above is equal to

(—2mi () (12 02 (O — An)u2Ey))*
> [ i ¢— u .

( 27”(1/1)(2?:_11()\1 — )\n)uggé / dt
k=0 & o VI-E

For this integral, we will integrate by parts repeatedly and then use a trigonometric

16



substitution. Performing the integration by parts first, we let

u =121

du = (2k — 1)t*2dt,

v=1v1-—1t2
d ! dt
v = .

V-2

So

1 t2k
/ dt
0 V1—t2
1
= (V1 -2 — / (2k — D)#**72V/1 — #2dt
0
1
= —/ (2k — 1)t**72/1 — 2dL.
0

Again using integration by parts, this time with

1
v=(VI=P)
dv = tv1 — t2dt

u=—(2k — 1)t*3
du = —(2k — 1)(2k — 3)t*4,

we see that the above integral is

B (2k3— 1) (VT=B)P2E3]1 4 L /l(zk — 1)(2k — 3)t* (V1 — 12)3dt

3

_(2]{7—1)(2]{?—3) ! 2k—4 2\3
_ ! /Ot (VI =)t

Continuing this process iteratively, we finally find that

L 42k

/0 i
L @k=DEE-3)(), o [N e
—(D)B)(B)...(2k— 1) (=1) /O(\/ﬁ) dt

= (1) /OI(M)%—ldt.

17



Now, to evaluate this, we require a trigonometric substitution:

t = sin u,

dt = cos udu.
Then

/OI(M)%—ldt

s
2
:/ (cosu)* ! cos udu
0

™

= / : (cosu)* du
0

1 = 2k—1
= %(cos w) L sinu)g + oF /2 (cosu)*2du
0

C2k—1 [ o
=5 /O(Cosu) du.

where the integration here is again by parts. Following this process iteratively, we get

/0 1(\/1Tt2)2’“*1dt

2k —1)(2k—3)...(1) [®
T 2k(2k—2)..(2) /Od“

(2k)!  m
RCiR

So our sum is

3 (—2mi(vn) (00 (N — A)u2&)) (2k)
> G CACHRL
T > —27Tz'(yl)(z;:11()\i — M)us)  (2K)!
=(3) ;( A )" Gk
T, — (1) (2 (A — Aw)uita)  (2k)!
— (E)Z( 5 ) )

iy
o

18



2.4 Bessel Functions

In this chapter, we review the applicable basic properties of Bessel functions.* Con-

sider the differential equation

22y +ay + 2%y = 0.

This is known as the 0-th Bessel differential equation. It is an easy exercise to show

that one solution to this differential equation, which we will define to be Jy(z), is

:ZO 2k

k2k

Another solution, denoted Yy(z), is

0 k+1 22k k 1
Yo(z) = Jo(z) 10gI+Z 2k B Z}
k=1 j=1

Jo(x) is known as the 0-th Bessel function, and Y} is known as the 0-th modified Bessel-
Neumann function. Importantly, any other solution to this differential equation is a

linear combination of .Jy and Yj, so if y(z) is a solution then
y(x) = ardo(z) + azYo(x)

for constants a, as. Note that

lim Yy (z) = —oo0,

z—0

lim Jy(z) = 1.

z—0
So if lim, o y(x) = 1 then ay must be zero and a; must be 1. Hence if lim, o y(z) =1
then y(x) = Jo(x).
Recall from last section that we were left with the sum

)3 (E 2?212(&- — A)ui) v (2k)!

S

k=0

*For a more expansive overview, one can examine [1]

19



We show that this is related to the Jy described above; the following lemma will help

illustrate the relationship:

Lemma 2.4.1. Let Jyo(x) denote the 0-th Bessel function. Then

Z k'3 _ (2%) 27,.1}‘

k=0

Proof. First, note the equivalence between this statement and

—ix - Z‘I —
Z E ]{j‘3 = Jo(fﬂ)

k=0

Let

e N4 (2R)!
v=et )

k=0
The lemma will be proven in two steps; we show that y solves the Bessel Differential

Equation above, and then we prove that lim, .oy = 1. From above, this implies the

lemma.

In order to show that y solves the necessary differential equation, we must first

compute the various derivatives for y:

_ iz AT (2R 1 O i (2K)!
v =i ) (P i k) T
k=0 k=

1
"o —ix . 71:1: i k 1 1 71,{17 - k—2 (Zk)'
s Z<2 W Zk k'3 P L KB

k=0 k=2

From here, we must plug y and its derivatives into the Bessel Differential equation

20



and show that it is satisfied; this is merely an exercise in basic algebra:

mQy”—i—xy'—i—x2y
_ g 2.1 2 g I g 2
=AY+ (W - U5y
T s AT (2K) s i (2K)!
= A LG T e LM
k=0 k=1
e iw 2k)!
3 k(- (2B
k=2
2 ix o= ir (2K 1 ir 1 (2k)!
H e G g M )
-0 —
a2 i S i, (2k)!
TN 2k) L~ 1 (2k)!
-4 ZM?)MW} +e Zk(k—l)(—)k(klg)
k=1 ’ k=2 :
—iT - Wy 1(2k)' —iT - w k(2k>'
207 ) ()T e M)
k=0 k=1
—iT (ST 1(2k)' —iT = (&4 k(zk)'
47y R+ k(= 1(5)" 5
k= k=1
—ix = g k+1 (Zk)' —ix = w kz(2k>'
2 G 2 M5 )
e 1 2k)! I 1. (2k)!
k=0 k=1
_ o iz . i (2R) g, - 2 1% g (2(k + 1))!
— 2 ;(2k+1)(2) o te ;(k;ﬂ) (5) STESVER
_ RS i gy (25)!
—iz < 2 g (2k)!
k=0
_ —ix - & k+1 <2k)'
NG iz (2k)!
ix 1) (= k+1
e 32k (G s

21



So y satisfies the differential equation. Additionally, it is easy to see that

Thus, y = Jo(z). O

As a result of this lemma, we have

g Z Zi:12()‘i — An)ui) )b (2k)!

k=0

H

n—

= (3 o(—m(m) (S (s = M)l DI A,

=1

2.5 Fourier Transforms

Using the findings from the previous chapter, we first rewrite S(v):

n—1

S(V) ™ 2
7 2= — ; — :
K =2 [ [0 ae)
(=m0 (C5 (i An)ud€)) = 2mivs (An = 72)62 e, dV
n—1
7”1’ not i nu2 n_u*2
:”/ / Jo(=mr (1) (30N = ApJufp))e T m TR TS gy g
sn2 JR i=1

Note that the inner integral is the Fourier transform of

—_

n—

Jo(=m(v) (Y (A = Aa)u))

i=1

evaluated at

(72 (N = Aa)ud) +2(0, — 22))
: :

This type of quantity has been computed classically; here, we state the result of this

computation without proof':

_ 2-rect(mz)

Ja(t —27ri$tdt_
/R olt)e V1 — dr2a?

TFor a reference about this result, see [2]
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where rect is the rectangular function given by

(

0 if [t >

rect(t) = <

N[

if [t =1

—_

if [t] < 1.

So if we let

then

n—1

/JO(_W(Vl)(Z(Ai _ )\n)u?&)) —mi(v1) (1o (A= An)ud)+2(A —*) €2d€2
R

=1

- / To(kgs)el 208 dg,

JO —2mix) ¥ d
“ L

_ 2-rect(m %)
kT = Am2 (D)2

where we have |k| because if £ < 0 then the change of variables causes the bounds

to go from oo to —oo, and reorienting the bounds cancels the negative in front of k.

S(v) _ 7T/ 2 - rect(n§) v
K sn-2 |k|y/1 — 4m2(3)?

Plugging in x and k, we get

Thus,

S(v) —7r/ 2 rect(; + S i—An )
K Sn72 n— 1 2 n Z) 9
|7T(V1) Zz 1 | 1 - S 1 (s )\n) )

which is as stated in Theorem 2.
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Chapter 3

v# oo [=(f1,[f) over Q)

3.1 Gauss Sums

Throughout the upcoming sections, we will use extensively the classical calculation
of Gauss sums. As such, we first show how such a calculation is performed. Here,
the actual method given is that of Siegel, and the result is a generalization of that of

Gauss.
Let a,b € N, A € Q be such that
ab+ 2aX = 0 (mod 2).

We will evaluate the sum

b
1 'gh2+ iah
- Z e Tia
vhiD
(cf. [7], p. 50). This is actually more general than is necessary; for our purposes, it

will be sufficient to let a = 2r, b = p', which gives the sum

)
p .
_1 LTI2T
P2 er " .
=1

Next, we let z € C and define



Note that the numerator is never zero, and the denominator has a pole at every

integer h (and at no other points). We show that the poles are all of order 1:

Res,_nf(z) = ll_r}’ll(z —h)f(z)

= ™5 (N iy (2= 1)
2—h e2miz _
_ eﬂ'ib(th)\) lim 1

2—h 27TZ€2mZ

mi%(h4X)? L
271

where the penultimate step is by L’Hospital’s rule. Thus, if we have a contour C'

which contains the integers 1,2, ...,b (and no others) then

b
/f 2—27TZZR652 nf(z :Ze’”% (h2)*
h=1

In particular, we will take C' to be the contour in Figure 2, where L is the line which
goes through the real axis at a 45° angle and L is the line parallel to L which goes
through the real axis at b+ % We claim that as the horizontal lines on the top and
bottom of the contour go toward infinity, the integrals over these lines go to zero.

This is because

e ((z42)?+2iy(z+2)—y?)

f(l’ + Zy) - 627rix—27ry —1
So f(z) — 0 if e @v@HN) 0 and e?™®~27 £ 1. For the upper horizontal line,

y — oo and x + A is positive; for the lower horizontal line, y — —oco and = + A

is negative. Thus, in both cases, e ™5 2¥(@*+N)) — 0 and e*™*~2™ 4 1, and hence
f(z) — 0.

Now, note that if z is on the line L then z + b is on the line Lg. So

25
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b o

Figure 3.1: Contour of integration
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/Cf(z)dz: Lof(z)dz—/Lf(z)dz
= [ +n - e

i % (z4+N)?
_ / 62 b' - [eﬁi%(2b(z+)\)+b2) . ]_]dZ
[ exmiz —

Now,
%(Qb(z +A) + b%) = 2a\ + ab + 2az = 2az (mod 2)

by our assumption earlier, which means that

iy (2b(z4+X)+b3) _ p2miaz .

€ €

Then

» mi % (2b(24+N)+b2) 1
/Cf(z)dz = /]:em”(z+/\)2[e : e2miz _ | Jdz

q 2 .
— / eﬂzb(er/\) [ €2mhz]dz
L h=0
a—1
a 2 )
— 2 :/ eﬂzb(z+)\) +27rzhzd2
h=0 "L
a—1
b2 . a b1y\2
:E :eﬂzah 27r1h)\/€7rzb(z+)\+ah) dz.
h=0 L

Here, the first step comes from the expansion

a—1
Ia_l h
r—1

h=0

Let us define

b
Z=z4+ X+ —h.
a

Then the line L instead shifts to another parallel line which we can denote Ly, i.e.

a—1

b2 . a2
§ ewzah 27rzh>\/ embz dz.
h=0 Ly
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Let L' be the line parallel to L; which goes through the origin. Since the integrand
above has no poles, it follows from Cauchy’s Theorem that we can shift the contour

of integration from L; to L’. The integral in the above expression is then

/ ™52 7.

b
Z =2t
a

dZ = —/ édt.
a

Note that the integral over L', like the integrals over L and Lq, goes downward along

We make the change of variables

the line. So the change of measure allows us to change the orientation of the integral,
/ 57’47 = \/ @/ e A7 = 1/ @
L a — o a

b
/f(Z)dZ _ Z eﬂi%(th)\)Q
c
' Ze—m'ghQ—Qm'h)\

[ib
a/ —
. a

/ @ —mi2h2—2mihA
a

1.e.

Thus, in summary,

where the shift in parameter in the last step is allowed because
ab + 2aX\ = 0 (mod 2).

We arrive, then, at the theorem

Theorem 3.1.1. Let a, b, and \ be as above. Then
1 b i a
- mi % (z+N)2 _ v 7ri£36272m'z/\
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As a corollary, we can prove the special case which will be of use to us throughout

the remainder of the chapter:

Corollary 3.1.2. Leta =2, A\=0, b =p be a prime number. Then
(

if p=1 (mod4),

Sl

S

Z ww?y

1
5 if p =3 (mod 4),

r
=}

ifp=2.
Proof. We know that

\/gZGT: .
V2

Then

1 &~ gpi2r 1 (141) "
e2mie? (14e7™2).
VP ; V2 2

Naturally, e"™% depends on p. In particular,

(

1—4 ifp=1 (mod 4),

P

1 4 e—m§

N\

144 if p=3 (mod4),

0 if p=2.

from which the corollary follows. m

Now, we can derive a useful theorem about Legendre characters. For an odd prime

p, let us choose a ( € IEF = Hom(F,, S") such that
Fr=<({>.

We define

zelF,
=1+ > ¢
z€Fy
=14+ "
<0 x>0

29



where an element in F can be described as being > 0 if it is between 0 and p%l or

< 0 otherwise. Then

x>0
=142 ) ¢
ye(Fp)?
If we define
0=T() =) ¢
IS
e ye
yeFy
kYo ¥ oo
ye(Fy)? yeF, yg(Fy )2

then we can express R(() as

R(C) = R(¢) = T(¢)

-Ye- ¥ ¢

ye(Fy)? yeFy wg(Fy)?
Yy
= Z(_)Cy7
yeFp p

where (%) is the Legendre symbol with (%) = 0 if p|y. Thus, we arrive at the following:

p—1
Theorem 3.1.3. Z(Q)Cy = ZC”Q.
p =0

y€elF,
Now, if p { r then we can replace ¢ by ¢". Then, by the theorem,

p—1

St =Y e

=0 z€Fp p

30



Throughout the chapter, this fact will be applied in the following form. Let

¢" = x()
Then B B
Dox(ra?) = () 3o x(?)

3.2 A p-adic Application of the Gauss Sum

Now that we have our Gauss sum computation, we can relate it to the singular series.
Throughout this section, for a € Z, — pZ,, (%) will be used to denote the Legendre
symbol (similarly, () will denote the Jacobi symbol). Of course, we know that if we
define a to be a (mod p) then

a a

(=) =(

).

p p
This remark augurs an important motif of this section: in many instances, the only
term in the p-adic expansion of a which matters is the first one. One such example of

this is given in the following lemma, which will be used repeatedly to relate classical

Gauss sums to the singular series computations:

Lemma 3.2.1. Let p # 2, and assume a € Z, — pZ,. Moreover, let

< ifp=1 (mod 4),

L ifp=3 (mod 4).

e . .
/ a P2 if e is even,
Z

b p’egl(%)G if € is odd.

P
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Proof. For ease of notation, we will define

Ao = [ REals

pe

We proceed by induction. If e = 1 then we have

a a
/ x(=2%)dz = Z/ x(—2%)dz.
Z, P ber, JotoZy P
Now, we change variables, letting x = b+ py, where y ranges over Z,. Then dx = ]ljdy.
So the above is

= Z/Z 2bpy+p y*))dy

bE]F

== Z/Z a(2by + py*))dy

bE]F

:_ZX b2 /

bE]F

a
:(_)Ga

p

where the penultimate step comes from the fact that x is trivial on Z,, and the last

step is merely the evaluation of a Gauss sum.

For e = 2, we will change variables, letting x = b + py, where y ranges over Z,

and b ranges over F,. So

a o a o
X(=z%)dr = / X(—=z%)dx
/Zp (P2 ) l%; b+pZp (p2 )
=) - / — (b+ py)*)dy
beF,,
=) - / — (0® + 2bpy + p*y*))dy
beF, © 7 Zp

Spop . D
1 a
-3 L 2wy / v(%2by)d
berp p Zp
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If b # 0 then the integral is zero (since the integral of a non-trivial character over Z,

is zero); otherwise, it’s 1. So the above is %.

Now, if e > 2, we can again let © = b+ py. So

a 9 a o
X(—x%)dx = / x(—z%)dx
/Z (pe ) Z b+pZy <pe )

P belF,

=) - / (b+ py)*)dy
belF,

=) - / — (b + 2bpy + p*y*))dy
beF, Zyp

a

= Z / X(=— (2by + py*))dy.

beF, z, P

If b # 0, we can let u = 2by + py?. Then
du = [2b + 2py|,dy = dy

since 2b 4 2py is a p-adic unit. But

W) / Xy =0

So the integral is zero unless b = 0, in which case the integral is 1. Then

/x(gaﬁz)dft:l/ X(=p?y?)dy = 1/ (g ).

z, D pJz, " p° N

Thus, proceeding by induction, we achieve the desired result. O]

Remark . We highlight here the fact that, for e =1, we have

a o a a
X(=2%)dzr = / x(=b%)dx = (—-)G.
JRE 3 o G = )

This will be used repeatedly throughout the latter part of this chapter.

Next, we derive the analogous result for p = 2:
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Lemma 3.2.2. Assume a € Zoy — 275. Then

(

0 ife=1

a 2 ay; e
g X<§x )d:C = \/§€(Z)Zﬂ—2_§ Zf = 0 (mOd 2),
2

V2el5H™275 if =1 (mod 2), e > 1.
\

where {§} denotes as before the fractional part of 5, and (%) is the Jacobi symbol.

1
Proof. For e = 1, this is Corollary 3.1.1. For e = 2,

3
a o

@ 2
X(=z%)dx = / X(=x%)dx.
/Z‘Q 4 ) ; b+227o <4

Setting x = b+ 4y gives dv = }Edy, and hence the above is

—Ej/‘ —(b+ 4y)*)dy
1 2
=1 Z (Zb )
_V2 (i

For e = 3,
7

a o a o
X(=x*)dx = E / x(=27)dx.
/Z2 (8 ) b=0 b+2322 (8 )

Setting x = b + 8y gives dr = %dy, and hence the above is
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where the penultimate step is achieved by explicitly computing the sum.

Finally, if e > 4,

/X(%xz)d:ﬁ:/ X(%ﬁ)daz—l—/ X(%ﬁ)dw
Zo 272 1+2Z2
a o a o
= X(=x%)dx + / X(=x)dzx.
/222 ( 2¢ ) Z b422Z, ( 2¢ )

b=1,3
We wish to show that the sum over b is zero; this will allow us to proceed by induction.
Examining only the latter integral, we set x = b + 4y, which gives dr = }ldy, and

hence

| G+ 4y

a
= / ><(§(b2 + 2%by + 2%y?))dy
Zo

a a
—X(5et) [ @y 29y,
Za

Set u = by + 2y?, which makes du = dy (since b is odd). Then

a
[ @y + 24y
Za

= [ XG5 =o0

since this is the integral of a non-trivial character over Z,. Thus,

/X(gazQ)dx:/ X(iﬁ)d:c.
7, 2° oz, 2°

If we change variables, letting u = 2z and du = %dn then

a o 1 a o
/Z2 X(§x Ydx = 5/22 X(28_2u )du.

The lemma thus follows from induction. O
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3.3 Convergence

We now consider the case where v = p, which means that we examine solutions to

f = v over Q,. We must first show that, as in the real case, |G| € L'(Q2) if n > 6.

16501l = /@
-/
-,
:/@ H

2 "
p 1=1

We know that

dg

/Z X(< f(x),€ >)dz

n
p

[+ Y natas
Zy i=1

=1

dg

n

/Z XO (& + Nio)a?)de

n -
p =1

dg

2
P

d¢.

/Z V(6 + Méo)a?)da,

Now, we will use the same trick with Holder’s inequality that was used in the real
case. Let us group the product into pairs, with

fi= /2 X((& 4 Niko)a? ) x (& + )\i+%£2)x?—i—%)dwid$i+%-
ZP

From Holder’s inequality, we know that

T T
ITT Atk < TT 1A
i=1 i=1

We apply this to mean that

n

L1

2 "
p =1

s(ﬁ/@g

Now, we change variables, letting

dg

[ X6+ A6+ Ny ety

2
P

idg)%.

[ X6+ A6+ Ny ety

zi = & + N,

w; = &1+ At 2o
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Since the A’s are unequal, this change of variables is non-degenerate (i.e. the Jacobian
is not zero). If we let J; be the Jacobian of the transformation from (£, &) to (z;, w;)

and let

.

J = Ji7

1

7

the right side of the above inequality is then

JH/

Since no terms contain both z; and w; (or x; and mi+%), we can split the integrals,

/X(zixf)dxi dzi/
Zp D

5
/ (zzxf)dxl

/ / X(zix?)dxi
zZ

First, we note that we can break Q, into annuli as follows:

3 > 3
/ x(zix?)dz;| dz; + Z(/ / x (2w} )dx;
Zy p z

p—EZp_p—c+IZp D
eZp P e+1ZP

%
/ X(zzavf)dxZ
Zyp

We evaluate the above separately for p # 2 and p = 2. The two cases evaluate to

X(wl )d:cld:cwn dzidwi)%.

giving

w3

S

| At pdoey
ZP

3o
—~

*
~—

le)2) .

P

Now, let us evaluate

dZZ‘ .

p

dZZ‘ .

similar (but not identical) expressions.

Case 1. Assume p # 2. From Lemma 3.2.1, we know that, for z; € p=°Z, — p~“"'Z,,

’ / X(zi:z:?)d:ci
ZP

Ip~2| if e is even,

P~ (2G| if e is odd,

I
S
N o
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since |G| = p~2 and |(2)] = 1. So

o0

2
e—1 p—eZp_p—e+IZp

/ X(zix?)dxi
Zp

=1+ ZpeEp*%
e=1 p
— 14_]7;150:]9 (ntle

Case 2: Assume p = 2. Here, we use Lemma 3.2.2 to see that

(

0 ife=1

/ZX(szf)dfCi = [V2eDm2-5] if =0 (mod 2),
2

1V2el54m273| if =1 (mod 2),
\

0 ife=1,
2-% ife> 1.

So

[e.e]

> f
Z 2—eZo—2—¢t17,

e=1

2
dZZ'

/ X(ziw})d;
Lz

e=1.n
=1 + / (2_ 2 )5dZZ
Zz 2—€Zo—2—¢t+17,

e=

> 1. nge
=1+ 226(5)2*%.
e=2

If we re-index, the above is
1+ i g1 (Lyg-
e=1 2

— 14 f: 9=
e=1

38
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For the second case, 1%1 = % So the first and second cases differ only by the fact

that, in the second case, the infinite sum has been multiplied by 2.

Thus, returning to (x), the above tells us that

GTICL | [ ety
S(Jf[(l + 2(1%1) f:p—“%;”ey)g

dz)?)n

e=1

(n—4)e

—( 2 S R

(n—4)e

Thus, the integral is finite if the sum » o p~~ 7 is convergent. For this to happen,

the exponent must be negative, which occurs when

(n—4)
<0
VR

or n > 4. Since n is even, this means that n > 6.

3.4 Evaluation of S,(v) for Almost All p

In this section, we will evaluate the expression S,(v) for all but finitely many p. This
will allow us to test S(v) for convergence; since we are only eliminating a finite set
of p’s, the product of the S,(r) over the remaining p will converge if and only the

product over all p converges.

In particular, we will assume that p does not divide any of the A’s or v’s and that
the \’s are all unequal. Moreover, we assume that p does not divide \; — \; V ¢ # j

and p {1\ + v, V i. Additionally, we assume either that
Vo .
— # \; (mod p) Vi
4!

or that
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for exactly one i. Note that the assumption of p not dividing A\; — A\; V 4,7 means

that p # 2.

Now, recall that
500 = [ X(<6r>) [ X< 1€ >pande
= / / X(&v1 + &ar) /Zn X(En:(& + Aib2)} ) dwdg, dS.
p 7 Qp boi=1
We can break up the integral over Qi into a sum over its various annuli:

o0 o0 oo
/ / 33 / / > / /
p p 7612p7p761+12p p7622p7p762+1zp pielzpfpfelJFlZp Zp

e1=1lex=1 p e1=1

00
Zp Jp~1Zp—p—e1t17Z,

ea=1
The key to the evaluation of S,(r) will be to show the integral over any annulus is
zero if either & or & is outside of p~'Z,. After this, the evaluation of the integral

over Qf) is merely the evaluation of the integral over (p~'Z,)>.

3.4.1 The Integral Outside (p~'Z,)

Here, we prove the earlier claim that if the & & (p~'Z,)? then the integral as & ranges

over an annulus is zero. This will be achieved using two lemmas:

Lemma 3.4.1. If max{e,es} > 1 and e; # ey then

/ / X(& + §21/2)/ X(Z(§1 + Nifo)a?)dwdéade,
P*812p7p761+12p p7822p*p752+12p

Zy =1

=0.
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Proof. Let us assume first that e; > e;. Note that

n

_ ‘ 2
/pelzppeﬁlz /ezz — X &y + Eon) /g X(;(fl + i) ) dadSadé,
-y >/

a€Z/pL* beL/pL*

n

. /n X(Z(fl + Nibp)})dwdéadéy.

/ X(&vy + Eavn)
e +p751+12p p%+p752+lzp

=1
If we let
a
51 = 51 - ];7
b
gé = 52 - Ea

a measure-invariant change of variables, then the above can be rewritten as

Z Z / e1+1z, /—e2+1zp X((]% + ﬂ)yl + (1% + 5&)”2)

a€Z/pZ* beL/pT* P

b 2 . >
T / V(G + €)M + €)ad)do)dgyds]

i=1 P

b n
= 2 X aGmt ow [ A
a€Z/pL>* bEL/PL* 1=1

- / / UEwn + Eywn)debde!
,el+1zp p762+lzp

A(a,ey)) Z Z —1/1 + iI/Q)A”

a€Z/pZ> beL]pL*

- / [, X G
*81+1Z 752+1Z
b !
- _ Y d / —( ¢! d /.
Ala, 1)) Z Z Vl - e N2 /pel+1Zp X(§1v1)dgy /peerlzp X(&5v2)dEs

a€Z/pL* bEL/pL*

But since e; > 1, we know that

/ H(E ), = 0.
p=e1tizZ,

For ey > ey, the proof is exactly the same, except the (A(a,e;))

" is replaced with

H?:l A(b)\i7€1). ]

41



Lemma 3.4.2. Lete; > 1 and e; = ey = e. Then

n

/pelzp_p61+lzp /pezzp—pezﬂzp X(&rn + 521/2)/ X(Z(fl + Nibo)a})dadad

Zy =1

=0.

Proof. As before, we rewrite p~°Z, as a sum:

n

X Ni&o)x)dxdéyd
/p—ezpp—e-uzp /P‘epr—eHZp X(§1V1 +§2V2)/Z X(Z(fl + SQ)CL’ ) X 52 51

-y ¥/ :

/b X(é-lyl + 521/2)
a€Z/peLx bel /perx Y pe TP Ep J e tpT Ly
n

. /Z N (6 + Ni&o)a?)ddeade.

n .
D =1

We change variables as in the previous lemma, making the above expression into

_,a b
> X [ G g
aE€Z/peT* bEZ[peTLX pmetZy Jpmetizy P p

n

a ! b ! 2 . / !
I / W+ ) + M+ ) ey

=1 P

_a b
D N Sl B B G
a€Z/peL> bEL]peT> pmetizy Jpmeriz, P p
L a b
(& + ) [ / W+ X0) + (6 + M)t o) ey

i=1 YZp

Now, for a given a and b, if & + )\j# ¢ p Z, —p “"'7Z, then
a+ Ajb=0 (mod p).
But then
a+X\b#0 (mod p)Vi#j

else \; = \;, contradicting our assumption that p 1 \; — A;. So, for all but at most

one A (which we denote \;),

a b
— + N— €p Ly, —p L,
p p
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This means that, for these i # 7,

a b
— + N—)zd) = A(a + \b,e).
/pr«pe Jat) = A )

So let A\; be as above. If no such A exists, choose any of the A’s to be A;. Then our

integral expression is

Z Z H Aa + N\b,e)

a€Z/peZX bEZL/peT* 1<i<n,i#j

_.a b _
: / / X(=m + —v)x(§m + &)
p~—et1izZ, Jp=—etlz, p p

b
¥ / p W 4 0720 + (64 X))y

If we let

= filjl +§;V27
w =& + A&
then the change of measure is
|l/1>\j + V2|;1.

By assumption, |v1A; + vl 1'is non-zero. Thus, the integral is

a b
iyl [ Ala+Abe) / / W+ L))
p*eJrlZp p*‘f*lZp yY p

1<i<n,i]

b
- (/ X((g + \j— 4 w)a?)dx;)dwdz.
z, P° P°

/ %(z) = 0.
p78+1Zp

Thus the lemma holds. O

Since e > 1, we know that
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3.4.2 The Integral Over (p~'Z,)*

Now that we have determined that the S,(v) is entirely determined by the annuli
where e; < 1, we will calculate the integral over each of the remaining annuli individ-

ually.

Lemma 3.4.3. Let e; = e5 = 1. Assume that n is even and
22nvi
14

(Here, all congruences are modulo p.) Additionally, define
H={uelF;:uz-\N"Vi u#—-un'}

and let G be the classical Gauss sum as defined before. Then

n

X Ai Ndxdéyd
/plzp—zp /plzp—zp X +§21/2)/n X(Z(fl + Ni&o)xy)dadErdE

i=1

:_ZH(l—Fp)\iu anz H )‘j_ )(_V1+)‘j_ V2)

ueH i=1 7=1 1<i<n,i#j

F(p— ) [ )6,

=1 p

Proof. First, we rewrite the above integral as

X [ S s L[ x5 s

a€F) beFy

—ZZ y1+ V2 H/ a—i—)\b ) dz,).

a€F, beFy

Now, since a,b € F 7, we can write b = au for some u € F;. So the above can instead

be written as

Z Z V1+UZ/2 H/Z ol + ) xf)dwl)

a€F, ueFy

Z Z 1/1+u1/2 H/Z a(l + Aiw) xf)dml)

u€F, acFy
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Now, since the A’s are incongruent modulo p, we can break the u’s into three sets.

These sets are
H={ueF; uz-N"Viuz-nn'}
B={uelF;:u=-\"forsome i, u# -1, },

D= {u=—vv;'}.
We deal first with v € H. Then 1+ A\ju # 0. Here,

/Z X(Wﬁ)d% - (M)G

7

p
= (—)(———)G.
(p)( P )
So
a(l a(l + Au) A
ZZX (1 + ury)) H/ ) })dx;)
ueH acFy
" a1+ Nu
SO IDIRCCERN | (e
ueH qeF i=1 P b
14 \u
—G"ZZ V1+u1/2 H(
ueH EIFX =1
If n is even, the above is
G"> > Xl (S0 + umn))
u€H gcpX p =1
=" > 1]« ) ) X(= (v + u))
ueH i=1 p aE]F;
. o1+ Nu
=" 11« )(=1)
ueH i=1 p

since the sum of the a’s is the sum of all of the p-th roots of unity except 1. This

gives us the first summand from the right side of the equality in the statement of the
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lemma.

Next, we deal with the case of u € B. In this case, 3 ¢ such that 1 +u\; = 0. So,

for this j,

1+ X
/ X(uxi)d% — 1.
Zp p

Then, V ¢ # 7,

a(l—i-/\iu)ag2 o (Y (1+ N\u)
/pr<—p Ddai = (D (e

as before. So

ZZX (1 + urs)) H/ a(l + Au) o))

ueB aeIFX

—o I A Z>‘<<9<vl+uu2>><9>n-l

u€EB 1<i<n,i#j aE]F;f

— ol Z H 1 + N u Z X(%(yl —}-ul/g))(%)-

u€B 1<i<n,i#j a€Fy

i)
i

Now, from Theorem 3.1.2, we know that if p { r then

p—1
x r re r r
> Exlrz) = (=) Y (=)xlrz) = (=) Y x(=®) = (=)Gp
z€Fp p p z€Fp p p =0 p
In our case,
_.a a — (V1 + uv
> 0+ u)(©) = ((UE g,
< p p
a€clFy,
So the above is
. 1 + A u —(v1 + uwy)
ey, II )
ueB 1<i<n,i#j p
Since u € B means u = —/\j_1 for some 7, the above is
n 1 + )\ —1 + )\-_11/2
G pz IT ¢ )( —).
7=1 1<i<n,i#j p
This is the second summand in the lemma.
Finally, we deal with the case where v = —uyv,'. In this case, we know that
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14+uX; Z0V . So

p
and hence
a(l+ N\
Z Z 1/1 + uy)) H/ i) — N dxy)
uGDaeFX
. 1+ Nu _a a.,
=a"> T« ) D)X= (v 4 u)) (=)
ueD i=1 p a€F} p p
n - 1— )\Z'VlVil _
=G H(TZ) > x(0)
i=1 aGIF;f
n - 1-— )\iVll/_l
=(p-DG" [[(——>).
i=1 p
This is the third summand in the lemma. O

Lemma 3.4.3.1. Let e; = e; = 1. We make the same assumptions and definitions

as i Lemma 3.4.3, except that

2\
V1
for exactly one k. Then

n

X N&o) ) dwdéyd
/p—lzp—zp /p—lzp—zp (& +§2I/2)/n X(Z(fl + Ni&o)xy)dadadé,

=1

:_an—i-)\u e Z H — A/ )(_V1+)‘j_7/2>

ueH i=1 1<j<n,j#k 1<i<n,i#j p

+-1 I ¢

1<i<n,i#k

1-— >\iV1V2

Gt
pa—

Proof. : The proof for the first term (i.e. for u € H) is exactly the same. For the
second term (where u € B), we note that B does not include —\; ' since —\;! =

vivy . For the term where u € D, we note that

a(l+ Nu) , B
/Z e = 1
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So

n

Z Z 1/1 + uvy )(H/ X(Mﬁ)dm,)

UED geFy i=1 Y Zp p

D S | QECE D SR CTERAS) I

ueD 1<i<n z;ék p aEIF;f

= e I S v

. p
i=1 a€Fy

S | e 2n)

1<i<n,i#k p

Lemma 3.4.4. Lete; =1, e =0. Then
[ xams ) [ (3o M) dndeadss
P =Ly Sy poi=1
-G" if n is even,
G"TH(=2)  ifnods odd.

Proof. In this case, the above integral is rewritten as

/plzpzp /z,, X(&iv1) /n X(zn:(&)x?)dxd@d&

i=1

=2 /%p /Zp ! /p Zzn;%'x?)dxd&d&

a€lFy

=2 /+zp/z / (Z -} )dx;)" d€adé,

a€Fy Zp

If n is even, the above equals

G" Zx(%ul)

a€Fy

——an
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If n is odd, the integral expression instead equals

Lemma 3.4.5. Let ey =0, e = 1. Then

n

i dxd&sd
/Zp/p — §1V1+§2V2)/n (Z(fl—{— &) ) dadéydé,

=1
—(IT, %)G” if n is even,

(I, » )G"H( 2) if n is odd.

Proof. Here, we note that the above integral is equal to

/ LZ *(g”ﬂ / nX(i()\ig)x?)dxd&dgl
beF) »

i—1

_Z ZVQ H/Z 5\ da;

SRR [ Apbm
beFy =1
~ G”H<%> DORCAIER)
=1 beF

If n is even then

b o b b
XCw)((2)" = ) x(Cw) =—L

If n is odd then

b bivn YA
ZX(F/?)((;)) => 2)(5) = ()G

beFy beFy

Thus, the lemma follows.
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Lemma 3.4.6. Let e = e3 = 0. Then

n

X Ni&o)a?)drdéydé, = 1.
/Zp /ZPX(§1V1+§2V2) /Zg X(Z(&—f— &)xf)drdéadé =1

i=1
Proof. If e, = e3 =0 then £ € Zz. Since v;, z; € Z,, and x(Z,) = 1, it follows that

n

\ A 2 dwdéyd
/Zp /Zp X(§1V1+§2V2)/Z XO (& + Ni&o)a) dadgdéy

143 .
D =1

_ / / dudéydé,
z, )z, Jzp
1.

]

Finally, we arrive at the main theorems of this section. From the above lemmas,

we have proven the following:

Theorem 3.4.7. Let pt N, v1,10, Dt Ni — Aj, pf i + vo. Moreover, as above, let
H={uelF;:uz-\"'Vi u#—-un'}

Assume that n is even and

Sp(y):—ZH(l—i_)\zu)Gn—anZ H (1+>\z_)\j_ )<—V1+)\j_ 1/2)

ueH i=1 p j=1 1<i<n,i#j p p
- vyt " TN
+ -V ][[(— e - =e([[E) + 1
i=1 i=1

Proof. 1f we make the same assumptions as in Theorem 3.4.1 except

Vo
)\k =

1
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then

H1+)\u e Z H - A7 )(—

ueH i=1 1<j<n,j#£k 1<i<n,i#j
— ANilV1Vy . T, A
+-1 [ ¢ vy — et e - e (5 + L
1<i<n,itk i1 P

3.5 Convergence of the Singular Series

Here, we will use the computations of the previous section to determine whether our

expression for S(v) converges. Recall that the singular series S(v) can be found by

V) = HSP(V)

where S, are the local singular series as above. We prove the following theorem:

Theorem 3.5.1. If A\, # 12 and n > 6 then S(v) converges.

Proof. First, from Theorem 3.4.7, the product

r0)= ] ZH”“ NEONN | I RTE

p prime ueH 1=1 7=1 1<i<n,i#j
n n )\Z
G -G -G(]](%) +1

1 =1

— Nyt
(p—1) —

]

differs from the product

by only a finite number of terms. So if we can show that 7'(v) converges then S(v)

ol



must also converge. So

W< 11 ZHH““G” eSS TI |

p primeucH i=1 =1 1<i<n 276]
n

— Nt i
p—1 HI 2 )G"|+|G”|+|G”I|(H(5))|+1
i=1

IT > »r: +p1‘%(z D+ (p=1p 2 +p 2 +p 2 +1

p primeuceH 7j=1
=] @-n-pF+mp™F +(p+1)p % +1
p prime
n n—2
= H —np 2+ (n+2)p 2z +1
p prime

Now, we use the fact that the product [[2,(1 4 a;) converges if and only if the sum

> o2, a; does as well. Then T'(v) converges if

[e.9]

> —mitE 4 (nt2)i T

=1
= —niig + (n+ 2)§:z’"22
=1 1=1

converges. We know that a sum like Y _7° i* convergesif k > 1. So Y 7, i~% converges
. ._n=2 . . .
if n>2 and ) 2 9" 2z converges if n > 4. Since we assumed that n is even, n > 6

is required for both summations to converge. O]
Theorem 3.5.2. If A, = {2 for one k and n > 6 then S(v) converges.

Proof. Again, we consider T'(v) and note that it differs from S(v) by only a finite

number of terms. In this case,

)\j_l )(—Vl + )\j_ll/g

L+ X=X =+ X

\<Z\H\1““ R S | e

ueH =1 1<j<n,j#k 1<i<n,i#£j

D 1 n T, A
+p-1) ] === +IG"+|G H— )|+ 1

1<i<n,i£k i1 P

3

<TI e-npi+m-p 5+ (p-1pF +pE+pE+1

p prime

= H piang +np*n%2 —jzf%1 +(2- n)p’% + 1.

p prime

o2

)l



As before, this converges if and only if

Yo T —p T +(2—n)p

p prime

DI IR D S

p prime p prime p prime
_n
+ E (2—n)p 2
p prime

converges. But these four sums all converge for n > 6.
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