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ABSTRACT

In this thesis, we establish bilinear Strichartz estimates for Schrodinger opera-
tors in 2 dimensional compact manifolds without boundary and with boundary.
Then we use estimates on manifold with boundary to prove the local well-posed

of cubic nonlinear Schrodinger equation in H*® for every s > % on it.
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1 Introduction

1.1 Background

Let (M,g) be a Riemannian manifold of dimension n > 2. Consider the

Schrodinger equation

Dyu+ Agu =0, u(0,2) = f(x) (1.1)

where A, denotes the Laplace-Beltrami operator on manifold and D, = i~'9.
Strichartz estimates are a family of dispersive estimates on solutions u(t,x) :

[0,7] x M — C which state

[wll Lo o.ryLaary < Clf s (1.2)

where H*® denotes the L? Sobolev space over M, and 2 < p, g < oo satisfies

+ 2= g (n,p,q) # (2,2,00).

S
<23

In Euclidean space, one can take 7" = oo and s = 0; see for example
Strichartz [22], Ginibre and Velo [12], Keel and Tao [16] and references therein.
Such estimates have been a key tool in the study of nonlinear Schrédinger
equations. In a compact manifold (M, g) without boundary Burq, Gérard and
Tzvetkov [10] proved the finite time scale estimates (1.2) for the Schrodinger
operators with a loss of derivatives s = % in their estimates when compared to
the case of flat geometries.

In the case of manifolds with boundary, one considers Dirichlet or Neumann

boundary conditions in addition to (1.1)



u(t, z)|onr = 0 (Dirichlet), N, - Vu(t,z)|orr = 0 (Neumann)

where N, denotes the unit normal vector field to 0M. Here one except further
loss of derivatives due to Rayleigh whispering galley modes. Recently, Anton [4]

showed that the estimates (1.2) hold on general manifolds with boundary if s >

3
2p

with a Lipschitz metric. Then Blair, Smith and Sogge [5] built estimates (1.2)

which arguments work equally well for a manifold without boundary equipped

with less loss of derivatives s = 3% in manifolds with boundary.
We consider bilinear estimates for the Schrédinger operators in compact

manifolds of the form

HeitAfeitAgHLZ([O,l}xM) < C(min(/\, F))SoHfHLz(M)“gHL2(M) (1.3>

where A, ' are large dyadic numbers, and f, g are supposed to be spectrally

localized on dyadic intervals of order A, I" respectively, namely

HASM§2A<JC) =/, HFSMQF(Q) =g

Here I, /=x<o denotes the spectral projection operator
ZAS)\JSQA Lif = ZAg,\jng & Ju fei s

while {A\?} and {e;} are eigenvalues and corresponding eigenfunctions of —A,.
Such kind of estimates were established and used on Schrédinger equation on
manifolds with flat metric; see Klainerman-Machedon-Bourgain-Tataru [17],
Bourgain [6] [7] and Tao [23] . Then Burq,Gérard and Tzvetkov [11] established

the bilinear estimates in sphere and Zoll surface with sq > i.



For the manifold with boundary, Anton [3] proved (1.3) and the following

(Vo™ F)e™ gl 2qo.1yxar) < CA(min(A, D)) (| 1 r2an |9l z2 (0 (1.4)

with sg > % on three dimensional balls with Dirichlet boundary condition and
radial data. Using these she proved the local well-posed of cubic nonlinear
Schrodinger equation with Dirichlet boundary condition and radial data in H®

for every s > % on such manifolds.

1.2 Results

Consider Strichartz estimates on manifolds without boundary obtained by Burq,

Gérard and Tzvetkov [10]. If n =2, (p,q) = (4,4) is admissible, we have

12 fll Lao,yxary < 1N ervvaqan-

Using Littlewood-Paley theory, let fo = I,. x5 (f), this is equivalent to say
€™ fallzaqo,gsany < AV fallzzan

holds for all dyadic number A, which is implied by bilinear estimates (1.3) with

So = % However we established the following estimates with sy > %

Theorem 1.1. Let (M, g) be a 2 dimensional compact manifold without bound-

ary. For any f, g € L*>(M) satisfies
HAgMng(f) =f, HFSMQF(Q) =g

Then for any sg > %, there exists a C' > 0 such that

12 Fe™ gl L2011 a0y < C(min(A, D)™ || fll z2an) 9 22 an)- (1.5)



Also we extend the Strichartz estimats of Blair, Smith and Sogge [5], which

read

1€ fall zaqoarxany < A3 fallzecan

for (n,p,q) = (2,4,4), to bilinear estimates (1.3) and (1.4) for the manifolds

with boundary with sy > 2 in (1.3) and (1.4).

Theorem 1.2. Let (M, g) be a 2 dimensional compact manifold with boundary.
For any f, g € L*(M) satisfies

HAgMng(f) =f Hrg\/ﬁgr(g) =g

Then for any so > %,there exists a C' > 0 such that

"2 fe"2 g/l r2oayxary < C(min(A, D)% || £l z2an |9l z2(ar) (1.6)

Theorem 1.3. Let (M, g) be a 2 dimensional compact manifold with boundary.
For any f, g € L*(M) satisfies

HAgMgQA(f) =f HFSMQF(Q) =g

Then for any so > %,there exists a C' > 0 such that

(Vo (™ )™ gll 2 oayxan < CAmin(A, )| fllrzanllglzon — (1.7)

As an application of above theorems, we consider the following Cauchy prob-

lem in 2-dimensional compact manifolds with boundary:



iOu+ Au = alul*u, on R x M
u’t:() = Ug, O M (18)
u|lppr = 0 (Dirichlet), (or) Ny-Vulspy =0 (Neumann)

where @« = +1. When a = 1, the equation is defocusing. When a = 1, the

equation is focusing. We consider the local well-posedness property of (1.8).

Definition 1.4. Let s be a real number. We shall say that the Cauchy problem
(1.8) is uniformly well-posed in H*(M) if, for any bounded subset B of H*(M),
there exists T > 0 such that the flow map

up € C*(M)NBw—ue C(-T,T), H*(M))

1s uniformly continuous when the source space is endowed with H® norm, and
when the target space is endowed with

[ullerme = supy<r||u@)||ae @

For manifolds without boundary, we only consider first two equations of
(1.8). The first result was due to Bourgain [9] who built the local well-posedness
result in H® for s > 0 on the flat torus. Recently, Burq,Gérard and Tzvetkov
[10] established local well-posedness of cubic nonlinear Schrodinger equation in
H*(M) for s >  on manifold without boundary. In [11] they proved the local
well-posed property in H*(M) for s > }1 on sphere and Zoll surface.

For manifolds with boundary, it is natural to except more loss of derivative
due to Rayleigh whispering galley modes. Here we get the local well-posedness
result for s > % Even though the estimates are not know to be sharp, the result

is still natural given the current scope of parametrix constructions. In the case
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of domains of R? the local well-posedness for (1.8) with Dirichlet boundary
condition and s = 1 were proved by Anton [4]. Here, we will prove the following

results.

Theorem 1.5. If (M, g) is a 2 dimensional manifold with boundary, then the

Cauchy problem for (1.8) is uniformly well-posed in H*(M) for every s > %

Now we discuss the methods for proving local well-posedness. For 2 di-
mensional manifolds without boundary (only consider first two equations of
(1.8)), Burq, Gérard and Tzvetkov [10] proved the local well-posed property in
H*(M) for s > 1 by combining Strichartz inequality (1.2) (in that case s = 1—1))

and Sobolev embedding theorem. The key ingredient there is knowing that
u(t,z) € LP([-T,T),L=(M)) for p>2. (1.9)

Using this method one can also get Theorem 1.5. However, we should use the
bilinear estimates (1.6) and (1.7) to prove Theorem 1.5. Bilinear estimates
have advantage of showing interaction of large and small frequencies , which
is useful in dealing with nonlinear terms, see Bourgain [8]. They also reflect
more geometry information, Burq,Gérard and Tzvetkov [11] established the
bilinear estimates in sphere and Zoll surface with sy > i by which they infer
local well-posedness of (1.8.) in H*(M) for s > 1. That is better than sy > % in
general 2-dimensional manifold without boundary. In the cases of flat torus and
sphere, we know eigenvalues of the Laplacian precisely. Using the arithmetic
property of these eigenvalues, the bilinear Strichartz estimates are reduced to
bilinear eigenfunctions estimates. For general manifolds, our poor knowledge of

spectrums does not allow us to use the same technique.
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The thesis is organized as followings: in section 2.1 we deal with manifold
without boundary, reduce Theorem 1.1 to a crucial dispersive estimate which
will be proved in section 2.2. Then in section 2.3 we see that Theorem 1.2 for
manifold with boundary can also be reduced to the same dispersive estimate
by paying loss of derivatives, in that section we also prove Theorem 1.3. Then
we discuss the Cauchy problem in section 3.1 and introduce the Bourgain space
in section 3.2 in order to establish equivalent bilinear estimates in such space.
Using these bilinear estimates in Bourgain space we are able to do nonlinear
analysis in section 3.3. In section 3.4, we use Sobolev imbedding to show that
on three dimensional manifolds with boundary, cubic nonlinear Schrédinger
equation is local well-posed of in H?® for every s > % on it.

Notation. In what follows d will denote the gradients operators which maps
scalar functions to vector fields and vector fields to matrix functions in the
natural way. The expression X < Y means that X < CY for some C depending
on each occurrence. The notation a < b means a is much less than b. We also

use Japanese bracket (€) = (14 |¢[2)2 for the convenience.



2 Proof For Bilinear Strichartz Estimates

2.1 Manifolds Without Boundary

We start with the proof of Theorem 1.1. The Laplace-Beltrami operators on M

will take the following form in local coordinates

(Pf)(@) = p" Y Oilp(a)g” (x)0;f () (2.1)

i,j=1

Assume Iy ~xon(f) = f , Tr<y=a<or(9) =g and A <T. Then
1€ f €2 gll 2oy S 10w o2 [l 20,1200

S gl 2o llull 20,120 (1))

where we have used the conservation of mass for the free Schrodinger operator
in the last inequality.

We define Sobolev spaces on M using the spectral resolution of P,

1 £llezsary = KD fllz2ary + (Dp) = (1= P)3

By elliptic regularity (e.g [ [14], Theorem 8.10]) the space H*® coincide with the
Sobolev spaces defined using local coordinates, provided 0 < s < 2.

Let r = % +e> % , s =1 — 1. Then we need to establish
lull 20,1200 0ry) S N fllmrary = (A)"|| fll 2 (ar),

or equivalently,

el 22 o,1;p00 (aryy S NIA° Il any



By conservation law of free Schrédinger operator which is equivalent to

[wll z2o,1;z00 (ary) S 1A%l oo (0,17, () (2.2)

Although (2,2, 00) is not Schrodinger admissible, we should see that once we
localize both time and frequency we can still get desired type of Strichartz
estimates.

By taking a finite partition of unity, it suffices to prove that

|9 ull 2o n m2)) S (1A ]| Loo (0,170 (1)) (2.3)

for each smooth cutoff ) supported in a suitably chosen coordinate chart. After
multiplying p(z) by a constant and rescaling variables if necessary, we may

choose coordinate charts such that the image contains the unit ball, and

197 = 6iillczmroy < o+ llp = Ulezmioy < co (2.4)

for ¢y to be taken suitably small. We may then extend ¢“ and p globally,

preserving condition (2.4), so that P is defined globally on R? and such that
g9 =69 | px)=1 for |z] >3

We will use the notation u = wuy, to address that the solution is localized to

frequency A = 2*. Hence it is convenient to rewrite (2.3) as

19 w20, p00 m2)) S 1A Wkl oo (0,171 () - (2.5)

Let {8;(D)};>0 be a Littlewood-Paley partition of unity on R", and let
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v; = B5(D)(Yuy) , v§ = (27)%v; , then we will see that it is equivalent to show
for each 7,

lvillzrge S N05llzeemy + (27)*1(De + Pojllzgers (2.6)
is true. ! Here all norms are taken over [0, 1] x R?. Note that for any & > 0
[Yurl2ree S HQjanHLngOlg S H2j€vj”sz§LgO'
Since ¢ in the above inequalities can be absorbed by s in (2.6), thus we only

have to deal with ||v;|| instead of ||27°v;|| in (2.6). On the other hand,

03] Lo 0,171 (r2)) S min{ (27)[[03]] oo (0,122 (27) M 03] Lo (0,1 2 (R2)) }

—1+s

< min{(27)"* Juk | Lo po,1522000)) (27) k|| Lo 0,1 200 }

To sum up [[v]|z= g1 over j, we dominate those terms with j < k by the first
term inside minimum bracket, dominate those terms with j > k by the second
term inside minimum bracket. The series is then bounded by a finite sum plus
a geometric series. So the summation over j of first terms in the right hand side

of (2.6) is bounded by sum of those two series. They are

(2) 8wk || oo o122y + (28) 7wkl oo o g2y S (25)° lwkl| poo o, (1))

~ || A u || oo (0,111 (0

For the second term in the right hand side of (2.6), we note that [P, 3;(D)] :

Tt is not obvious now, but we can see later from the proof that only j=k component is
significant.
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H' — L?, hence we have

(Dt + Pl oo,z @2)) S Mkl oo o1 (an))- (2.7)

Thus

(2)*(1(Ds + P)vj| poo (o w2y S 29 | A% g || oo (0,17, (ary)
< mind (2979 28| Afup|| o o 11520 s (V7P 27| A g | oo 0,132 () }

To sum up (27)%(|(D¢+ P)vj| oo (jo,1); 12 (r2)) OVer j, we dominate those terms with
J >k (since s < 0) by the first term inside minimum bracket, dominate those
terms with 7 < k£ by the second term inside minimum bracket. The series is
then bounded by a finite sum plus a geometric series. So the summation over j
of seccond terms in the right hand side of (2.6) is bounded by sum of those two

series. They are

28| A%l oo 0,132 0y + 27 1A g || oo o132y S A k| o0 10,1158 ()

Now rewrite (2.6) as

0ill L2100 ®2)) S 27V 2 (|vjll oo 0,1 22(R2) F2 72 (DeA-P)vj || oo (po,13522(r2)))
Let A =27 and v; = w,, , it is now

1 _
lwall 22 o,z r2y) S A2 (lwall e o,agsz2 g2y + A7HI(De + P)wal| e o,1):22m2))

11



which is implied by showing for each interval I, with length A~!, we all have

lwall 2z m2)) S A°(lwallpoe(1y:r2®2)) + [[(De + P)wall e we))

For a natural reason, we want to localize the coefficients of P by setting
9% = Sp(97)  pa=Shn(p)

where S,1/2 denotes a truncation of a function to frequencies less than Az. Let

Py be the operator with coefficients g;j and py. Then

(P — P w22y S lwalloe sz @2y

since we know |¢¥ — ¢“| < A~ and similarly for p.
Thus we will conclude Theorem 1.1 by showing following Theorem 2.1 which

will be proved by using wave packet method.

Theorem 2.1. Suppose that u(t, z) is localized to frequencies || € [FX,4A] and

solves
(Dy + Zlgi,jgn a’ (2)0z,0x; + 219’311 V()0 Ju = F
Assume also that the metric satisfies

la” = dijllc> < 1, [Pl S 1

— ~

supp(a¥), supp(b’) C By1/2(0).
Then the following estimate holds

1
lull L2 o170 @2y S (log A)2 (|[ul| Lo or—13sz2®2y) + 1F || 21 qoa—13522 m2)))

12



To prove Theorem 2.1, we need some notations for wave packet transform.
We fix a real, radial Schwartz function g(x) € S(R?), with ||g||z2 = (27)~!, and
assume its Fourier transform () = §(&) is supported in the unit ball {|{] < 1}.
For A > 1, we define Ty : §'(R?) — C°°(R*)by

(Taf)(w,€) = A2 [ e &m0g(\3 (2 — @) f(2)dz,
A simple calculation shows that
fly) = A3 [ e 6v=2g(Xs (y — 2)) (T f) (. €)dad,
so that TYT\ = I. In particular,
||T)\f||L2(]Ri7§) = || fll L2(r2)-
Let
Dy+ A(x, D)+ B(z,D) = D, + Zléi,j<n () 0y, 0, + ZKK” s -

we conjugate A(x, D) by Ty and take a suitable approximation to the resulting

operator. Define the following differential operator over (z,¢)

A = —idea(x,€) - dyp + tdya(x,§) - de + a(x, &) — & - dea(z, §)

By the argument from wave packet methods (Lemmas 3.1-3.3 in Smith [19]),
we have that if 5,\ is a Littlewood-Paley cutoff truncating to frequencies || &~ A

then
ITAA(-, D)BA(D) — ETAB/\(D)HLg—wié SA
This yields that, if a(t, z, &) = (Thu(t,-))(z, &), then @ solves the equation

(0c + dea(2,€) - dy — dsa(w, €) - de + ia(z, ) — i€ - dea(z, €))a(t, x,€) = G(t,,€)

13



where G satisfies
G 2,0z dt S Nulleegon-raa + I F o)
Given an integral curve y(r) € R} . of the vector field
O + dea(x,§) - dy — dya(x,§) - de

with v(t) = (2, ), we denote x;.(z,§) = (Ts41, &) = (5). Also define

0(2,6) = a(x,§) — € - dea(z,€),  (t,2,6) = [5 0 (xwale,))dr
This allows us to write

aft,x, &) = e 0 ag(xo(x, €)) + fy e METEOG (1, Xy (w, €))dr

where @ is an integrable superposition over r of functions invariant under the
flow of A, truncated to t > r.

Since u(t, x) = Tya(t, z,§) it thus suffices to obtain estimates

IB\DYW.f 215 S (log M)2[If]] 2, (2.8)

where W, acts on function f(z,£) by the formula

(Wef)(y) = Ta(e” ™9 f(xo.(-)(v) (2.9)

In order to get the desired estimates by T method, we investigate the
kernel K(t,y,s,z) of W,WZ which is

A J et GO0 g\ — 2,))g(M (2 — 2))dzd(

Recall that supp(g) C B1(0). We are concerned with B,\WtW:B)\, thus we can

inserted a cutoff Sy(¢) into the integrand which is supported in a set [(| ~ A.

14



Also note that the Hamiltonian vector field is independent of time, that is

Xt,s - Xt—s70~ We denOte lt by Xt—s,O(Z7C) = Xt—s(zyg) = (zt—saCt—s)- It then

suffices to consider s = 0, and the kernel K (¢,z,0,y) as

A [ €m0 g\ (y — 2,))g (N (2 — 2))S3(Q)d=dC

We will built the estimates (2.8) by considering the estimate for time variable

between [0, A72] and [A7%, A7!] respectively. That is we will prove

1BN(DYWef |l 2o, A-2pzoem2y S 11122 (2.10)

and

IBADIWef l2p-2 a1z S (log A2 || £]lrz, (2.11)

The inequality (2.10) is easy to prove , note that when ¢t € [0, \72], it is easy to

see that

K (8,2,0,y)] = A- (A72)2- 02 = )2

The term (A~2)2 came from the size of g and A\? from Sy. Then the the estimates
follows from applying Schwartz inequality to time variables.

The inequality (2.11) comes from establishing

[K(tz,0,y)| S

~+ | =

(2.12)

for t € [A\72,eA™!] with & chosen sufficient small and independent of A. Then by

Schwartz inequality, we get

IBW W Bl remre < [0, Ldt =log A

A2t
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Note that taking partial derivatives to the spatial variables of wave packet
transformation in (2.9) will gain A factors. Thus we get the following result as

corollary of Theorem 2.1. which will be used to prove Theorem 1.3.

2.2 The Dispersive Estimate

The dispersive estimate (2.12) we are going to prove here is actually proved in
the Theorem 2.1 of Blair,Smith and Sogge [5]. For the reason of completeness,
we will include their proof here.

First, we need derivative estimates on the transformation y,(z, (). In addi-

tion, we suppose that t < e\~! with e chosen sufficiently small and independent

of \.

Lemma 2.2. Consider the solutions (z(z,(),(:(z,()) to Hamilton’s equations

atzt - dCCL(Z, C) ) atCt = —dz(l(Z, C) ) (207 CO) = (Z’ g) (213)

We then have the following estimates on the first partial derivatives of (2, (;)

when [C] € [3A,4N] and [t] < X1

(2.14)
dGl S Nt |deGe—I] S A

t
ez [ (@)l 0)is] £ 0 (215)

0

The higher partial derivatives satisfy for 7+ k > 2
AN dEz| + | dbC|) < AR < Aot >TTRL 2.16
z¢ z7¢

16



Proof. . If |(| = 1, then we can write the Hamilton equations as:
(2, G) = ) + fo 25, (s)d
where the vector field v satisfies
jdb ] SAZED R > L
Differentiating the equation and using induction yields the bound,
@ (2, G) — dF (2, Q)| St < AZt >E1 ] < 1L
Estimates (2.14) and (2.16) now follow by the rescaling property
(2(2,€), G2, Q) = (2n(2, A710), Adwe(2, A7)

Estimates (2.15) follows by differentiating Hamilton’s equations as above and

applying the bounds (2.14). O

We take a partition of unity {@,, }mer2 over R? with ¢,,(¢) = gb(t% ((—t_%)m)

for some ¢ smooth and compactly supported. We then can write
K(t,y,0,2) =% g Kn(t,y,x)

where K,,(t,y, z) is defined by

NI

A J it ORiGu=0 g (X (y = 2,0))g(A2 (2 = 2))SA(C)dm (C)dzdC

The key estimates is that for &, = t’%m,

K(t,y,2)] SN+t 2y — zo(2, &n)|) 7. (2.17)

Estimates (2.15) and the fact that
ldga(z, &) — 21| = 2[|a” — 67 < 1

17



yields for I,m € Z* and t < eA™!,

|ze(x, &) — xe(x, &)| = | — &] = t%|m —1.

This now yields
Domeze Kt 2, y)| S50 ep2(1+ [m) ™.

Since the sum on the right converges for N large this establishes the dispersive
estimates.

To prove (2.17), note that

aCz(fot a(’ZT? CT> - CT . (dCa)(ZTJ Cr)dr) + Ct ' aCiZt =0

The expression vanishes at ¢t = 0 since d¢zp = 0, and Hamilton’s equations show
that the derivative of the expression with respect to ¢ vanishes.

As in the Theorem 5.4 of Smith-Sogge [20], we define the differential operator

1 +it™Hx —z—deG - (y — 2) - de)
1+t Y-z — deGly — z)]?

Observe that L preserve the phase function in the definition of K,,. The esti-
mates (2.14) and (2.15) show that, if p is any one of the functions ¢, (¢) , ¢~ 22

CNF Sy (C) , ATE3¢, then for A2 < ¢ < AL

|(t720;)"p| S 1.

~Y

Integration by parts yields the following upper bound on K,,(t, z,y)

)\/ (T4t (@ —2)—deC - (y — 2z))) N
R2 xsupp(ém)

< (14 A2|z — 2[)"N(1 + A2|y — z|) Ndzd¢

18



We conclude by showing that
t73)(x = 2) = deG - (w0 — 2)| S 1+ Az — 22 (2.18)

where x; denotes x,(z,&,,). This implies that the integrand is dominated by
(14 7YdeGe - (y — )2 )N (L A2 | — 2)) 7.

Since |d¢(; — I| < e, this establishes the estimates (2.17), since the z decay and
compact ¢ support imply that the integral is essential over a region in phase
space of volume rough (t\)~'.

To establish (2.18), we employ a Taylor expansion and (2.16) to obtain

£ =z — (doze)(z — 2) — (dezt) (m — C)|
Stz Mz — 22 + o — 2l&n — ¢+ A7 ém — ¢]P)
ST+ Az -z

where the last inequality uses the fact that A2 <t < A7!and |&, — (| S t72.

In addition, by (2.14)
172 (deze) (6m — Q) S (E72)* = 1.
Since x;(z, ) is a symplectomorphism, we have
O¢,Ce Oz, 20 — Oz - 02,G = 0y
where - pairs the z; and (; indices. And by (2.14)
172 |dC | doGil e — 2] S A2 < Azfa — 2.
These facts now combine to yield the estimate (2.18).
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2.3 Manifold With Boundary

To prove Theorem 1.2, we will reduce it to Theorem 2.1 again. As the reduc-
tion (2.5) in Section 2.1, we only need to prove for r = 2 +¢ > 2

lull 220, 15:z00 vy S AT f | 220y

Let s =7 —1, it is equal to prove

ull 220,350 )y S NA® f Il an), (2.19)

For manifold with boundary, we work in boundary normal coordinates for the
Riemannian metric g;; that is dual g¥ of (2.1). Let @3 > 0 define the manifold
M, and x; is a coordinate function on dM which we choose so that 0., is of

unit length along OM. In these coordinates,

go2(x1,22) =1 gi11(21,0) =1 gro(z1,22) =0

We now extend the coefficient g'! and p in an even manner across the bound-

ary, so that

gn(m, —5132) = 911($1, CUQ) P(fﬂl, —1152) = P(IE1>$2)~

The extended functions are then piecewise smooth, and of Lipschitz regularity
across r9 = 0. Because ¢ is diagonal, the operator P is preserved under the
reflection x93 — —x5. FKigenspaces for the extended operator P decompose
into symmetric and antisymmetric functions; these correspond to extensions of
eigenfunctions for P satisfying Dirichlet (resp. Neumann) conditions. These
eigenfunctions are of C*! across the boundary. The Schrodinger flow for P is

thus extended to P.
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Hence matters reduces to considering the Schrodinger evolution on the man-
ifold without boundary with Lipschitz metrics. And we have to show

||u||L2[0,1],L°°(M) S ||Asu||L°°[071};H1(M)

By taking a finite partition of unity, it suffices to prove that
[bull 2o ;0o )y S 1Al Lo 0,111 ()

for each smooth cutoff ¢ supported in a suitably chosen coordinate charts. We

will choose coordinate charts such that the image contains the unit ball, and
19" = dijll ipmacopy < co Mo = UlLipmi(0) < co

for cy to be taken suitably small. We take v supported in the unit ball, and
assume ¢“ and p are extended so that the above holds globally on R2.
We denote u = uy, to address that it’s frequency being localized to A = 2%,

the equation is now
1wl 2o, zoe m2)) S A k]| Lo (o, () -

Let {B;(D)};>0 be a Littlewood-Paley partition of unity on R", and let v; =

Bi(D)(pu) , vi = (27)%v; , then we will see that it is equivalent to show for

each 7,

vl 2,5z r2)) S V3 zoe (o, rey) + (27)°73([(Dy + P)vj | oo o, 22r2)))

(2.20)
is true. Note that for any € > 0

[bugllr2re S HQja'UjHLngOlg S HngUj”szngO'
Here ¢ can be absorbed by s in (2.20), thus we only have to deal with ||v;||
instead of [|27¢v;| in in (2.20).
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On the other hand,

105 | oo (o, 131 (R2yy S mind (27) 1|05 | ow 0,11:22R2)) » (27) ™ 1031 Lo 0,11, 182R2))

—1+s

< min{(2j)1+5\|ukHLoo([071];L2(M)), (27) | || oo (jo,13; 2 (ay) }

So the summation over j of first terms in the right hand side of (2.20) is bounded

by
(28 k|| oo (o122 ary) + (28) 7wkl oo o2y S (25)° lwkl poo 0,130 ()

~ || A u || oo (0,111 (ar)

For the second term in the right hand side of (2.20), we note that for a
Lipschitz function a, [3;(D),a] : H*"* — H* , s = 0,1. Hence [P, 3;(D)y] :
H' — L[? by Coilfman-Meyer commutator theorem (see also Proposition 3.6B

of [26]). Therefore we have
I(De + P)vjll e o,a:z2®2)) S Nl oe o, (ary)- (2.21)

Thus

(2) 3Dy + P)vj | oo o, (m2y)
< U A u | oo 0,155 (1)
< min{ (297 V32K Ay || poe 0,05 22 0y (297F) IR A || e o g 2 0y }

To sum up (27)*~13|(D; + P)v;| 1o (0,13, 11 (R2)) OVer j, we dominate those terms

with j > k (since s — 1/3 < 0) by the first term inside minimum bracket,
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dominate those terms with 5 < &k by the second term inside minimum bracket.
The series is then bounded by a finite sum plus a geometric series. So the
summation over j of seccond terms in the right hand side of (2.20) is bounded

by summation of summing up those two series. They are

25| A up || oo o,13:z2(amy) + 27 A k]| Lo oasmzary) S A U] oo (0,138 (00

Now let A =27 | wy = v;, (2.20) can be written as

2 _4
Jwallz2o,1):Lo02)y S AT ([wall Lo (o.agz2(r2y) + A73 1(De + P)wa |l Lo po,ag:22(r2)))

which is implied by showing for each interval I with length )\_%, we all have
lwrllze(uze @y S (W) (lwalloe gaizz2@2) + 1(De + Pl @))

This reduction is quite close to that in manifold without boundary expect that

the operator P here is rough. Thus we regularize the coefficients of P by setting
gf\] = S)2/s (Qij)y px = Sxz/s(p)

where S\2/s denotes a truncation of a function to frequencies less than A3, Let

P, be the operator with coefficients gij and py. Then
(P = Pa)wallrsezwz)) S llwallpemrze2)
since we know | gi\j — g < A~5 and similarly for p.
Then we rescale the problem by letting u = A3 and define
w,(t,z) = wy (A3t A3, Q.= Py(\ "3z, D)
The function uﬂ(t,j is localized to frequencies of size p, and the coefficients

of @), are localized to frequencies of the size less than ,u%. This implies the

following estimates of the coefficients of @,
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10267 (A32)| + 1902 pa(A~32)|| < Capdmax(©lal-2),

The time interval Iy scales to p~'. Also note that by our reduction [g¥ —
§“||c2 < 1. Thus we have reduced the proof of Theorem 1.2 to Theorem 2.1
again.

Next we will prove theorem 1.3. If A > I", we can prove as following

IV (™ £)e" gl L2qo,uxary S 1VE Flle o2 1€ gl 20,112 ()
S A" flleeqoanzzan T gl 22
S AT fllzan gl 2 an

where we have used the fact Riesz transform V(—A)~%/2 is bounded on L?*(M)
(see [18]) and then apply Hormander multiple theorem (see [27]) in the second
inequality.

If A < T, as the reduction (2.5), Let r = % +e, s=r—1. Then we need to

prove that

IVull L2 o,a5;z00 )y S IIA° fll )

is true. Again we write it as

||vuk”L2([0,1];L°°(M)) 5 |]Asuk||H1(M) (222)

for denoting that it’s frequency being localized to A = 2¥. By making use of

the following inequality

IVl 2oz )y S Allwrll 220,11 (aa) (2.23)
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and estimate (2.19) we conclude the result.

To see (2.23) is true, we will use an argument concerning finite speed of
propagation of wave equation (see for example [21], [27] ) and the following
gradient estimate of unit band spectral projection operator. The unit band

spectral projection operator is defined as

w@= Y Bfw= 3 e /M Fw)exly)dy

A< <A+1 A<Ap<A+1

Theorem 2.3 ( [27] Theorem 1). Fiz a compact Riemannian manifold (M, g)
with boundary and dimM = n, for both Dirichlet Laplacian and Neumann Lapla-

cian on M, there is a uniform constant C such that
”va\f”LOO(M) < C)\(n+1)/2|’f||L2(M) (2.24)

Let {0;};>0 be a Littlewood-Paley partition on R. Since Littlewood -Paley
operator commute with Schrodinger operator, estimate (2.23) will be a conse-

quence of

IV Bi(D) fll oo (ary S Allf Il zoe ary (2.25)

where 2¥ = )\ and f is spectrally localized to on dyadic interval of order .
Recall that §;(-) = B(5) , j > 1 for some 3 € C5°(1/2,2). We may assume

it is an even function on R. Write

vl

)f () = %V/R)\B(At)e"tpf(x)dt.
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Note that proving (2.25) is equivalent to considering

Ty f(x) = V / MIOM) cost P f(x)dt,

and proving

T3S lzooary S Al Nl zoe oy (2.26)

Here P = \/—A and
costPf(z) = i costALEx(f)(x) = u(t, x)
k=1
is the cosine transform of f. It is the solution of wave equation
(07 = Dg)u=0, u(0,-) = f, uo,-) = 0.

We shall use the finite propagation speed for solutions to the wave equation.
Specifically, if f is supported in a geodesic ball B(zg, R) centered at z with
radius R, then x — costP f vanishes outside of B(zo,2R) if 0 <t < R.

Let 1 =n(t) + 3272, p(277t) be a Littlewood-Paley partition of R. Denote

Tf =V /R n(AOAB(AE) costP fdt (2.27)

and

Tif=V /]R p(27INONB(AL) cos t P fdt (2.28)

We will prove Ty satisfies (2.26) by showing T} and >, T both satisty (2.26).
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Now

T0f(z) =V / nADAB(AL) cos tP f (x)dt

R

_v /]R nOOABOY S costhre, (x) /M ex(y) () dyt

A<AE <22

:/M{/Rn()\t))ﬁ(/\t) Z cost A, Veg(z)erp(y)dt} f(y)dy

A<AE<2A
- / K(x,9)f (y)dy
M

Because the support property of n(At) and finite propagation speed for solutions

to the wave equation, we know K} (z,y) = 0 if dist(z,y) > % Thus we only

1

have to check the case when the support of f is contained in B(z, ;) when

proving (2.27) has property (2.26) in L*°(M). In order to use (2.24), we write

f =2, fi with each f; being spectrally localized to unit band. Thus we have

IR Fllzeny = | T filleany < A2 QNTR fill i an)
l l
N )\1/2(2 IV X1 F (1700 (ar)) 2
l
S AN fillzen) ™ = X1l
l

S Al |zee an-

Note that in the last inequality, we exploited the support of f is contained in

a ball with radius less than % which is implied by the property of the operator
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70 .

Similar,
Tif(z) =V / p(27IA)AB(ME) cos tP f (z)dt
R

- /M { /R p2INOAB(NE) D costAVex(x)ex(y)dt} f(y)dy

A<AL<2X
- /M K 9)  (4)dy

has the property that Ki(z,y) = 0 if dist(x,y) # [W;Q, 2&“]. Also note that

is a Schwartz function, hence the ||T| s is bounded by )\2()\t)’N(2Tj)||f||oo with
2J
by

t~

and N be a large enough positive integer. Thus we have

TNz S A2 fl e

which forms a geometric series and thus their sum enjoy the property (2.26).
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3 Cubic NLS

3.1 Cauchy Problem

In the following, we establish the well-posedness of the cubic nonlinear Schrédinger
equation in manifolds (M, g) with boundary. The equations we are interested

in is following.

0+ Au = alul*u, on R x M
U|t:0 = Up, ON M (31)

ulogpr = 0 (Dirichlet), (or) Ny-Vu|gy =0 (Neumann)
where o = £1.

Definition 3.1. Let s be a real number. We shall say that the Cauchy problem
(8.1) is uniformly well-posed in H*(M) if, for any bounded subset of H*(M),

there exists T > 0 such that the flow map

up € C*(M)NB—ue C(-T,T], H*(M))

1s uniformly continuous when the source space is endowed with H® norm, and

when the target space is endowed with
lullerms = supp<rl|u)] s
The remain part of thesis is to prove the following local well-posdness results.

Theorem 3.2. If (M, g) is a 2 dimensional manifold with boundary, then the

Cauchy problem for (3.1) is uniformly well-posed in H*(M) for every s > 2.
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Theorem 3.3. If (M,g) is a 3 dimensional smooth compact Riemannian man-
ifold with boundary, then the Cauchy problem for is uniformly local well-posed

in H*(M) for every s > ¢.

The Cauchy problem (3.1) is quite different in 2 and higher dimensional
cases. In the 2 dimensional manifold more results are know. For manifold
without boundary(only consider first two equations of (5.1)), Burq, Gérard and
Tzvetkov [11] proved the local well-posed property in H*(M) for s > % by com-

1

bining Strichartz inequality (1.2) (in that case s = >) and Sobolev embedding

theorem. The key ingredient there is knowing that
u(t,xz) € LP([-T,T],L>(M)) for p>2. (3.2)

We should follow the same method to get Theorem 3.3. We call this method A.
Using method A can also get Theorem 3.2. However, we should use the bilinear
estimates (1.6) and (1.7) to prove Theorem 3.2. which we call it method B.
Bilinear estimates have advantage of showing interaction of large and small
frequencies , which is useful in dealing with nonlinear terms, see Bourgain [8].
They also reflect more geometry information, Burq,Gérard and Tzvetkov [11]
established the bilinear estimates in sphere and Zoll surface with sy > }1 by
which they infer local well-posed of (3.1) in H*(M) for s > 1. That is better
than sg > % in general 2-dimensional manifold without boundary.

In the 3 or higher dimensional manifold less results are know. Burq, Gérard
and Tzvetkov [10] proved the local well posed of (3.1) in H*(M) for s > 1 on
manifold without boundary by method A and extended it to global result by

conservation of energy. For manifold with boundary Anton [3] proved the local
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well posed property in H*(M) on the ball with Dirichlet boundary condition and
radial data for s > %, where she used the method B to deal with the nonlinear
term. While in [2] ,she proved the global well posed property on the exterior
of non-trapping domains for s = 1 by method A.

In the 3 (or high) dimensional manifolds, we note that (p,q) = (4,4) does

not fit the Strichartz admissible condition

+

|3

5 (n,p,q) # (2,2,00).

ALY

Hence the bilinear estimates in R? for A < g

||@itAfeitAg||L2(RXR3) 5 #HfHQHgH? 5 )\1/2||f||2||g”2'

have loss of derivatives. Even we localize the time to interval [0, 1], we can not
get better estimates. It is not surprising then both method A and B will lead us
to well-posed of s > % in R3. Recall that we proved bilinear Stirchartz estimates
in manifolds following the approach of proving Strichartz [5] by using the fact
that the wave behaves in short time like it does in flat metric space. By adding
up short time estimates then gives us the desired estimates. Thus the estimates

could get from this approach in 3 dimensional manifold with boundary will be

12 fe™ gl 2o.ryxary S MO £l 2 any |91 22 ary -

Here the frequency was given by u% ,ug = )\,ué. Also the power 1 —i—% correspond
to g in Theorem 3.3. But this estimate will not help us in dealing interaction
of large and small frequencies. However we do not know if it is optimal. It
is interesting to find estimates eliminate high frequency , then we can employ

them to do analysis for nonlinear term.
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The remaining part of thesis was organized as following: In section 3.2 and
3.3 we outlined the details of method B and built bilinear estimates in Bourgain
space which are equivalent to our bilinear estimates, then we were able to infer

Theorem 3.2. In section 3.4 we used method A to built Theorem 3.3.

3.2 Bourgain Spaces

In order to prove the local well-posedness of cubic nonlinear Schrodinger equa-
tion on manifolds with boundary. We introduce Bourgain space X**. Our
definition follows from Burq, Gérard and Tzvetkov [11] using the spectral pro-
jectors on manifolds.

Let (ex) be a L*(M) orthonormal basis of eigenfunctions of Dirichlet(or
Neumann) Laplacian —A, with eigenvalues p2, Ey be the orthogonal projector
along ej. The Sobolev space H*(M) is associated to (I — A)Y2, equipped with

the norm

%{S(M) = Z<MI€>28”E/€UH%2(M)
k

[l

where () = (14 pi3)?.

Definition 3.4. The space X**(R x M) is the completion of C5°(Ry; H*(M))

with the norm

lal%ercary = D 1T+ 1) ) Bew( )72z, cr2anyy (3:3)
k
= lle™" ut, Wi ryiar=any (3.4)
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where E;ZL(T) denote the Fourier transform of Eyu with respect to the time

variable.

In fact ,if s > 0 and v € S'(R,L*(M)). Let F(t,-) = e " u(t,-), then
F(t,) € S'(R, L*(M)) and Ey(F(t,-)) = ¢ Ey(u(t,-)). Hence Ep(F)(r) =

—

Ey(u)(T — p). Applies this to (3.3), we conclude

—it\ (

||u| Xsb(RxM) — ||6 )”Hb (Re;H= (M)

We also note that if b > 1, H*(R, H(M)) — C(R, H*(M)), since u(t, ) =
e 2 F(t,-), we have u € C(R, H*(M)).

In order to use a contraction mapping argument to obtain local existence.
We need to define local in time version of X*°(R x M). For T' > 0 we denoted
by X5"(M) the space of restrictions of elements of X**(R x M) endowed with

the norm

= = inf{||u|

||U| Xsb(RxM) » ﬁ|(7T,T)xM = U}

Now we can reformulate the bilinear estimates in the X content. The

following lemma should refer to the lemma 2.3 of [11].

Lemma 3.5. Let s € R. The following statements are equivalent:

(1) For any ug , vo € L*(M) satisfying
1,\§M§2AUO =Uu , 1,5@32#”0 = Vo

one has

HeitAuo eitAUOHLz((QJ)txM) < C(min()‘vN))SHUOHLQ(M)HUOHLQ(M) (3:5)

(2)For any b > 1 and any f,g € X**(R x M) satisfying
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1A§Mg2,\f =f, 1ug\/ﬁ§2u9 =g

one has

1791l 22 @xary < Cmin(A, 1)) f || xor@san]lgllxos @ (3.6)

Proof. If u(t) = e *"ug then for any v € C(R) and any b , ¥(t)u(t) €
XO5(R, x M) with
|Vl xob@xary < Clluollz2can

which shows that (3.6) implies (3.5).

Suppose that f(t) and g(t) are supported in time in the interval (0,1) and

write
F(£) = €0 f(t) = SOF (1) , glt) = etPeMg(t) = AG(1)
Then
ft) = & [ e A F(r)dr , g(t) = & [ e SG(r)dr
and hence

(F9)(t) = e [0 [ 7o €T+ AF (1) A G o) drdo.

Ignoring the oscillating factors (") using (3.5) and the Cauchy-Schwartz in-

equality in (7, o) (in this places we use that b > % to get the needed integrability)
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yields

£ 91l 20,10y < C(min(k,u))s/ IE 201G ()| 2nydrda

< C(min(, 1))* () F ()| 2, xan (o) G (0) | 2o xan) (3.7)

= C(min(A, M))S”JCHXM(RxM)HQHXQb(RxM)

Finally, by decomposing f(t) = >, ¥(t—5)f(t) and g(t) = >, ., ¥ (t—5)g(t)
with a suitable ¢» € C§°(R) supported in (0,1), the general case for f(t) and
g(t) follows from the considered particular case of f(t) and g(t) supported in
time in the interval (0,1). Thus (3.5) implies (3.6). O

A similar proof for the gradient bilinear estimates should refer to Anton [3].
Lemma 3.6. Let s € R. The following statements are equivalent:
(1) For any ug , vo € L*(M) satisfying

1A§M§2AUO =Uuy , 1;@@9;&0 = Vo

one has
10V u0) €204 | (0.0 < CAmin(A, 1) fuollzan lvollzan — (3:8)

2)For any b > L and any f,g € XP(R x M) satisfying
2

1/\§\/—A§2>\f =f, 1u§\/—Agzu9 =9

one has

IV A9l 2@xry < CAmin(A, 1)) [ fllxor@ern 19l xos@san  (3.9)
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Denote by S(t) = €® the free evolution. Using the Duhamel formula , we

know that to solve is equivalent to solve the integral equation

u(t) = S(t)ug — z'a/o S(t — 7){|u(r)*u(r)}dr

To deal with it , we need the following lemmas:

Lemma 3.7. Let b, s >0 and let ug € H*(M). Then

15 (#)uol

1_
g STH ol

e (3.10)

Lemma 3.8. Let 0 < < 1 and 0 <b<1—0. Then for all F € X" (M),

t
1-b—t/
| [ 5= 0F@rl oy ST P lgvyy G
Lemma 3.9. For s > sg, there exists (b,V') € R?, satisfying
/ 1 /
0<b<§<b,b+b<1, (3.12)
and C' > 0 such that for every triple (u;),7 =1,2,3 in X**(R x M)
3
[|urugus] Xs—b (Rx M) < CH ||uj| Xsb(RxM)- (3.13)

j=1
Lemma 3.7 is easy to see.

Proof. Let ¢ > 0 and ¢ € CPR) , ¢ = 1 on (=T —¢,T + ¢). Then

1S @)uoll s < llp(8)S(t)uol

1_
xo0 < Nl uoll i msary) < T2 "ol s any-
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The lemma 3.8 is due to Bourgain [7], we also refer to Ginibre [13] for a
simpler proof.

The proof of lemma 3.9 will rely on the bilinear estimates (3.6) and (3.9).
However we will postpone this proof and see how can we proof theorem 3.2 by

these there lemmas first.

Proof. (of Theorem 3.2)To solve NLS equation is equivalent to solve the integral

equation with Dirichlet (or Neumann) boundary conditions

u(t) = S(t)ug — ia/o St — ) {|u(r)Pu(r)}dr

We denote by ®(u) by the left hand side of the equation.
Consider (b, b') € R? given by lemma 3.8 and let R > 0 and ug € H*(M) such

that ||luo|

s < R. We show that there exists R > 0 and 0 < T < 1 depending
on R such that ® is a contracting map from the ball B(0, R) € X3*(M) onto
itself.

From the linear estimate (3.10) we know that [|.S(¢)u|

xev(ny S c|luo || gs-

From the definition of X;’b spaces we know that T} < T implies X}’Qb C X;’lb.

Therefore for T' < 1, ||S(t)uo

stib(M) S Co||U0| Hs-

Define R’ = 2¢oR. From estimates (3.11), we obtain for 7" < 1,

1 (w)|

g + TV | umu|

X;Jb(M) S CO||UO| stiib,(M)

Combine this with (3.13) gives
12 ()l s ary < colluollars + 2T ful]

Xz (M)

Taking T < 1 such that T'"""Y¢,R® < ¢yR, we ensure ® : B(0,R) ¢ X" —
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B(0,R) ¢ X' In addition ® is a contraction, let uy,us € B(0,R) C X3,
then

(1) — P(uz) < T 07 g |Puz — [uo|u |

s,b s,b .
X320 X7 (M)

Use the decomposition |uy[2uy — |ug[2us = w2 (U — Ua) + Ua(uy — us)(uy + us)

,(3.11) and (3.13), we get

[P (ur) — P(uy) < TV R uy — s

s,b s,b .
X50(M) X7 (M)

By choosing T' < 1 sufficient small , we know @ is a contraction. Thus there

exists an uniqueness u € X3°(M) such that ®(u) = u. Since b > L, u €

2
The flow ug € B(0,R) € H*(M) — u € X3*(M) is Lipschitz. For if u , v

are two solutions with initial data wug , vy, we have as above

[ = vl| g0 < clluo — voll s + cs TV =Y R2|ju — Ul a0

By choosing T" small enough , we have

l|lu — v Xt < cllug — vol| g

3.3 Nonlinear Analysis

Now we only owe to prove Lemma 3.9. We will use a decomposition of the
spectrum of functions u; € X**(R x M).
The duality argument leads to the following equivalence: u € X*°(R x

M), & for all ug € X®®(R x M) = Neoper X **(R x M) we have

| <u,ug > | < clluol| x—s-v@uan
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where <, > denote the bracket pairing &’ and S. Thus (3.13) is implied by

xso@xa) || Uoll x-sv@xan (3.14)

3
]// Ui uougdxdt| ScHHuj\
RJM iy

holding for all ug € X°*°(R x M). We will prove a similar result for spectrally
localized functions and then sum over all frequencies.
For j € {0,1,2,3} and N; € 2Y. We denote by u;y, = L /=R, 2n,] -

Using the definition of X**(R x M) spaces the following equivalence holds

[

%(S»b(]RxM) = Z ||uij|§(5»b(]R><M) = Z Nj28||uij||§(0»b(R><M)' (3.15)
Nje2X Nje2X

We denote by N = (Ng, Ny, No, N3) the quadruple of 2" numbers, n € N. Also

I(N) = foM H?:o ujn, dxdt

We will establish the two estimates about (V) in the following lemma by
using (3.6) and (3.9) respectively. With aid of these two estimates,we can built
Lemma 3.9.

We also need the fact that

1A zage zzany) < W Fll o4 oenny: (3.16)

This is due to conservation of L? norm by the linear Schrodinger flow and

Sobolev embedding Hi(R) — L*(R), thus
I lzse.c20m) = " flrs@zzon S NS gt mzan = 1ot @
Lemma 3.10. If (3.5) and (3.8) hold for s > sq, then for all s > s there exists
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0<¥l < % ,c > 0 such that, assuming N3 < Ny < Ny, the following estimates

hold:

3
[I(N)] < C(N2N3)S/ H ||UjN]- HXO’V(RXM) (3.17)

j=0

N 3

1 s

[I(N)| < C(ﬁo)z(NzNz) LT oo, o ey (3.18)
j=0

Proof. Use Holder inequality, we get
[I(N)| < lusng | 2o ooy |uans || Lo zey v, [ oaczey luons [l 2acz2)

3
< o(NaN3) = T g, llzoez)

j=0

3
< ¢(NyN3)'te H [ wjn, ”XO%(RxM) (3.19)

J=0

In the second inequality, we use Sobolev embedding [un, || oy < N e |Jun, | L2(an)-
The third inequality came from (3.16).
Use Cauchy inequality and (3.6)(which is implied by (3.5)), we obtain that

for any by > % there exists ¢y > 0 such that

[ L(N)] < lluonouzn, [ L2 oan | win, usng [ 2w

3
< 1 (NoN3)™ H [l || x0.00 (R A1) (3.20)
=0

We need further decomposition u;y, = > K, WiN;K; for interpolation, where

uin;k; = li;<@io,+0)<er;ujn,; and the sum is taken over 2" numbers , for n €
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N: K; € 2V, Let us denote I(N, K) = [, ., H?:o ujn, ;- Estimates (3.19) and
(3.20) give

[I(N, K)| < C(N2N3>Q(H?=0 Kj)ﬂ H?:o [l ;|| L2y

where («,3) equals (1 +¢€,%) or (so,bp). For sg < s < 1 we can choose ¢ >

0, by > % and 0 < b; < % such that by interpolation we have the same estimates

for (Oé,ﬁ) - (8,7[)1)'
Taking b’ € (b, 3), this reads

|[(ﬂa K)| < C(N2N3)SI H?:o Kfl_b HuijKj HXOvb'(]RxM)'

Summing up over K € (2V)*, by geometric series and using Cauchy Schwartz,

we obtain
s 1713
[ I(N)| < c(N2N3) Hj:O HUJ'NJ'HXOvb’(RxM)

which conclude the proof of (3.17).

For the proof of (3.18), we start with Green formula:
Ju DFg = fOgde = [, 559 — f52do
If ej are eigenfunctions of the Dicichlet(or Neumann) Laplacian assoiated

with eigenvalues 7. The uon, = Y, _y, Ckek, Where ¢, = (uony, ex). We write

UoNy = —N% Do aey (32 e

Define Tuon, = Y.y, o, k(32)%er and Vuon, = 35, n, cr(3E)%ex. Then we

gs for all s. Use this

have TVugn, = VTuon, = uon, and ||Tuon, ||z ~ [|wong|

notation
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Apply it to green formula and using u;n, |anr = 0 (or N, - Vularr = 0), we obtain

I(N) = NLg Jaseur

Tug NoA (U1 N, Uan, Usn;)
By Leibniz’s law, we have to deal with summation of terms of the forms
NL(?JH(M) = NLg foM Tuon, (A, Juan, UsN,
and
N%ij(ﬁ) = N%o Jasxar Tone (Vuan, ) (Vugy, Jusys,.
As we will see soon, they are always the largest terms in each sum. Use Augy, we

get Jll(ﬂ) = —N2

? Jroenr Tuon Vurn, uan, gy, Thus by (3.17) and ||u;;, |

Hs ™~

HTUij| Hs ™~ ||VUij| Hs, W€ have

el T ()] < exh (Nst) TT5—o gy, [l o (R x M)
To estimates Jio(IV), we note that ||Vu;n, |22y < eNjl|ujn; || z2(ar)- Use the
same process as in the proof of (3.17), then (3.19) and (3.20) correspond to

| J12(N)] < (N1 No) (NaN3)' =TT llujn, [ o

R)x M

and
[ J12(N)| < (N1 N2) (NaN3)* T g, [l xco0 (myxar-

In fact, we just got an additional term N;N; in these new estimates. Therefore

the interpolation argument leads to

Nzl T2 ()] < P332 (No N3)* Lo luin, | xou (R x M),
Since N1 Ny < N, we are done. O

Now we can use Lemma 3.10 to prove Lemma 3.9.
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Proof. (Proof of Lemma 3.9)
Our goal is to prove (3.14). Use the same notation as above, we consider (V) =
fo v H?:o u;n;drdt. Without loss of generality, we may assume N3 < No < Nj.

Let 2 < &' < s. Using (3.17) in Lemma 3.10 and (3.15), we have
N 3
s'—s1¥0\s
| Z I(N)|<c Z (N2V3) (E) HUONOHX*&VRXMHHUJ'NJ'HXW'(RXM)‘

No<cNy No<cNy 7j=1

Using Cauchy Schwartz inequality and (3.15), we have

| Z I(N)| < cfus] stb'(IRxM)Hufil

No<cNi No<CN;

X0 (Rx M) Z (%0) (No)ﬁ(Nﬁ-

1

where a(No) = [[uong | x-s sy a0d B(N1) = [[uin, || o mxary- Thus we have

2o @(No)* = fluol5 . s 2w, BN = JJun]f3

Xs, b’

Since Ny, N; are both dyadic numbers, we write N; = 2!Ny and Ny > N(I) =

max(1,27"), where [ is an integer, [ > —I, for some [ € N depending on ¢. Thus

> Grasn) = 3 Y 2 (s

No<cNy I>—lo No>N(1)
<270 aNe)E( D BEIN)Y)E
>—lp No No>N(l)

< CHuOHX—va'(RxM)Hu1| X5V (Rx M)

Since [Jul| yspr < ||ul|xss for ' < b, we conclude that

3 ,b
| 2 Nop<eny TA] < elluol| o TTizy sl
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For Ny > ¢Ny, we use (3.18) of Lemma 3.10 to get:

s'—s Nl —s k
S I <o 3T (NG o s ]

No>cNy No>cNy Jj=1

X5 (RxM)*

This is just an exchange the role of Ny and N; in the previous argument. Thus

we obtain again

| ZNochl I(N)| < CHUOHX—S””(RxM)”uluxsﬂb’(RxM)HUQHXS»*”(RXM)Hu?»’ X b (Rx M)

]

3.4 Proof of Theorem 3.3

In this section, we will make use of Strichartz estimates obtained by Blair, Smith
and Sogge [5] and Sobolev imbedding theorem to built the well-posed property

in 3 dimensional manifolds with boundary.

Theorem 3.11. [5]. Let (M,g) be either a smooth compact Riemannian man-
ifold with boundary, or a manifold without boundary equipped with Lipschitz

metric g. Then the following Strichartz estimate holds for any Strichartz pair

itA
€= fll o (=m0 ) < C(p,s T)HfHH%(M)

By using Minkowski inequality, we also get

orollary 3.12. Let ,q) as eorem 8.1, | € AR e then
Coroll 3.12. Let (M Th 8.1 LY([=T,T), H3 (M)) th

t
i(t—7)A
I i o < OOy b oy
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Proof. The left hand side equals

T
I=1 / TFTdTHLPﬂ—T,TLLq(M)) , Fo(t) = L2 f (7).

then we have
T
IS/ | E || o (-1, Loy dT
-T
T .
< / 1 an-rmasonydr

T
S [ W@l gar (3.21)

Use Sobolev imbedding theorem, we get the following

Corollary 3.13. Let 2 < p < oo and dim M=3, s > &. For any uy € H*(M)
and f € LY[-T,T], H*(M)).

€™ uol| Lo —r.17,00aryy < Cp, T) |[uto| s ary

t
”/0 IR (VT o ez vy < C 0, DN FI e (=), 1))
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32 T o 43
ProofLets>§—3—p>é,a—s—3p>2

QW

2
2=
HeitA’U,O|’Lp([_T7T]7L°°(M)) /S “eitAuO”Lp([_TvT]VWU'q)

=||(I - A)%eitﬁuoHLp([fT,T},LQ)

= C(p, T)uol

< Cp, Dlluoll, 1+ (M)

4
735 (M)

In order to prove theorem 3.3 , we also need the following lemma

Lemma 3.14. [1] Ifu, ve L*NH* (s >0) ,then so is uv, and

ms + ||ul

[wvllzs S Nlullzelv] #s ][0 L

For the convenience of readers, we restate Theorem 3.3 here.

Theorem 3.3. If (M,g) is a 3 dimensional smooth compact Riemannian mani-
fold with boundary, then the Cauchy problem (3.1) is uniformly local well-posed
in H*(M) for s > I.

Proof. Let Yp = C([-T,T), H*(M)) N LP([=T,T], L>(M)), where s > ¢ is a
fixed number and p > 2. This is a complete Banach space for the following

norm

[ullyy = maxiy<ol|u(@) s + [Jullzo-.17:00)

We will use the contraction mapping theorem to prove the existence and

uniqueness of the local solution. According to Duhamel formula, we need to
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prove the functional
B(u)(t) = ¢"Pug — i / ¢ (o) ()
0
is a contraction mapping on some ball of Y7 centered at the origin.

() (0) et / ) Pu(r) el

e S ol

T

< JJuolla- + / () 2 () e
0

S Nwoll e + T [l 2 ooy 2t oo (110

N Le(Lo) 1l Lge (H)
_2

< Yol s + €T 3,

We used lemma 3.14 in the second inequality, and Holder inequality in the

third inequality.

T
@) ()| re) S ||6”AUO||LP<L°<>)+II/ e u(r) Pu(r)dr || o)
0

SJ ||u0| HsdT

T
S / lou(r) P
S Vol srs + T {[ul| 2 ooy [l
= Uol|Hs LP(L>) LF(H#)

we + TV5 |,

S lluol
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Therefore

[ (w)llyvr < e(fuol

me+ T v ||ully,) (3.22)

Similarly, we have

[ (u)(t) = @(0)(0)] e S/O () Fu(r) = [o(r)Po(7) | =dr

_2
< I |lu— ol (Jully, + 10]13,) (3.23)
and
_2
[ (u) = @(v)|[Lrre < T [Ju—vlly, (ull3, + [0]3,) (3.24)

The existence of the solution can be obtained by (3.23), (3.24) and (3.25). O

4 Future Research Goals

My research goals include the following directions:

(1)Study the bilinear Strichartz estimates and their applications in higher
dimensional manifolds.

In the 3 dimensional manifold , Burq, Gérard and Tzvetkov [10] proved the
local well posed of (1.1) in H*(M) for s > 1 on manifold without boundary,
then extended it to global result for defocusing case by conservation of energy.
For manifold with boundary, Anton [3] proved the local well posed property
in H*(M) on the ball with Dirichlet boundary condition and radial data for

s > % While in [2], she proved the global well posed property on the exterior
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of non-trapping domains for s = 1.

One of the difficulty of building desirable bilinear Strichartz estimates in
3 or higher dimensional manifold is that (p,q) = (4,4) is not admissible for
n > 3. Hence the higher frequency will not disappear in the bilinear estimates
like n = 2. It will be interesting to find a method to overcome this issue.

(2)Study the optimality of Strichartz estimates by Burq,Gérard and Tzvetkov
[11] for manifold without boundary, by Blair,Smith and Sogge [5] for manifolds
with boundary then extend the possible results to bilinear case.

In Encliden space, one can take T' = oo and s = 0 in Strichartz estimates
(1.2); see for example Strichartz [22], Ginibre and Velo [12], Keel and Tao [16]
and references therein. Such estimates have been a key tool in the study of non-
linear Schrodinger equations. In a compact manifold (M, ¢g) without boundary
Burq, Gérard and Tzvetkov [10] proved the finite time scale estimates (1.2) for
the Schrédinger operators with a loss of derivatives s = %} in their estimates when
compared to the case of flat geometries. Blair,Smith and Sogge [5] adopted the

same idea to manifolds with boundary case and built the estimates with a loss

4

3" However,these results are not sure to be optimal. I will

of derivatives s =
like to study these problems. Also recently Ivanovici [15] proved the Strichartz
estimates without loss of derivatives (s = 0) outside strictly convex obstacles. I

will like to extend her result to bilinear case and find its applications.
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