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ABSTRACT

In this thesis, we establish bilinear Strichartz estimates for Schrödinger opera-

tors in 2 dimensional compact manifolds without boundary and with boundary.

Then we use estimates on manifold with boundary to prove the local well-posed

of cubic nonlinear Schrödinger equation in Hs for every s > 2
3

on it.
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1 Introduction

1.1 Background

Let (M, g) be a Riemannian manifold of dimension n ≥ 2. Consider the

Schrödinger equation

Dtu+ ∆gu = 0, u(0, x) = f(x) (1.1)

where ∆g denotes the Laplace-Beltrami operator on manifold and Dt = i−1∂t.

Strichartz estimates are a family of dispersive estimates on solutions u(t, x) :

[0, T ]×M → C which state

‖u‖Lp([0,T ];Lq(M)) ≤ C‖f‖Hs(M) (1.2)

where Hs denotes the L2 Sobolev space over M , and 2 ≤ p, q ≤ ∞ satisfies

2
p

+ n
q

= n
2

(n, p, q) 6= (2, 2,∞).

In Euclidean space, one can take T = ∞ and s = 0; see for example

Strichartz [22], Ginibre and Velo [12], Keel and Tao [16] and references therein.

Such estimates have been a key tool in the study of nonlinear Schrödinger

equations. In a compact manifold (M, g) without boundary Burq, Gérard and

Tzvetkov [10] proved the finite time scale estimates (1.2) for the Schrödinger

operators with a loss of derivatives s = 1
p

in their estimates when compared to

the case of flat geometries.

In the case of manifolds with boundary, one considers Dirichlet or Neumann

boundary conditions in addition to (1.1)
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u(t, x)|∂M = 0 (Dirichlet), Nx · ∇u(t, x)|∂M = 0 (Neumann)

where Nx denotes the unit normal vector field to ∂M . Here one except further

loss of derivatives due to Rayleigh whispering galley modes. Recently, Anton [4]

showed that the estimates (1.2) hold on general manifolds with boundary if s >

3
2p

which arguments work equally well for a manifold without boundary equipped

with a Lipschitz metric. Then Blair, Smith and Sogge [5] built estimates (1.2)

with less loss of derivatives s = 4
3p

in manifolds with boundary.

We consider bilinear estimates for the Schrödinger operators in compact

manifolds of the form

‖eit∆feit∆g‖L2([0,1]×M) ≤ C(min(Λ,Γ))s0‖f‖L2(M)‖g‖L2(M) (1.3)

where Λ,Γ are large dyadic numbers, and f, g are supposed to be spectrally

localized on dyadic intervals of order Λ,Γ respectively, namely

IΛ≤
√
−∆≤2Λ(f) = f , IΓ≤

√
−∆≤2Γ(g) = g.

Here IΛ≤
√
−∆≤2Λ denotes the spectral projection operator∑

Λ≤λj≤2Λ Ejf =
∑

Λ≤λj≤2Λ ej
∫
M
fej ,

while {λ2
j} and {ej} are eigenvalues and corresponding eigenfunctions of −∆g.

Such kind of estimates were established and used on Schrödinger equation on

manifolds with flat metric; see Klainerman-Machedon-Bourgain-Tataru [17],

Bourgain [6] [7] and Tao [23] . Then Burq,Gérard and Tzvetkov [11] established

the bilinear estimates in sphere and Zoll surface with s0 >
1
4
.
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For the manifold with boundary, Anton [3] proved (1.3) and the following

‖(∇xe
it∆f)eit∆g‖L2([0,1]×M) ≤ CΛ(min(Λ,Γ))s0‖f‖L2(M)‖g‖L2(M) (1.4)

with s0 >
1
2

on three dimensional balls with Dirichlet boundary condition and

radial data. Using these she proved the local well-posed of cubic nonlinear

Schrödinger equation with Dirichlet boundary condition and radial data in Hs

for every s > 1
2

on such manifolds.

1.2 Results

Consider Strichartz estimates on manifolds without boundary obtained by Burq,

Gérard and Tzvetkov [10]. If n = 2, (p, q) = (4, 4) is admissible, we have

‖eit∆f‖L4([0,1]×M) ≤ ‖f‖H1/4(M).

Using Littlewood-Paley theory, let fΛ = IΛ≤
√
−∆≤2Λ(f), this is equivalent to say

‖eit∆fΛ‖L4([0,1]×M) ≤ Λ1/4‖fΛ‖L2(M)

holds for all dyadic number Λ, which is implied by bilinear estimates (1.3) with

s0 = 1
2
. However we established the following estimates with s0 >

1
2
.

Theorem 1.1. Let (M, g) be a 2 dimensional compact manifold without bound-

ary. For any f, g ∈ L2(M) satisfies

IΛ≤
√
−∆≤2Λ(f) = f , IΓ≤

√
−∆≤2Γ(g) = g

Then for any s0 >
1
2
, there exists a C > 0 such that

‖eit∆feit∆g‖L2([0,1]×M) ≤ C(min(Λ,Γ))s0‖f‖L2(M)‖g‖L2(M). (1.5)
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Also we extend the Strichartz estimats of Blair, Smith and Sogge [5], which

read

‖eit∆fΛ‖L4([0,1]×M) ≤ Λ1/3‖fΛ‖L2(M)

for (n, p, q) = (2, 4, 4), to bilinear estimates (1.3) and (1.4) for the manifolds

with boundary with s0 >
2
3

in (1.3) and (1.4).

Theorem 1.2. Let (M, g) be a 2 dimensional compact manifold with boundary.

For any f, g ∈ L2(M) satisfies

IΛ≤
√
−∆≤2Λ(f) = f IΓ≤

√
−∆≤2Γ(g) = g

Then for any s0 >
2
3
,there exists a C > 0 such that

‖eit∆feit∆g‖L2([0,1]×M) ≤ C(min(Λ,Γ))s0‖f‖L2(M)‖g‖L2(M) (1.6)

Theorem 1.3. Let (M, g) be a 2 dimensional compact manifold with boundary.

For any f, g ∈ L2(M) satisfies

IΛ≤
√
−∆≤2Λ(f) = f IΓ≤

√
−∆≤2Γ(g) = g

Then for any s0 >
2
3
,there exists a C > 0 such that

‖(∇x(e
it∆f))eit∆g‖L2([0,1]×M) ≤ CΛ(min(Λ,Γ))s0‖f‖L2(M)‖g‖L2(M) (1.7)

As an application of above theorems, we consider the following Cauchy prob-

lem in 2-dimensional compact manifolds with boundary:
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
i∂tu+4u = α|u|2u, on R×M

u|t=0 = u0, on M

u|∂M = 0 (Dirichlet), (or) Nx · ∇u|∂M = 0 (Neumann)

(1.8)

where α = ±1. When α = 1, the equation is defocusing. When α = 1, the

equation is focusing. We consider the local well-posedness property of (1.8).

Definition 1.4. Let s be a real number. We shall say that the Cauchy problem

(1.8) is uniformly well-posed in Hs(M) if, for any bounded subset B of Hs(M),

there exists T > 0 such that the flow map

u0 ∈ C∞(M) ∩B 7→ u ∈ C([−T, T ], Hs(M))

is uniformly continuous when the source space is endowed with Hs norm, and
when the target space is endowed with

‖u‖CTHs = sup|t|≤T‖u(t)‖Hs(M)

For manifolds without boundary, we only consider first two equations of

(1.8). The first result was due to Bourgain [9] who built the local well-posedness

result in Hs for s > 0 on the flat torus. Recently, Burq,Gérard and Tzvetkov

[10] established local well-posedness of cubic nonlinear Schrödinger equation in

Hs(M) for s > 1
2

on manifold without boundary. In [11] they proved the local

well-posed property in Hs(M) for s > 1
4

on sphere and Zoll surface.

For manifolds with boundary, it is natural to except more loss of derivative

due to Rayleigh whispering galley modes. Here we get the local well-posedness

result for s > 2
3
. Even though the estimates are not know to be sharp, the result

is still natural given the current scope of parametrix constructions. In the case
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of domains of R2 the local well-posedness for (1.8) with Dirichlet boundary

condition and s = 1 were proved by Anton [4]. Here, we will prove the following

results.

Theorem 1.5. If (M, g) is a 2 dimensional manifold with boundary, then the

Cauchy problem for (1.8) is uniformly well-posed in Hs(M) for every s > 2
3
.

Now we discuss the methods for proving local well-posedness. For 2 di-

mensional manifolds without boundary (only consider first two equations of

(1.8)), Burq, Gérard and Tzvetkov [10] proved the local well-posed property in

Hs(M) for s > 1
2

by combining Strichartz inequality (1.2) (in that case s = 1
p
)

and Sobolev embedding theorem. The key ingredient there is knowing that

u(t, x) ∈ Lp([−T, T ], L∞(M)) for p > 2. (1.9)

Using this method one can also get Theorem 1.5. However, we should use the

bilinear estimates (1.6) and (1.7) to prove Theorem 1.5. Bilinear estimates

have advantage of showing interaction of large and small frequencies , which

is useful in dealing with nonlinear terms, see Bourgain [8]. They also reflect

more geometry information, Burq,Gérard and Tzvetkov [11] established the

bilinear estimates in sphere and Zoll surface with s0 >
1
4

by which they infer

local well-posedness of (1.8.) in Hs(M) for s > 1
4
. That is better than s0 >

1
2

in

general 2-dimensional manifold without boundary. In the cases of flat torus and

sphere, we know eigenvalues of the Laplacian precisely. Using the arithmetic

property of these eigenvalues, the bilinear Strichartz estimates are reduced to

bilinear eigenfunctions estimates. For general manifolds, our poor knowledge of

spectrums does not allow us to use the same technique.
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The thesis is organized as followings: in section 2.1 we deal with manifold

without boundary, reduce Theorem 1.1 to a crucial dispersive estimate which

will be proved in section 2.2. Then in section 2.3 we see that Theorem 1.2 for

manifold with boundary can also be reduced to the same dispersive estimate

by paying loss of derivatives, in that section we also prove Theorem 1.3. Then

we discuss the Cauchy problem in section 3.1 and introduce the Bourgain space

in section 3.2 in order to establish equivalent bilinear estimates in such space.

Using these bilinear estimates in Bourgain space we are able to do nonlinear

analysis in section 3.3. In section 3.4, we use Sobolev imbedding to show that

on three dimensional manifolds with boundary, cubic nonlinear Schrödinger

equation is local well-posed of in Hs for every s > 7
6

on it.

Notation. In what follows d will denote the gradients operators which maps

scalar functions to vector fields and vector fields to matrix functions in the

natural way. The expression X . Y means that X ≤ CY for some C depending

on each occurrence. The notation a� b means a is much less than b. We also

use Japanese bracket 〈ξ〉 = (1 + |ξ|2)
1
2 for the convenience.
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2 Proof For Bilinear Strichartz Estimates

2.1 Manifolds Without Boundary

We start with the proof of Theorem 1.1. The Laplace-Beltrami operators on M

will take the following form in local coordinates

(Pf)(x) = ρ−1

n∑
i,j=1

∂i(ρ(x)gij(x)∂jf(x)) (2.1)

Assume IΛ≤
√
−∆≤2Λ(f) = f , IΓ≤

√
−∆≤2Γ(g) = g and Λ < Γ. Then

‖eit∆f eit∆g‖L2([0,1]×M) . ‖v‖L∞([0,1];L2(M))‖u‖L2([0,1];L∞(M))

. ‖g‖L2(M))‖u‖L2([0,1];L∞(M)),

where we have used the conservation of mass for the free Schrödinger operator

in the last inequality.

We define Sobolev spaces on M using the spectral resolution of P ,

‖f‖Hs(M) = ‖〈Dp〉sf‖L2(M) , 〈Dp〉 = (1− P )
1
2

By elliptic regularity (e.g [ [14], Theorem 8.10]) the space Hs coincide with the

Sobolev spaces defined using local coordinates, provided 0 ≤ s ≤ 2.

Let r = 1
2

+ ε > 1
2
, s = r − 1. Then we need to establish

‖u‖L2([0,1];L∞(M)) . ‖f‖Hr(M) ≈ (Λ)r‖f‖L2(M),

or equivalently,

‖u‖L2([0,1];L∞(M)) . ‖Λsf‖H1(M)
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By conservation law of free Schrödinger operator which is equivalent to

‖u‖L2([0,1];L∞(M)) . ‖Λsu‖L∞([0,1];H1(M)) (2.2)

Although (2, 2,∞) is not Schrödinger admissible, we should see that once we

localize both time and frequency we can still get desired type of Strichartz

estimates.

By taking a finite partition of unity, it suffices to prove that

‖ψ u‖L2([0,1];L∞(R2)) . ‖Λsu‖L∞([0,1];H1(M)) (2.3)

for each smooth cutoff ψ supported in a suitably chosen coordinate chart. After

multiplying ρ(x) by a constant and rescaling variables if necessary, we may

choose coordinate charts such that the image contains the unit ball, and

‖gij − δij‖C2(B1(0)) ≤ c0 , ‖ρ− 1‖C2(B1(0)) ≤ c0 (2.4)

for c0 to be taken suitably small. We may then extend gij and ρ globally,

preserving condition (2.4), so that P is defined globally on R2 and such that

gij = δij , ρ(x) = 1 for |x| > 3
4
.

We will use the notation u = uk, to address that the solution is localized to

frequency Λ = 2k. Hence it is convenient to rewrite (2.3) as

‖ψ uk‖L2([0,1];L∞(R2)) . ‖Λsuk‖L∞([0,1];H1(M)). (2.5)

Let {βj(D)}j≥0 be a Littlewood-Paley partition of unity on Rn, and let

9



vj = βj(D)(ψuk) , v
s
j = (2j)svj , then we will see that it is equivalent to show

for each j,

‖vj‖L2
tL
∞
x

. ‖vsj‖L∞t H1
x

+ (2j)s‖(Dt + P )vj‖L∞t L2
x

(2.6)

is true. 1 Here all norms are taken over [0, 1]× R2. Note that for any ε > 0

‖ψuk‖L2
tL
∞
x

. ‖2jεvj‖L2
tL
∞
x l

j
2

. ‖2jεvj‖lj2L2
tL
∞
x
.

Since ε in the above inequalities can be absorbed by s in (2.6), thus we only

have to deal with ‖vj‖ instead of ‖2jεvj‖ in (2.6). On the other hand,

‖vsj‖L∞([0,1];H1(R2)) . min{(2j)‖vsj‖L∞([0,1];L2(R2)), (2
j)−1‖vsj‖L∞([0,1];H2(R2))}

. min{(2j)1+s‖uk‖L∞([0,1];L2(M)), (2
j)−1+s‖uk‖L∞([0,1];H2(M))}

To sum up ‖vsj‖L∞t H1
x

over j, we dominate those terms with j ≤ k by the first

term inside minimum bracket, dominate those terms with j ≥ k by the second

term inside minimum bracket. The series is then bounded by a finite sum plus

a geometric series. So the summation over j of first terms in the right hand side

of (2.6) is bounded by sum of those two series. They are

(2k)1+s‖uk‖L∞([0,1];L2(M)) + (2k)−1+s‖uk‖L∞([0,1];H2(M)) . (2k)s‖uk‖L∞([0,1];H1(M))

≈ ‖Λsuk‖L∞([0,1];H1(M))

For the second term in the right hand side of (2.6), we note that [P, βj(D)ψ] :

1It is not obvious now, but we can see later from the proof that only j=k component is
significant.
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H1 → L2, hence we have

‖(Dt + P )vj‖L∞([0,1];L2(R2)) . ‖uk‖L∞([0,1];H1(M)). (2.7)

Thus

(2j)s‖(Dt + P )vj‖L∞([0,1];H1(R2)) . (2(j−k))s‖Λsuk‖L∞([0,1];H1(M))

. min{(2(j−k))s2k‖Λsuk‖L∞([0,1];L2(M)), (2
(j−k))s2−k‖Λsuk‖L∞([0,1];H2(M))}

To sum up (2j)s‖(Dt+P )vj‖L∞([0,1];H1(R2)) over j, we dominate those terms with

j ≥ k (since s < 0) by the first term inside minimum bracket, dominate those

terms with j ≤ k by the second term inside minimum bracket. The series is

then bounded by a finite sum plus a geometric series. So the summation over j

of seccond terms in the right hand side of (2.6) is bounded by sum of those two

series. They are

2k‖Λsuk‖L∞([0,1];L2(M)) + 2−k‖Λsuk‖L∞([0,1];H2(M)) . ‖Λsuk‖L∞([0,1];H1(M))

Now rewrite (2.6) as

‖vj‖L2([0,1];L∞(R2)) . 2j(1/2+ε)(‖vj‖L∞([0,1];L2(R2))+2−j‖(Dt+P )vj‖L∞([0,1];L2(R2)))

Let λ = 2j and vj = wλ , it is now

‖wλ‖L2([0,1];L∞(R2)) . λ
1
2

+ε(‖wλ‖L∞([0,1];L2(R2)) + λ−1‖(Dt + P )wλ‖L∞([0,1];L2(R2)))
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which is implied by showing for each interval Iλ with length λ−1, we all have

‖wλ‖L2(Iλ;L∞(R2)) . λε(‖wλ‖L∞(Iλ;L2(R2)) + ‖(Dt + P )wλ‖L1(Iλ;L2(R2)))

For a natural reason, we want to localize the coefficients of P by setting

gijλ = Sλ1/2(gij) ρλ = Sλ1/2(ρ)

where Sλ1/2 denotes a truncation of a function to frequencies less than λ
1
2 . Let

Pλ be the operator with coefficients gijλ and ρλ. Then

‖(P − Pλ)wλ‖L1(Iλ;L2(R2)) . ‖wλ‖L∞(Iλ;L2(R2))

since we know |gijλ − gij| . λ−1 and similarly for ρ.

Thus we will conclude Theorem 1.1 by showing following Theorem 2.1 which

will be proved by using wave packet method.

Theorem 2.1. Suppose that u(t, x) is localized to frequencies |ξ| ∈ [1
4
λ, 4λ] and

solves

(Dt +
∑

1≤i,j≤n a
ij(x)∂xi∂xj +

∑
1≤i≤n b

i(x)∂xi)u = F

Assume also that the metric satisfies

‖aij − δij‖C2 � 1, ‖bi‖C1 . 1

supp(âij), supp(b̂i) ⊂ Bλ1/2(0).

Then the following estimate holds

‖u‖L2([0,λ−1];L∞(R2)) . (log λ)
1
2 (‖u‖L∞([0,λ−1];L2(R2)) + ‖F‖L1([0,λ−1];L2(R2)))
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To prove Theorem 2.1, we need some notations for wave packet transform.

We fix a real, radial Schwartz function g(x) ∈ S(R2), with ‖g‖L2 = (2π)−1, and

assume its Fourier transform h(ξ) = ĝ(ξ) is supported in the unit ball {|ξ| < 1}.

For λ ≥ 1, we define Tλ : S ′(R2)→ C∞(R4)by

(Tλf)(x, ξ) = λ
1
2

∫
e−i〈ξ,z−x〉g(λ

1
2 (z − x))f(z)dz.

A simple calculation shows that

f(y) = λ
1
2

∫
ei〈ξ,y−x〉g(λ

1
2 (y − x))(Tλf)(x, ξ)dxdξ,

so that T ∗λTλ = I. In particular,

‖Tλf‖L2(R4
x,ξ)

= ‖f‖L2(R2
x).

Let

Dt + A(x,D) +B(x,D) = Dt +
∑

1≤i,j≤n a
ij(x)∂xi∂xj +

∑
1≤i≤n b

i∂xi .

we conjugate A(x,D) by Tλ and take a suitable approximation to the resulting

operator. Define the following differential operator over (x, ξ)

Ã = −idξa(x, ξ) · dx + idxa(x, ξ) · dξ + a(x, ξ)− ξ · dξa(x, ξ)

By the argument from wave packet methods (Lemmas 3.1-3.3 in Smith [19]),

we have that if β̃λ is a Littlewood-Paley cutoff truncating to frequencies |ξ| ≈ λ

then

‖TλA(·, D)β̃λ(D)− ÃTλβ̃λ(D)‖L2
x→L2

x,ξ
. λ

This yields that, if ũ(t, x, ξ) = (Tλu(t, ·))(x, ξ), then ũ solves the equation

(∂t + dξa(x, ξ) · dx − dxa(x, ξ) · dξ + ia(x, ξ)− iξ · dξa(x, ξ))ũ(t, x, ξ) = G̃(t, x, ξ)
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where G̃ satisfies∫ λ−1

0
‖G̃(t, x, ξ)‖L2

x,ξ
dt . ‖u‖L∞([0,λ−1];L2]) + ‖F‖L1([0,λ−1];L2)

Given an integral curve γ(r) ∈ R4
x,ξ of the vector field

∂t + dξa(x, ξ) · dx − dxa(x, ξ) · dξ

with γ(t) = (x, ξ), we denote χs,t(x, ξ) = (xs,t, ξs,t) = γ(s). Also define

σ(x, ξ) = a(x, ξ)− ξ · dξa(x, ξ), ψ(t, x, ξ) =
∫ t

0
σ(χr,t(x, ξ))dr

This allows us to write

ũ(t, x, ξ) = e−iψ(t,x,ξ)ũ0(χ0,t(x, ξ)) +
∫ t

0
e−iψ(t−r,x,ξ)G̃(r, χr,t(x, ξ))dr

where ũ is an integrable superposition over r of functions invariant under the

flow of Ã, truncated to t > r.

Since u(t, x) = T ∗λ ũ(t, x, ξ) it thus suffices to obtain estimates

‖β̃λ(D)Wtf‖L2
tL
∞
x

. (log λ)
1
2‖f‖L2

x,ξ
(2.8)

where Wt acts on function f(x, ξ) by the formula

(Wtf)(y) = T ∗λ (e−iψ(t,x,ξ)f(χ0,t(·)))(y) (2.9)

In order to get the desired estimates by TT ∗ method, we investigate the

kernel K(t, y, s, x) of WtW
∗
s which is

λ
∫
e−i〈ζ,x−z〉−i

∫ t
s σ(χr,t(z,ζ))+i〈ζt,y−zt〉g(λ

1
2 (y − zt,s))g(λ

1
2 (x− z))dzdζ

Recall that supp(ĝ) ⊂ B1(0). We are concerned with β̃λWtW
∗
s β̃λ, thus we can

inserted a cutoff Sλ(ζ) into the integrand which is supported in a set |ζ| ≈ λ.
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Also note that the Hamiltonian vector field is independent of time, that is

χt,s = χt−s,0. We denote it by χt−s,0(z, ζ) = χt−s(z, ζ) = (zt−s, ζt−s). It then

suffices to consider s = 0, and the kernel K(t, x, 0, y) as

λ
∫
e−i〈ζ,x−z〉−iψ(t,z,ζ)+i〈ζt,y−zt〉g(λ

1
2 (y − zt,s))g(λ

1
2 (x− z))Sλ(ζ)dzdζ

We will built the estimates (2.8) by considering the estimate for time variable

between [0, λ−2] and [λ−2, λ−1] respectively. That is we will prove

‖β̃λ(D)Wtf‖L2([0 , λ−2];L∞(R2)) . ‖f‖L2
x,ξ

(2.10)

and

‖β̃λ(D)Wtf‖L2([λ−2 , λ−1];L∞(R2)) . (log λ)
1
2‖f‖L2

x,ξ
(2.11)

The inequality (2.10) is easy to prove , note that when t ∈ [0, λ−2], it is easy to

see that

|K(t, x, 0, y)| ≈ λ · (λ− 1
2 )2 · λ2 = λ2.

The term (λ−
1
2 )2 came from the size of g and λ2 from Sλ. Then the the estimates

follows from applying Schwartz inequality to time variables.

The inequality (2.11) comes from establishing

|K(t, x, 0, y)| . 1

t
(2.12)

for t ∈ [λ−2, ελ−1] with ε chosen sufficient small and independent of λ. Then by

Schwartz inequality, we get

‖β̃λWtW
∗
s β̃λ‖L2→L2 .

∫ λ−1

λ−2
1
t
dt = log λ.

15



Note that taking partial derivatives to the spatial variables of wave packet

transformation in (2.9) will gain λ factors. Thus we get the following result as

corollary of Theorem 2.1. which will be used to prove Theorem 1.3.

2.2 The Dispersive Estimate

The dispersive estimate (2.12) we are going to prove here is actually proved in

the Theorem 2.1 of Blair,Smith and Sogge [5]. For the reason of completeness,

we will include their proof here.

First, we need derivative estimates on the transformation χt(z, ζ). In addi-

tion, we suppose that t ≤ ελ−1 with ε chosen sufficiently small and independent

of λ.

Lemma 2.2. Consider the solutions (zt(z, ζ), ζt(z, ζ)) to Hamilton’s equations

∂tzt = dζa(z, ζ) , ∂tζt = −dza(z, ζ) , (z0, ζ0) = (z, ζ). (2.13)

We then have the following estimates on the first partial derivatives of (zt, ζt)

when |ζ| ∈ [1
4
λ, 4λ] and |t| < λ−1

|dzzt − I| . λt |dζzt| . t

|dzζt| . λ2t |dζζt − I| . λt
(2.14)

|dζzt −
∫ t

0

(d2
ζa)(χs(z, ζ))ds| . λt2 (2.15)

The higher partial derivatives satisfy for j + k ≥ 2

λ|djzdkζzt|+ |djzdkζζt| . λ2−kt < λ
3
2 t >j+k−1 . (2.16)
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Proof. . If |ζ| ≈ 1, then we can write the Hamilton equations as:

(zt, ζt) = (z, ζ) +
∫ t

0
v(zs, ζs)ds

where the vector field v satisfies

|dkz,ζv| . λ
1
2

(k−1) , k ≥ 1.

Differentiating the equation and using induction yields the bound,

|dkz,ζ(zt, ζt)− dkz,ζ(z, ζ)| . t < λ
1
2 t >k−1 , |t| < 1.

Estimates (2.14) and (2.16) now follow by the rescaling property

(zt(z, ζ), ζt(z, ζ)) = (zλt(z, λ
−1ζ), λζλt(z, λ

−1ζ))

Estimates (2.15) follows by differentiating Hamilton’s equations as above and

applying the bounds (2.14).

We take a partition of unity {φm}m∈R2 over R2 with φm(ζ) = φ(t
1
2 (ζ−t− 1

2 )m)

for some φ smooth and compactly supported. We then can write

K(t, y, 0, x) =
∑

m∈R2 Km(t, y, x)

where Km(t, y, x) is defined by

λ
∫
e−i〈ζ,x−z〉−iψ(t,z,ζ)+i〈ζt,y−zt〉g(λ

1
2 (y − zt,s))g(λ

1
2 (x− z))Sλ(ζ)φm(ζ)dzdζ

The key estimates is that ,for ξm = t−
1
2m,

|Km(t, y, x)| . t−1(1 + t−
1
2 |y − xt(x, ξm)|)−N . (2.17)

Estimates (2.15) and the fact that

‖d2
ξa(x, ξ)− 2I‖ = 2‖aij − δij‖ � 1

17



yields for l,m ∈ Z2 and t ≤ ελ−1,

|xt(x, ξm)− xt(x, ξl)| ≈ t|ξm − ξl| = t
1
2 |m− l|.

This now yields ∑
m∈Z2 |Km(t, x, y)| . t−1

∑
m∈Z2(1 + |m|)−N .

Since the sum on the right converges for N large this establishes the dispersive

estimates.

To prove (2.17), note that

∂ζi(
∫ t

0
a(zr, ζr)− ζr · (dζa)(zr, ζr)dr) + ζt · ∂ζizt = 0

The expression vanishes at t = 0 since dζz0 = 0, and Hamilton’s equations show

that the derivative of the expression with respect to t vanishes.

As in the Theorem 5.4 of Smith-Sogge [20], we define the differential operator

L =
1 + it−1(x− z − dζζt · (y − zt) · dζ)

1 + t−1|x− z − dζζt(y − zt)|2
.

Observe that L preserve the phase function in the definition of Km. The esti-

mates (2.14) and (2.15) show that, if p is any one of the functions φm(ζ) , t−
1
2 zt

, λ
1
2
zt , Sλ(ζ) , λ−

1
2 t−

1
2 ζt, then for λ−2 ≤ t ≤ λ−1,

|(t− 1
2∂ζ)

kp| . 1.

Integration by parts yields the following upper bound on Km(t, x, y)

λ

∫
R2×supp(φm)

(1 + t−1|(x− z)−dζζt · (y − zt)|2)−N

× (1 + λ
1
2 |x− z|)−N(1 + λ

1
2 |y − zt|)−Ndzdζ
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We conclude by showing that

t−
1
2 |(x− z)− dζζt · (xt − zt)| . 1 + λ|x− z|2 (2.18)

where xt denotes xt(x, ξm). This implies that the integrand is dominated by

(1 + t−1|dζζt · (y − xt)2|)−N(1 + λ
1
2 |x− z|)−N .

Since |dζζt− I| . ε, this establishes the estimates (2.17), since the z decay and

compact ζ support imply that the integral is essential over a region in phase

space of volume rough (tλ)−1.

To establish (2.18), we employ a Taylor expansion and (2.16) to obtain

t−
1
2 |xt−zt − (dzzt)(x− z)− (dζzt)(ξm − ζ)|

. t
1
2 〈λ

3
2 t〉(λ|x− z|2 + |x− z||ξm − ζ|+ λ−1|ξm − ζ|2)

. 1 + λ|x− z|2

where the last inequality uses the fact that λ−2 ≤ t ≤ λ−1 and |ξm − ζ| . t−
1
2 .

In addition, by (2.14)

t−
1
2 |(dζzt)(ξm − ζ)| . t(t−

1
2 )2 = 1.

Since χt(z, ζ) is a symplectomorphism, we have

∂ζiζt · ∂zjzt − ∂ζizt · ∂zjζt = δij

where · pairs the zt and ζt indices. And by (2.14)

t−
1
2 |dζzt||dzζt||x− z| . λ2t

3
2 ≤ λ

1
2 |x− z|.

These facts now combine to yield the estimate (2.18).
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2.3 Manifold With Boundary

To prove Theorem 1.2, we will reduce it to Theorem 2.1 again. As the reduc-
tion (2.5) in Section 2.1, we only need to prove for r = 2

3
+ ε > 2

3

‖u‖L2([0,1];L∞(M)) . Λr‖f‖L2(M),

Let s = r − 1 , it is equal to prove

‖u‖L2([0,1];L∞(M)) . ‖Λsf‖H1(M), (2.19)

For manifold with boundary, we work in boundary normal coordinates for the

Riemannian metric gij that is dual gij of (2.1). Let x2 > 0 define the manifold

M , and x1 is a coordinate function on ∂M which we choose so that ∂x1 is of

unit length along ∂M . In these coordinates,

g22(x1, x2) = 1 g11(x1, 0) = 1 g12(x1, x2) = 0

We now extend the coefficient g11 and ρ in an even manner across the bound-

ary, so that

g11(x1,−x2) = g11(x1, x2) ρ(x1,−x2) = ρ(x1, x2).

The extended functions are then piecewise smooth, and of Lipschitz regularity

across x2 = 0. Because g is diagonal, the operator P is preserved under the

reflection x2 → −x2. Eigenspaces for the extended operator P̃ decompose

into symmetric and antisymmetric functions; these correspond to extensions of

eigenfunctions for P satisfying Dirichlet (resp. Neumann) conditions. These

eigenfunctions are of C1,1 across the boundary. The Schrödinger flow for P is

thus extended to P̃ .
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Hence matters reduces to considering the Schrödinger evolution on the man-
ifold without boundary with Lipschitz metrics. And we have to show

‖u‖L2[0,1],L∞(M) . ‖Λsu‖L∞[0,1];H1(M)

By taking a finite partition of unity, it suffices to prove that

‖ψu‖L2([0,1];L∞(R2)) . ‖Λsu‖L∞([0,1];H1(M))

for each smooth cutoff ψ supported in a suitably chosen coordinate charts. We

will choose coordinate charts such that the image contains the unit ball, and

‖gij − δij‖Lip(B1(0)) ≤ c0 , ‖ρ− 1‖Lip(B1(0)) ≤ c0

for c0 to be taken suitably small. We take ψ supported in the unit ball, and

assume gij and ρ are extended so that the above holds globally on R2.

We denote u = uk to address that it’s frequency being localized to Λ = 2k,

the equation is now

‖ψuk‖L2([0,1];L∞(R2)) . ‖Λsuk‖L∞([0,1];H1(M)).

Let {βj(D)}j≥0 be a Littlewood-Paley partition of unity on Rn, and let vj =

βj(D)(ψuk) , v
s
j = (2j)svj , then we will see that it is equivalent to show for

each j,

‖vj‖L2([0,1];L∞(R2)) . ‖vsj‖L∞([0,1];H1(R2)) + (2j)s−1/3‖(Dt + P )vj‖L∞([0,1];L2(R2)))

(2.20)
is true. Note that for any ε > 0

‖ψuk‖L2
tL
∞
x

. ‖2jεvj‖L2
tL
∞
x l

j
2

. ‖2jεvj‖lj2L2
tL
∞
x
.

Here ε can be absorbed by s in (2.20), thus we only have to deal with ‖vj‖

instead of ‖2jεvj‖ in in (2.20).
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On the other hand,

‖vsj‖L∞([0,1];H1(R2)) . min{(2j)‖vsj‖L∞([0,1];L2(R2)), (2
j)−1‖vsj‖L∞([0,1];H2(R2))}

. min{(2j)1+s‖uk‖L∞([0,1];L2(M)), (2
j)−1+s‖uk‖L∞([0,1];H2(M))}

So the summation over j of first terms in the right hand side of (2.20) is bounded

by

(2k)1+s‖uk‖L∞([0,1];L2(M)) + (2k)−1+s‖uk‖L∞([0,1];H2(M)) . (2k)s‖uk‖L∞([0,1];H1(M))

≈ ‖Λsuk‖L∞([0,1];H1(M))

For the second term in the right hand side of (2.20), we note that for a

Lipschitz function a, [βj(D), a] : Hs−1 → Hs , s = 0, 1. Hence [P, βj(D)ψ] :

H1 → L2, by Coilfman-Meyer commutator theorem (see also Proposition 3.6B

of [26]). Therefore we have

‖(Dt + P )vj‖L∞([0,1];L2(R2)) . ‖uk‖L∞([0,1];H1(M)). (2.21)

Thus

(2j)s−1/3‖(Dt + P )vj‖L∞([0,1];H1(R2))

. (2(j−k))s−1/3‖Λsuk‖L∞([0,1];H1(M))

. min{(2(j−k))s−1/32k‖Λsuk‖L∞([0,1];L2(M)), (2
(j−k))s−1/32−k‖Λsuk‖L∞([0,1];H2(M))}

To sum up (2j)s−1/3‖(Dt +P )vj‖L∞([0,1];H1(R2)) over j, we dominate those terms

with j ≥ k (since s − 1/3 < 0) by the first term inside minimum bracket,
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dominate those terms with j ≤ k by the second term inside minimum bracket.

The series is then bounded by a finite sum plus a geometric series. So the

summation over j of seccond terms in the right hand side of (2.20) is bounded

by summation of summing up those two series. They are

2k‖Λsuk‖L∞([0,1];L2(M)) + 2−k‖Λsuk‖L∞([0,1];H2(M)) . ‖Λsuk‖L∞([0,1];H1(M))

Now let λ = 2j , wλ = vj, (2.20) can be written as

‖wλ‖L2([0,1];L∞(R2)) . λ
2
3

+ε(‖wλ‖L∞([0,1];L2(R2)) + λ−
4
3‖(Dt + P )wλ‖L∞([0,1];L2(R2)))

which is implied by showing for each interval Iλ with length λ−
4
3 , we all have

‖wλ‖L2(Iλ;L∞(R2)) . (λ)ε(‖wλ‖L∞(Iλ;L2(R2)) + ‖(Dt + P )wλ‖L1(Iλ;L2(R2)))

This reduction is quite close to that in manifold without boundary expect that

the operator P here is rough. Thus we regularize the coefficients of P by setting

gijλ = Sλ2/3(gij), ρλ = Sλ2/3(ρ)

where Sλ2/3 denotes a truncation of a function to frequencies less than λ
2
3 . Let

Pλ be the operator with coefficients gijλ and ρλ. Then

‖(P − Pλ)wλ‖L1(Iλ;L2(R2)) . ‖wλ‖L∞(Iλ;L2(R2))

since we know |gijλ − gij| . λ−
2
3 and similarly for ρ.

Then we rescale the problem by letting µ = λ
2
3 and define

uµ(t, x) = wλ(λ
− 2

3 t, λ−
1
3x), Qµ = Pλ(λ

− 1
3x,D)

The function uµ(t, )̇ is localized to frequencies of size µ, and the coefficients

of Qµ are localized to frequencies of the size less than µ
1
2 . This implies the

following estimates of the coefficients of Qµ
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‖∂αx g
ij
λ (λ−

1
3x)‖+ ‖∂αx ρλ(λ−

1
3x)‖ ≤ Cαµ

1
2

max(0,|α|−2).

The time interval Iλ scales to µ−1. Also note that by our reduction ‖gijλ −

δij‖C2 � 1. Thus we have reduced the proof of Theorem 1.2 to Theorem 2.1

again.

Next we will prove theorem 1.3. If Λ > Γ, we can prove as following

‖∇(eit4f)eit4g‖L2([0,1]×M) . ‖∇eit4f‖L∞([0,1];L2(M))‖eit4g‖L2([0,1]L∞(M))

. Λ‖eit4f‖L∞([0,1];L2(M))Γ
s‖g‖L2(M)

. ΛΓs‖f‖L2(M)‖g‖L2(M),

where we have used the fact Riesz transform ∇(−4)−1/2 is bounded on L2(M)

(see [18]) and then apply Hörmander multiple theorem (see [27]) in the second

inequality.

If Λ < Γ, as the reduction (2.5), Let r = 5
3

+ ε , s = r− 1. Then we need to

prove that

‖∇u‖L2([0,1];L∞(M)) . ‖Λsf‖H1(M)

is true. Again we write it as

‖∇uk‖L2([0,1];L∞(M)) . ‖Λsuk‖H1(M) (2.22)

for denoting that it’s frequency being localized to Λ = 2k. By making use of

the following inequality

‖∇uk‖L2([0,1];L∞(M)) . Λ‖uk‖L2([0,1];L∞(M)) (2.23)
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and estimate (2.19) we conclude the result.

To see (2.23) is true, we will use an argument concerning finite speed of

propagation of wave equation (see for example [21], [27] ) and the following

gradient estimate of unit band spectral projection operator. The unit band

spectral projection operator is defined as

χλf(x) =
∑

λ≤λk<λ+1

Ekf(x) =
∑

λ≤λk<λ+1

ek(x)

∫
M

f(y)ek(y)dy

Theorem 2.3 ( [27] Theorem 1). Fix a compact Riemannian manifold (M, g)

with boundary and dimM = n, for both Dirichlet Laplacian and Neumann Lapla-

cian on M , there is a uniform constant C such that

‖∇χλf‖L∞(M) ≤ Cλ(n+1)/2‖f‖L2(M) (2.24)

Let {βj}j≥0 be a Littlewood-Paley partition on R. Since Littlewood -Paley

operator commute with Schrodinger operator, estimate (2.23) will be a conse-

quence of

‖∇βk(D)f‖L∞(M) . λ‖f‖L∞(M) (2.25)

where 2k = λ and f is spectrally localized to on dyadic interval of order λ.

Recall that βj(·) = β( ·
2j

) , j ≥ 1 for some β ∈ C∞0 (1/2, 2). We may assume

it is an even function on R. Write

∇β(
P

λ
)f(x) =

1

2π
∇

∫
R
λβ̂(λt)eitPf(x)dt.
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Note that proving (2.25) is equivalent to considering

Tλf(x) = ∇
∫

R
λβ̂(λt) cos tPf(x)dt,

and proving

‖Tλf‖L∞(M) . λ‖f‖L∞(M) (2.26)

Here P =
√
−4 and

cos tPf(x) =
∞∑
k=1

cos tλkEk(f)(x) = u(t, x)

is the cosine transform of f . It is the solution of wave equation

(∂2
t −4g)u = 0 , u(0, ·) = f , ut(o, ·) = 0.

We shall use the finite propagation speed for solutions to the wave equation.

Specifically, if f is supported in a geodesic ball B(x0, R) centered at x0 with

radius R, then x −→ cos tPf vanishes outside of B(x0, 2R) if 0 ≤ t ≤ R.

Let 1 = η(t) +
∑∞

j=1 ρ(2−jt) be a Littlewood-Paley partition of R. Denote

T 0
λf = ∇

∫
R
η(λt)λβ̂(λt) cos tPfdt (2.27)

and

T jλf = ∇
∫

R
ρ(2−jλt)λβ̂(λt) cos tPfdt (2.28)

We will prove Tλ satisfies (2.26) by showing T 0
λ and

∑
j≥1 T

j
λ both satisfy (2.26).
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Now

T 0
λf(x) = ∇

∫
R
η(λt)λβ̂(λt) cos tPf(x)dt

= ∇
∫

R
η(λt)λβ̂(λt)

∑
λ≤λk≤2λ

cos tλkek(x)

∫
M

ek(y)f(y)dydt

=

∫
M

{
∫

R
η(λt)λβ̂(λt)

∑
λ≤λk≤2λ

cos tλk∇ek(x)ek(y)dt}f(y)dy

=

∫
M

K0
λ(x, y)f(y)dy

Because the support property of η(λt) and finite propagation speed for solutions

to the wave equation, we know K0
λ(x, y) = 0 if dist(x, y) > 1

λ
. Thus we only

have to check the case when the support of f is contained in B(x, 1
λ
) when

proving (2.27) has property (2.26) in L∞(M). In order to use (2.24), we write

f =
∑

l fl with each fl being spectrally localized to unit band. Thus we have

‖T 0
λf‖L∞(M) = ‖

∑
l

T 0
λfl‖L∞(M) ≤ λ1/2(

∑
l

‖T 0
λfl‖2

L∞(M))
1/2

. λ1/2(
∑
l

‖∇χlf‖2
L∞(M))

1/2

. λ1/2λ3/2(
∑
l

‖fl‖2
L2(M))

1/2 = λ2‖f‖L2(M)

. λ‖f‖L∞(M).

Note that in the last inequality, we exploited the support of f is contained in

a ball with radius less than 1
λ

which is implied by the property of the operator
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T 0
λ .

Similar,

T jλf(x) = ∇
∫

R
ρ(2−jλt)λβ̂(λt) cos tPf(x)dt

=

∫
M

{
∫

R
ρ(2−jλt)λβ̂(λt)

∑
λ≤λk≤2λ

cos tλk∇ek(x)ek(y)dt}f(y)dy

=

∫
M

Kj
λ(x, y)f(y)dy

has the property that Kj
λ(x, y) = 0 if dist(x, y) 6= [2j−2

λ
, 2j+1

λ
]. Also note that β

is a Schwartz function, hence the ‖T jλ‖∞ is bounded by λ2(λt)−N(2j

λ
)‖f‖∞ with

t ≈ 2j

λ
and N be a large enough positive integer. Thus we have

‖T jλ‖L∞ . λ2−jN‖f‖L∞

which forms a geometric series and thus their sum enjoy the property (2.26).
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3 Cubic NLS

3.1 Cauchy Problem

In the following, we establish the well-posedness of the cubic nonlinear Schrödinger

equation in manifolds (M, g) with boundary. The equations we are interested

in is following.


i∂tu+4u = α|u|2u, on R×M

u|t=0 = u0, on M

u|∂M = 0 (Dirichlet), (or) Nx · ∇u|∂M = 0 (Neumann)

(3.1)

where α = ±1.

Definition 3.1. Let s be a real number. We shall say that the Cauchy problem

(3.1) is uniformly well-posed in Hs(M) if, for any bounded subset of Hs(M),

there exists T > 0 such that the flow map

u0 ∈ C∞(M) ∩B 7→ u ∈ C([−T, T ], Hs(M))

is uniformly continuous when the source space is endowed with Hs norm, and

when the target space is endowed with

‖u‖CTHs = sup|t|≤T‖u(t)‖Hs(M)

The remain part of thesis is to prove the following local well-posdness results.

Theorem 3.2. If (M, g) is a 2 dimensional manifold with boundary, then the

Cauchy problem for (3.1) is uniformly well-posed in Hs(M) for every s > 2
3
.
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Theorem 3.3. If (M,g) is a 3 dimensional smooth compact Riemannian man-

ifold with boundary, then the Cauchy problem for is uniformly local well-posed

in Hs(M) for every s > 7
6
.

The Cauchy problem (3.1) is quite different in 2 and higher dimensional

cases. In the 2 dimensional manifold more results are know. For manifold

without boundary(only consider first two equations of (5.1)), Burq, Gérard and

Tzvetkov [11] proved the local well-posed property in Hs(M) for s > 1
2

by com-

bining Strichartz inequality (1.2) (in that case s = 1
p
) and Sobolev embedding

theorem. The key ingredient there is knowing that

u(t, x) ∈ Lp([−T, T ], L∞(M)) for p > 2. (3.2)

We should follow the same method to get Theorem 3.3. We call this method A.

Using method A can also get Theorem 3.2. However, we should use the bilinear

estimates (1.6) and (1.7) to prove Theorem 3.2. which we call it method B.

Bilinear estimates have advantage of showing interaction of large and small

frequencies , which is useful in dealing with nonlinear terms, see Bourgain [8].

They also reflect more geometry information, Burq,Gérard and Tzvetkov [11]

established the bilinear estimates in sphere and Zoll surface with s0 > 1
4

by

which they infer local well-posed of (3.1) in Hs(M) for s > 1
4
. That is better

than s0 >
1
2

in general 2-dimensional manifold without boundary.

In the 3 or higher dimensional manifold less results are know. Burq, Gérard

and Tzvetkov [10] proved the local well posed of (3.1) in Hs(M) for s ≥ 1 on

manifold without boundary by method A and extended it to global result by

conservation of energy. For manifold with boundary Anton [3] proved the local
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well posed property in Hs(M) on the ball with Dirichlet boundary condition and

radial data for s > 1
2
, where she used the method B to deal with the nonlinear

term. While in [2] ,she proved the global well posed property on the exterior

of non-trapping domains for s = 1 by method A.

In the 3 (or high) dimensional manifolds, we note that (p, q) = (4, 4) does

not fit the Strichartz admissible condition

2
p

+ n
q

= n
2

(n, p, q) 6= (2, 2,∞).

Hence the bilinear estimates in R3 for λ < µ

‖eit∆feit∆g‖L2(R×R3) . λ
µ1/2‖f‖2‖g‖2 . λ1/2‖f‖2‖g‖2.

have loss of derivatives. Even we localize the time to interval [0, 1], we can not

get better estimates. It is not surprising then both method A and B will lead us

to well-posed of s > 1
2

in R3. Recall that we proved bilinear Stirchartz estimates

in manifolds following the approach of proving Strichartz [5] by using the fact

that the wave behaves in short time like it does in flat metric space. By adding

up short time estimates then gives us the desired estimates. Thus the estimates

could get from this approach in 3 dimensional manifold with boundary will be

‖eit∆feit∆g‖L2([0,T ]×M) . λµ1/6‖f‖L2(M)‖g‖L2(M).

Here the frequency was given by λ
u1/2µ

2
3 = λµ

1
6 . Also the power 1+ 1

6
correspond

to 7
6

in Theorem 3.3. But this estimate will not help us in dealing interaction

of large and small frequencies. However we do not know if it is optimal. It

is interesting to find estimates eliminate high frequency , then we can employ

them to do analysis for nonlinear term.
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The remaining part of thesis was organized as following: In section 3.2 and

3.3 we outlined the details of method B and built bilinear estimates in Bourgain

space which are equivalent to our bilinear estimates, then we were able to infer

Theorem 3.2. In section 3.4 we used method A to built Theorem 3.3.

3.2 Bourgain Spaces

In order to prove the local well-posedness of cubic nonlinear Schrödinger equa-

tion on manifolds with boundary. We introduce Bourgain space Xs,b. Our

definition follows from Burq, Gérard and Tzvetkov [11] using the spectral pro-

jectors on manifolds.

Let (ek) be a L2(M) orthonormal basis of eigenfunctions of Dirichlet(or

Neumann) Laplacian −4g with eigenvalues µ2
k, Ek be the orthogonal projector

along ek. The Sobolev space Hs(M) is associated to (I −4)1/2, equipped with

the norm

‖u‖2
Hs(M) =

∑
k

〈µk〉2s‖Eku‖2
L2(M)

where 〈µk〉 = (1 + µ2
k)

1
2 .

Definition 3.4. The space Xs,b(R ×M) is the completion of C∞0 (Rt;H
s(M))

with the norm

‖u‖2
Xs,b(R×M) =

∑
k

‖〈τ + µ2
k〉b〈µk〉sÊku(τ)‖2

L2(Rτ ;L2(M)) (3.3)

= ‖e−it4u(t, ·)‖2
Hb(Rt;Hs(M)) (3.4)
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where Êku(τ) denote the Fourier transform of Eku with respect to the time

variable.

In fact ,if s ≥ 0 and u ∈ S ′(R, L2(M)). Let F (t, ·) = e−it4u(t, ·), then

F (t, ·) ∈ S ′(R, L2(M)) and Ek(F (t, ·)) = eitµ
2
kEk(u(t, ·)). Hence Êk(F )(τ) =

Êk(u)(τ − µ2
k). Applies this to (3.3), we conclude

‖u‖2
Xs,b(R×M)

= ‖e−it4u(t, ·)‖2
Hb(Rt;Hs(M))

.

We also note that if b > 1
2
, Hb(R, Hs(M)) ↪→ C(R, Hs(M)), since u(t, ·) =

eit4F (t, ·), we have u ∈ C(R, Hs(M)).

In order to use a contraction mapping argument to obtain local existence.

We need to define local in time version of Xs,b(R×M). For T > 0 we denoted

by Xs,b
T (M) the space of restrictions of elements of Xs,b(R×M) endowed with

the norm

‖u‖Xs,b
T

= inf{‖ũ‖Xs,b(R×M) , ũ|(−T,T )×M = u}

Now we can reformulate the bilinear estimates in the Xs,b content. The

following lemma should refer to the lemma 2.3 of [11].

Lemma 3.5. Let s ∈ R. The following statements are equivalent:

(1) For any u0 , v0 ∈ L2(M) satisfying

1λ≤
√
−4≤2λu0 = u0 , 1µ≤

√
−4≤2µv0 = v0

one has

‖eit4u0 e
it4v0‖L2((0,1)t×M) ≤ C(min(λ, µ))s‖u0‖L2(M)‖v0‖L2(M) (3.5)

(2)For any b > 1
2

and any f, g ∈ X0,b(R×M) satisfying
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1λ≤
√
−4≤2λf = f , 1µ≤

√
−4≤2µg = g

one has

‖fg‖L2(R×M) ≤ C(min(λ, µ))s‖f‖X0,b(R×M)‖g‖X0,b(R×M) (3.6)

Proof. If u(t) = e−it4u0 then for any ψ ∈ C∞0 (R) and any b , ψ(t)u(t) ∈

X0,b(Rt ×M) with

‖ψu‖X0,b(R×M) ≤ C‖u0‖L2(M)

which shows that (3.6) implies (3.5).

Suppose that f(t) and g(t) are supported in time in the interval (0, 1) and

write

f(t) = eit4e−it4f(t) = eit4F (t) , g(t) = eit4e−it4g(t) = eit4G(t)

Then

f(t) = 1
2π

∫∞
−∞ e

itτeit4F̂ (τ)dτ , g(t) = 1
2π

∫∞
−∞ e

itτeit4Ĝ(τ)dτ

and hence

(fg)(t) = 1
(2π)2

∫∞
−∞

∫∞
−∞ e

it(τ+σ)eit4F̂ (τ)eit4Ĝ(σ)dτdσ.

Ignoring the oscillating factors eit(τ+σ), using (3.5) and the Cauchy-Schwartz in-

equality in (τ, σ) (in this places we use that b > 1
2

to get the needed integrability)
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yields

‖fg‖L2((0,1)×M) ≤ C(min(λ, µ))s
∫
τ,σ

‖F̂ (τ)‖L2(M)‖Ĝ(σ)‖L2(M)dτdσ

≤ C(min(λ, µ))s‖〈τ〉bF̂ (τ)‖L2(Rτ×M)‖〈σ〉bĜ(σ)‖L2(Rσ×M) (3.7)

= C(min(λ, µ))s‖f‖X0,b(R×M)‖g‖X0,b(R×M)

Finally, by decomposing f(t) =
∑

n∈Z ψ(t− n
2
)f(t) and g(t) =

∑
n∈Z ψ(t− n

2
)g(t)

with a suitable ψ ∈ C∞0 (R) supported in (0,1), the general case for f(t) and

g(t) follows from the considered particular case of f(t) and g(t) supported in

time in the interval (0, 1). Thus (3.5) implies (3.6).

A similar proof for the gradient bilinear estimates should refer to Anton [3].

Lemma 3.6. Let s ∈ R. The following statements are equivalent:

(1) For any u0 , v0 ∈ L2(M) satisfying

1λ≤
√
−4≤2λu0 = u0 , 1µ≤

√
−4≤2µv0 = v0

one has

‖(∇eit4u0) eit4v0‖L2((0,1)t×M) ≤ Cλ(min(λ, µ))s‖u0‖L2(M)‖v0‖L2(M) (3.8)

(2)For any b > 1
2

and any f, g ∈ X0,b(R×M) satisfying

1λ≤
√
−4≤2λf = f , 1µ≤

√
−4≤2µg = g

one has

‖(∇f)g‖L2(R×M) ≤ Cλ(min(λ, µ))s‖f‖X0,b(R×M)‖g‖X0,b(R×M) (3.9)
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Denote by S(t) = eit4 the free evolution. Using the Duhamel formula , we

know that to solve is equivalent to solve the integral equation

u(t) = S(t)u0 − iα
∫ t

0

S(t− τ){|u(τ)|2u(τ)}dτ

To deal with it , we need the following lemmas:

Lemma 3.7. Let b , s > 0 and let u0 ∈ Hs(M). Then

‖S(t)u0‖Xs,b
T

. T
1
2
−b‖u0‖Hs (3.10)

Lemma 3.8. Let 0 < b′ < 1
2

and 0 < b < 1− b′. Then for all F ∈ Xs,−b′
T (M),

‖
∫ t

0

S(t− τ)F (τ)dτ‖Xs,b
T (M) . T 1−b−b′‖F‖

Xs,−b′
T (M)

(3.11)

Lemma 3.9. For s > s0, there exists (b, b′) ∈ R2, satisfying

0 < b′ <
1

2
< b , b+ b′ < 1, (3.12)

and C > 0 such that for every triple (uj), j = 1, 2, 3 in Xs,b(R×M)

‖u1u2u3‖Xs,−b′ (R×M) ≤ C

3∏
j=1

‖uj‖Xs,b(R×M). (3.13)

Lemma 3.7 is easy to see.

Proof. Let ε > 0 and ϕ ∈ C∞0 (R) , ϕ = 1 on (−T − ε, T + ε). Then

‖S(t)u0‖Xs,b
T
≤ ‖ϕ(t)S(t)u0‖Xs,b ≤ ‖ϕ(t)u0‖Hb(R,Hs(M)) ≤ cT

1
2
−b‖u0‖Hs(M).
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The lemma 3.8 is due to Bourgain [7], we also refer to Ginibre [13] for a

simpler proof.

The proof of lemma 3.9 will rely on the bilinear estimates (3.6) and (3.9).

However we will postpone this proof and see how can we proof theorem 3.2 by

these there lemmas first.

Proof. (of Theorem 3.2)To solve NLS equation is equivalent to solve the integral

equation with Dirichlet (or Neumann) boundary conditions

u(t) = S(t)u0 − iα
∫ t

0

S(t− τ){|u(τ)|2u(τ)}dτ

We denote by Φ(u) by the left hand side of the equation.

Consider (b, b′) ∈ R2 given by lemma 3.8 and let R > 0 and u0 ∈ Hs(M) such

that ‖u0‖Hs ≤ R. We show that there exists R′ > 0 and 0 < T < 1 depending

on R such that Φ is a contracting map from the ball B(0, R′) ⊂ Xs,b
T (M) onto

itself.

From the linear estimate (3.10) we know that ‖S(t)u0‖Xs,b
1 (M) ≤ c‖u0‖Hs .

From the definition of Xs,b
T spaces we know that T1 < T2 implies Xs,b

T2
⊂ Xs,b

T1
.

Therefore for T < 1, ‖S(t)u0‖Xs,b
T (M) ≤ c0‖u0‖Hs .

Define R′ = 2c0R. From estimates (3.11), we obtain for T < 1,

‖Φ(u)‖Xs,b
T (M) ≤ c0‖u0‖Hs + c1T

1−b−b′‖uuu‖
Xs,−b′
T (M)

Combine this with (3.13) gives

‖Φ(u)‖Xs,b
T (M) ≤ c0‖u0‖Hs + c2T

1−b−b′‖u‖3

Xs,b
T (M)

.

Taking T < 1 such that T 1−b−b′c2R
′3 ≤ c0R, we ensure Φ : B(0, R′) ⊂ Xs,b

T →

37



B(0, R′) ⊂ Xs,b
T . In addition Φ is a contraction, let u1, u2 ∈ B(0, R′) ⊂ Xs,b

T ,

then

‖Φ(u1)− Φ(u2)‖Xs,b
T (M) ≤ c2T

1−b−b′‖|u1|2u2 − |u2|2u1‖Xs,b
T (M).

Use the decomposition |u1|2u1 − |u2|2u2 = u2
1(u1 − u2) + u2(u1 − u2)(u1 + u2)

,(3.11) and (3.13), we get

‖Φ(u1)− Φ(u2)‖Xs,b
T (M) ≤ c3T

1−b−b′R′2‖u1 − u2‖Xs,b
T (M).

By choosing T < 1 sufficient small , we know Φ is a contraction. Thus there

exists an uniqueness u ∈ Xs,b
T (M) such that Φ(u) = u. Since b > 1

2
, u ∈

C((−T, T ), Hs(M)).

The flow u0 ∈ B(0, R) ⊂ Hs(M) → u ∈ Xs,b
T (M) is Lipschitz. For if u , v

are two solutions with initial data u0 , v0, we have as above

‖u− v‖Xs,b
T
≤ c‖u0 − v0‖Hs + c3T

1−b−b′R′2‖u− v‖Xs,b
T
.

By choosing T small enough , we have

‖u− v‖Xs,b
T
≤ c‖u0 − v0‖Hs

3.3 Nonlinear Analysis

Now we only owe to prove Lemma 3.9. We will use a decomposition of the

spectrum of functions uj ∈ Xs,b(R×M).

The duality argument leads to the following equivalence: u ∈ Xs,b(R ×

M) , ⇔ for all u0 ∈ X∞,∞(R×M) = ∩s>0,b∈RX
s,b(R×M) we have

| < u, u0 > | ≤ c‖u0‖X−s,−b(R×M)
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where <,> denote the bracket pairing S ′ and S. Thus (3.13) is implied by

|
∫

R

∫
M

u0u1u2u3dxdt| ≤ c

3∏
j=1

‖uj‖Xs,b(R×M)‖u0‖X−s,b′(R×M) (3.14)

holding for all u0 ∈ X∞,∞(R×M). We will prove a similar result for spectrally

localized functions and then sum over all frequencies.

For j ∈ {0, 1, 2, 3} and Nj ∈ 2N. We denote by ujNj = 1√−4∈[Nj ,2Nj ]uj.

Using the definition of Xs,b(R×M) spaces the following equivalence holds

‖uj‖2
Xs,b(R×M)

∼=
∑
Nj∈2N

‖ujNj‖2
Xs,b(R×M)

∼=
∑
Nj∈2N

N2s
j ‖ujNj‖2

X0,b(R×M). (3.15)

We denote by N = (N0, N1, N2, N3) the quadruple of 2n numbers, n ∈ N. Also

I(N) =
∫

R×M
∏3

i=0 ujNjdxdt

We will establish the two estimates about I(N) in the following lemma by

using (3.6) and (3.9) respectively. With aid of these two estimates,we can built

Lemma 3.9.

We also need the fact that

‖f‖L4(R,L2(M)) ≤ ‖f‖X0, 14 (R×M)
. (3.16)

This is due to conservation of L2 norm by the linear Schrödinger flow and

Sobolev embedding H
1
4 (R) ↪→ L4(R), thus

‖f‖L4(R,L2(M)) = ‖eit4f‖L4(R,L2(M)) ≤ ‖eit4f‖H 1
4 (R×L2(M))

= ‖f‖
X0, 14 (R×M)

.

Lemma 3.10. If (3.5) and (3.8) hold for s > s0, then for all s′ > s0 there exists
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0 < b′ < 1
2
, c > 0 such that, assuming N3 ≤ N2 ≤ N1, the following estimates

hold:

|I(N)| ≤ c(N2N3)s
′

3∏
j=0

‖ujNj‖X0,b′ (R×M) (3.17)

|I(N)| ≤ c(
N1

N0

)2(N2N3)s
′

3∏
j=0

‖ujNj‖X0,b′ (R×M) (3.18)

Proof. Use Holder inequality, we get

|I(N)| ≤ ‖u3N3‖L4(L∞x )‖u2N2‖L4(L∞x )‖u1N1‖L4(L2
x)‖u0N0‖L4(L2

x)

≤ c(N2N3)1+ε

3∏
j=0

‖ujNj‖L4(L2
x)

≤ c(N2N3)1+ε

3∏
j=0

‖ujNj‖X0, 14 (R×M)
(3.19)

In the second inequality, we use Sobolev embedding ‖uNj‖L∞(M) ≤ cN1+ε
j ‖uNj‖L2(M).

The third inequality came from (3.16).

Use Cauchy inequality and (3.6)(which is implied by (3.5)), we obtain that

for any b0 >
1
2

there exists c0 > 0 such that

|I(N)| ≤ ‖u0N0u2N2‖L2(R×M)‖u1N1u3N3‖L2(R×M)

≤ c1(N2N3)s0
3∏
j=0

‖ujNj‖X0,b0 (R×M) (3.20)

We need further decomposition ujNj =
∑

Kj
ujNjKj for interpolation, where

ujNjKj = 1Kj≤〈i∂t+4〉≤2KjujNj and the sum is taken over 2n numbers , for n ∈
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N : Kj ∈ 2N. Let us denote I(N,K) =
∫

R×M
∏3

j=0 ujNjKj . Estimates (3.19) and

(3.20) give

|I(N,K)| ≤ c(N2N3)α(
∏3

j=0 Kj)
β
∏3

j=0 ‖ujNjKj‖L2(R×M)

where (α, β) equals (1 + ε, 1
4
) or (s0, b0). For s0 < s < 1 we can choose ε >

0 , b0 >
1
2

and 0 < b1 <
1
2

such that by interpolation we have the same estimates

for (α, β) = (s′, b1).

Taking b′ ∈ (b1,
1
2
), this reads

|I(N,K)| ≤ c(N2N3)s
′ ∏3

j=0K
b1−b′
j ‖ujNjKj‖X0,b′ (R×M).

Summing up over K ∈ (2N)4, by geometric series and using Cauchy Schwartz,

we obtain

|I(N)| ≤ c(N2N3)s
′ ∏3

j=0 ‖ujNj‖X0,b′ (R×M)

which conclude the proof of (3.17).

For the proof of (3.18), we start with Green formula:∫
M
4fg − f4gdx =

∫
∂M

∂f
∂υ
g − f ∂g

∂υ
dσ

If ek are eigenfunctions of the Dicichlet(or Neumann) Laplacian assoiated

with eigenvalues λ2
k. The u0N0 =

∑
λk∼N0

ckek, where ck = (u0N0 , ek). We write

u0N0 = − ∆
N2

0

∑
λk∼N0

ck(
N0

λk
)2ek.

Define Tu0N0 =
∑

λk∼N0
ck(

N0

λk
)2ek and V u0N0 =

∑
λk∼N0

ck(
λk
N0

)2ek. Then we

have TV u0N0 = V Tu0N0 = u0N0 and ‖Tu0N0‖Hs ∼ ‖u0N0‖Hs for all s. Use this

notation

u0N0 = − ∆
(N0)2

Tu0N0 .
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Apply it to green formula and using ujNj |∂M = 0 (or Nx ·∇u|∂M = 0), we obtain

I(N) = 1
N2

0

∫
R×M Tu0N0∆(u1N1u2N2u3N3)

By Leibniz’s law, we have to deal with summation of terms of the forms

1
N2

0
J11(N) = 1

N2
0

∫
R×M Tu0N0(∆u1N1)u2N2u3N3

and

1
N2

0
J12(N) = 1

N2
0

∫
R×M Tu0N0(∇u1N1)(∇u2N2)u3N3 .

As we will see soon, they are always the largest terms in each sum. Use4u2N2 we

get J11(N) = −N2
1

∫
R×M Tu0N0V u1N1u2N2u3N3 . Thus by (3.17) and ‖ujNj‖Hs ∼

‖TujNj‖Hs ∼ ‖V ujNj‖Hs , we have

1
N2

0
|J11(N)| ≤ c

N2
1

N2
0
(N2N3)s

′ ∏3
j=0 ‖ujNj‖X0,b′ (R×M).

To estimates J12(N), we note that ‖∇ujNj‖L2(M) ≤ cNj‖ujNj‖L2(M). Use the

same process as in the proof of (3.17), then (3.19) and (3.20) correspond to

|J12(N)| ≤ c(N1N2)(N2N3)1+ε
∏3

j=0 ‖ujNj‖X0, 14 (R)×M

and

|J12(N)| ≤ c(N1N2)(N2N3)s0
∏3

j=0 ‖ujNj‖X0,b0 (R)×M .

In fact, we just got an additional term N1N2 in these new estimates. Therefore

the interpolation argument leads to

1
N2

0
|J12(N)| ≤ cN1N2

N2
0

(N2N3)s
′ ∏3

j=0 ‖ujNj‖X0,b′ (R×M).

Since N1N2 ≤ N2
1 , we are done.

Now we can use Lemma 3.10 to prove Lemma 3.9.
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Proof. (Proof of Lemma 3.9)

Our goal is to prove (3.14). Use the same notation as above, we consider I(N) =∫
R×M

∏3
i=0 ujNjdxdt. Without loss of generality, we may assume N3 ≤ N2 ≤ N1.

Let 2
3
< s′ < s. Using (3.17) in Lemma 3.10 and (3.15), we have

|
∑

N0<cN1

I(N)| ≤ c
∑

N0<cN1

(N2N3)s
′−s(

N0

N1

)s‖u0N0‖X−s,b′R×M
3∏
j=1

‖ujNj‖Xs,b′ (R×M).

Using Cauchy Schwartz inequality and (3.15), we have

|
∑

N0<cN1

I(N)| ≤ c‖u2‖Xs,b′ (R×M)‖u3‖Xs,b′ (R×M)

∑
N0≤CN1

(
N0

N1

)sα(N0)β(N1).

where α(N0) = ‖u0N0‖X−s,b′ (R×M) and β(N1) = ‖u1N1‖Xs,b′ (R×M). Thus we have∑
N0
α(N0)2 ∼= ‖u0‖2

X−s,b′
,

∑
N1
β(N1)2 ∼= ‖u1‖2

Xs,b′ .

Since N0 , N1 are both dyadic numbers, we write N1 = 2lN0 and N0 ≥ N(l) =

max(1, 2−l), where l is an integer, l ≥ −l0 for some l0 ∈ N depending on c. Thus

∑
N0<cN1

(
N0

N1

)sα(N0)β(N1) =
∑
l≥−l0

∑
N0≥N(l)

2−slα(N0)β(2lN0)

≤
∑
l>−l0

2−sl(
∑
N0

α(N0)2)
1
2 (

∑
N0>N(l)

β(2lN0)2)
1
2

≤ c‖u0‖X−s,b′ (R×M)‖u1‖Xs,b′ (R×M)

Since ‖u‖Xs,b′ ≤ ‖u‖Xs,b for b′ < b, we conclude that

|
∑

N0<cN1
I(N)| ≤ c‖u0‖X−s,b′

∏3
j=1 ‖uj‖X

s,b
.
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For N0 ≥ cN1, we use (3.18) of Lemma 3.10 to get:

|
∑

N0≥cN1

I(N)| ≤ c
∑

N0≥cN1

(N2N3)s
′−s(

N1

N0

)2−s‖u0N0‖X−s,b′R×M
3∏
j=1

‖ujNj‖Xs,b′ (R×M).

This is just an exchange the role of N0 and N1 in the previous argument. Thus

we obtain again

|
∑

N0≥cN1
I(N)| ≤ c‖u0‖X−s,b′ (R×M)‖u1‖Xs,b′ (R×M)‖u2‖Xs,b′ (R×M)‖u3‖Xs,b′ (R×M)

3.4 Proof of Theorem 3.3

In this section, we will make use of Strichartz estimates obtained by Blair, Smith

and Sogge [5] and Sobolev imbedding theorem to built the well-posed property

in 3 dimensional manifolds with boundary.

Theorem 3.11. [5]. Let (M,g) be either a smooth compact Riemannian man-

ifold with boundary, or a manifold without boundary equipped with Lipschitz

metric g. Then the following Strichartz estimate holds for any Strichartz pair

‖eit4f‖Lp([−T,T ];Lq(M)) ≤ C(p, T )‖f‖
H

4
3p (M)

By using Minkowski inequality, we also get

Corollary 3.12. Let (M,g) as Theorem 8.1, f ∈ L1([−T, T ], H
4
3p (M)) then

‖
∫ t

−T
ei(t−τ)4f(τ)dτ‖Lp([−T,T ],Lq(M)) ≤ C(p, T )‖f‖

L1([−T,T ],H
4
3p (M))
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Proof. The left hand side equals

I = ‖
∫ T

−T
Fτdτ‖Lp([−T,T ],Lq(M)) , Fτ (t) = 1τ≤te

i(t−τ)∆f(τ).

then we have

I ≤
∫ T

−T
‖Fτ‖Lp([−T,T ],Lq(M))dτ

≤
∫ T

−T
‖ei(t−τ)∆f(τ)‖Lp([−T,T ],Lq(M))dτ

.
∫ T

−T
‖f(τ)‖

H
4
3p
dτ (3.21)

Use Sobolev imbedding theorem, we get the following

Corollary 3.13. Let 2 < p < ∞ and dim M=3, s > 7
6
. For any u0 ∈ Hs(M)

and f ∈ L1([−T, T ], Hs(M)).

‖eit4u0‖Lp([−T,T ],L∞(M)) ≤ C(p, T )‖u0‖Hs(M)

‖
∫ t

0

ei(t−τ)4f(τ)dτ‖Lp([−T,T ],L∞(M)) ≤ C(p, T )‖f‖L1([−T,T ],Hs(M))
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Proof. Let s > 3
2
− 2

3p
> 7

6
, σ = s− 4

3p
> 3

2
− 2

p
= 3

q
.

‖eit4u0‖Lp([−T,T ],L∞(M)) . ‖eit4u0‖Lp([−T,T ],Wσ,q)

= ‖(I −4)
σ
2 eit4u0‖Lp([−T,T ],Lq)

≤ C(p, T )‖u0‖
H
σ+ 4

3p (M)
= C(p, T )‖u0‖Hs(M)

In order to prove theorem 3.3 , we also need the following lemma

Lemma 3.14. [1] If u , v ∈ L∞ ∩Hs (s > 0) ,then so is uv, and

‖uv‖Hs . ‖u‖L∞‖v‖Hs + ‖u‖Hs‖v‖L∞

For the convenience of readers, we restate Theorem 3.3 here.

Theorem 3.3. If (M,g) is a 3 dimensional smooth compact Riemannian mani-

fold with boundary, then the Cauchy problem (3.1) is uniformly local well-posed

in Hs(M) for s > 7
6
.

Proof. Let YT = C([−T, T ], Hs(M)) ∩ Lp([−T, T ], L∞(M)), where s > 6
7

is a

fixed number and p > 2. This is a complete Banach space for the following

norm

‖u‖YT = max|t|≤T‖u(t)‖Hs + ‖u‖Lp([−T,T ];L∞).

We will use the contraction mapping theorem to prove the existence and

uniqueness of the local solution. According to Duhamel formula, we need to
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prove the functional

Φ(u)(t) = eit4u0 − i
∫ t

0

ei(t−τ)4(|u2|u)(τ)dτ.

is a contraction mapping on some ball of YT centered at the origin.

‖Φ(u)(t)‖Hs . ‖u0‖Hs +

∫ T

0

‖|u(τ)|2u(τ)‖Hsdτ

. ‖u0‖Hs + c

∫ T

0

‖u(τ)‖2
L∞‖u(τ)‖Hsdτ

. ‖u0‖Hs + cT 1− 2
p‖u‖2

Lp(L∞)‖u‖L∞T (Hs)

. ‖u0‖Hs + cT 1− 2
p‖u‖3

YT

We used lemma 3.14 in the second inequality, and Hölder inequality in the

third inequality.

‖Φ(u)(t)‖Lp(L∞) . ‖eit4u0‖Lp(L∞) + ‖
∫ T

0

ei(t−τ)4|u(τ)|2u(τ)dτ‖Lp(L∞)

. ‖u0‖Hs + c

∫ T

0

‖|u(τ)|2u(τ)‖Hsdτ

. ‖u0‖Hs + cT 1− 2
p‖u‖2

Lp(L∞)‖u‖L∞T (Hs)

. ‖u0‖Hs + cT 1− 2
p‖u‖3

YT
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Therefore

‖Φ(u)‖YT ≤ c(‖u0‖Hs + T 1− 2
p‖u‖3

YT
) (3.22)

Similarly, we have

‖Φ(u)(t)− Φ(v)(t)‖Hs ≤
∫ T

0

‖|u(τ)|2u(τ)− |v(τ)|2v(τ)‖Hsdτ

≤ cT 1− 2
p‖u− v‖YT (‖u‖2

YT
+ ‖v‖2

YT
) (3.23)

and

‖Φ(u)− Φ(v)‖LpL∞ ≤ cT 1− 2
p‖u− v‖YT (‖u‖2

YT
+ ‖v‖2

YT
) (3.24)

The existence of the solution can be obtained by (3.23), (3.24) and (3.25).

4 Future Research Goals

My research goals include the following directions:

(1)Study the bilinear Strichartz estimates and their applications in higher

dimensional manifolds.

In the 3 dimensional manifold , Burq, Gérard and Tzvetkov [10] proved the

local well posed of (1.1) in Hs(M) for s ≥ 1 on manifold without boundary,

then extended it to global result for defocusing case by conservation of energy.

For manifold with boundary, Anton [3] proved the local well posed property

in Hs(M) on the ball with Dirichlet boundary condition and radial data for

s > 1
2
. While in [2], she proved the global well posed property on the exterior
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of non-trapping domains for s = 1.

One of the difficulty of building desirable bilinear Strichartz estimates in

3 or higher dimensional manifold is that (p, q) = (4, 4) is not admissible for

n > 3. Hence the higher frequency will not disappear in the bilinear estimates

like n = 2. It will be interesting to find a method to overcome this issue.

(2)Study the optimality of Strichartz estimates by Burq,Gérard and Tzvetkov

[11] for manifold without boundary, by Blair,Smith and Sogge [5] for manifolds

with boundary then extend the possible results to bilinear case.

In Encliden space, one can take T = ∞ and s = 0 in Strichartz estimates

(1.2); see for example Strichartz [22], Ginibre and Velo [12], Keel and Tao [16]

and references therein. Such estimates have been a key tool in the study of non-

linear Schrödinger equations. In a compact manifold (M, g) without boundary

Burq, Gérard and Tzvetkov [10] proved the finite time scale estimates (1.2) for

the Schrödinger operators with a loss of derivatives s = 1
p

in their estimates when

compared to the case of flat geometries. Blair,Smith and Sogge [5] adopted the

same idea to manifolds with boundary case and built the estimates with a loss

of derivatives s = 4
3p

. However,these results are not sure to be optimal. I will

like to study these problems. Also recently Ivanovici [15] proved the Strichartz

estimates without loss of derivatives (s = 0) outside strictly convex obstacles. I

will like to extend her result to bilinear case and find its applications.
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50



[13] J.Ginibre, Le problème de Cauchy pour des edp semi-linéaires périodiques en variable
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