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1. INTRODUCTION

Random polynomials and random holomorphic functions are studied as
a way to gain insight into difficult problems in physics, geometry and ana-
lytic number theory, and because of these applications, random holomorphic
functions have been studied in a flurry of recent research. Gaussian random

holomorphic functions are defined as

Yal(2) =Y asi(2), (1)

where {a;} are independent identically distributed standard centered com-
plex Gaussian random variables and for all j, ¢, € O(M™), M an m man-
ifold. A particularly interesting case of random holomorphic functions is
when the random functions can be defined so that they obey certain in-
variance laws with respect to the natural isometries of the manifold M™.
The following choices for {v;} are particularly well studied for this reason,

([BSZ2], [ST1)):
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random (M™, w) None > @55(2) Asymptotic
holomorphic L>0 in {S;} any o.n. basis to
sections M cmpt Kihler general of H(M, LN) N w

While the topic of random holomorphic functions, and the zeros of said
functions, is of recent interest there is also an old history complete with
many results from the first half of the twentieth century, which is now ex-
periencing a renaissance. Historically, many mathematicians have studied
various properties of random functions including Polya, Erdos-Renyi, Salem-
Zygmund, Paley-Wiener. Additionally, the study of the zeros of random
holomorphic functions was born with the work of Kac and Rice, who deter-
mined a formula for the expected distribution of zeros of real polynomials
in a certain cases, ([Kac|, [Ric]), work which has been subsequently gener-
alized throughout the years, [EK]. An excellent reference for other results
regarding the general properties of random functions is Kahane’s text, [Kah].
More recently there was a series of papers of Offord which is particularly

relevant to questions involving the hole probability of random holomorphic
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functions and the distribution of values of random holomorphic functions,

(Off1], [Off2].

These classical results have been built upon with recent research which
statistically studies the behavior of zeros of random holomorphic functions.
In particular first and second moments for the number of zeros of a random
holomorphic function have been computed, as well as a central limit law
([ST1], [SZ]). Additionally, recent work suggests that the zero sets of ran-
dom polynomials and holomorphic functions are much more natural objects
than they may initially appear. For example, Bleher, Shiffman and Zelditch
have shown that for any positive line bundle over a compact complex man-
ifold, the random holomorphic sections to LY (defined intrinsically) have

universal high N correlation functions, [BSZ2].

In addition to a plethora of results describing the typical behavior, there
have also been several results in 1 (real or complex) dimension for Gauss-
ian random holomorphic functions where there is a large deviation in the
number of zeros present, including the event where there is a hole. A hole
is an event where there are no (complex) zeros present in a domain where
many are expected. Let Hole, be the event: {f, in a class of holomorphic
functions, such that Vz € B(0,7), f(z) # 0}, where B(0,r) = {z : |2| < r}.
For the complex zeros in one complex dimension, there is a general upper
bound for the hole probability of a Gaussian random holomorphic func-
tion: Prob(Hole,) < e~#BOM) - p(Q) = [ E[Zy,] as in theorem 2.12,
[Sod]. In one case this estimate was shown by Peres and Virdg to be sharp:
Prob(Hole,) = e_w“@(]g(o’r))), [PV]. These last two results on hole
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probability might suggest that when the expected zero set of a Gaussian
random holomorphic functions is invariant with respect to the local isome-
tries then the rate of decay of the hole probability would be the same as
that which would be arrived at if the zeros where distributed according to
an appropriate Poisson process. However, as the zeros repel in 1 dimension
[BSZ1], one might expect there to be a quicker decay for hole probability
of a random holomorphic function. This is the case for Gaussian entire flat

functions in 1 complex variable, [ST2] :
Prob(Hole,) < e = ¢=?BON " and Prob(Hole,) > e~ = ¢=#(BON)?

Additionally questions related to hole probability have been answered for
a specific class of real Gaussian polynomials, [DPSZ], [LS]. However, there
had never been any non trivial results concerning the order of the decay of

the hole probability in more than one complex variable.

In this thesis work we will examine just such problems by studying large
deviations of the zero set of Gaussian entire flat functions, in n variables,
and random SU(m + 1) polynomials. This will be done in three sections. In
the first section we shall state, and where necessary prove results which are
typical of those found in the literature, even though in certain cases these
typical results will need to be adopted to our m variable cases. We will also
discuss various technical details concerning Gaussian random holomorphic
functions. The second section will concern a new and interesting result
concerning the decay of the hole probability of Gaussian entire flat functions.

In the third section we will, using several lemmas from section 2, derive the
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order of the decay of the hole probability for Gaussian random SU(m + 1)
polynomials. This last result is also a new and interesting result for the one

variable case, or when m = 1, as well as for the higher dimensional case.

More specifically in section 2, we will prove two main results concerning
Gaussian entire flat functions and the volume of the zero sets of these func-
tions. To describe the volume of the zero set we will be using the unitegrated

counting function which is defined as:

1
Tpo N (r) = (m — 1)lp2m—2gm-1

- Volume of the zero set of 1, n ﬂ B(0,r),

where B(0,7) = {z € C™ : |z| <r}.

The first two of these main results generalize Sodin and Tsirelison’s re-
sult for Gaussian entire flat functions in one variable, [ST2]. The first of

these main results is:

Theorem 1.1. If ¢,(z) is a Gaussian entire flat function, i.e.
J1 .92

202 pim
Valz1,20. .0 2m) = E 04]-—1 2 Tm
. le'jm'
jeNm

where o are independent identically distributed centered complex Gaussian

random variables, then for all § > 0, there exists c5pm > 0 and R,, s such
that for all v > R, 5

Prob ({ > 57“2}) < gmcor? 2

where ny, (1) is the unintegrated counting function for 1.
5

1
N (1) — 57“2




We will often use the standard multi index notation to simplify our

formulas. Specifically, if z € C™ and j € N™ then

zj:zflz?-...-z%"
Jr=al ol

()= -

As an example, a Gaussian entire flat function may be written as ¢,(2) =

> aj i

Theorem 1.2. If ¢,(z) is a Gaussian entire flat function and if
Hole, = {Vz € B(0,r), ¥a(z) # 0},

then there exists R,,, ¢, and C,, > 0 such that for all v > R,,

_ T2m+2 2m—+2
m

e < Prob(Hole,) < e "

The proof of theorems 1.1 and 1.2, will use value distribution theory,
which relates the expected number of zeroes with the rate of growth of the
maximum of a function, basic probability theory, and standard techniques
of complex analysis. Additionally, an invariance rule for Gaussian entire
flat functions with respect to translation will be used. These results, using
the mainly same techniques, were already proven in the case where m=1
by Sodin and Tsirelson, [ST2]. Additionally, the results of section 2 will be

appearing in the Michigan Mathematical Journal, [Zrel].
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In section 3 of this thesis we will consider the class of random polynomials
whose zeros are distributed on CP™ according to the Fubini-Study measure.
The random functions which will be studied here are called Gaussian random

SU(m + 1) polynomials and can be written as:

#w@=i%(%f 1)

l71=0
where Vj, «;, are independent identically distributed standard centered
complex Gaussian random variables (mean 0 and variance 1). For these
Gaussian random SU(m + 1) polynomials we will prove two results regard-
ing the distribution of the zeros, by using similar techniques to those used

to solve the m variable entire flat case:

Theorem 1.3. [f 1, n is a degree N Gaussian random SU(m + 1) polyno-
mial,

dw@=i%(®%

l3]=0
where o are independent identically distributed centered complexr Gaussian
random variables, and if ny, y(r) is the unintegrated counting function then
for all A > 0, and r > 0 there exists Aa,m and Na ., such that for all

N > NA,r,m

Prob ({

Typically, ny, () should be about

Nr?
1472

N N (1) —

> AN}) < e~ AarmNTH

Nr?

14,2+ Theorem 1.3 gives an upper

bound on the rate of decay of the hole probability, and we will be able to

prove a lower bound for the decay rate of the same order:
7



Theorem 1.4. Let ¢, n be as in theorem 1.3, and let

Holen, ={a:Vz € B(0,r), Yan(2) # 0},

then there exists i pm, Corm > 0 and N, such that for all N > N, ,,

N’VVLJrl N'm+ 1

e r < Prob(Holey,) < e
As an immediate consequence of this result, the order of the probability

specified in the Theorem 1.3 is the correct order of decay.

Random SU(m + 1) polynomials of the form studied here are the sim-
plest examples of a class of natural random holomorphic sections of large
N powers of a positive line bundle on a compact Kahler manifold. Most of
the results stated in this paper may be restated in terms of Szeg6 kernels,
whose leading order scaling asymptotics exhibit universal behavior in the
large N limit, when appropriately scaled. Hopefully, this paper may provide
insight into proving a similar decay rate for this more general setting. This
has already been done for other properties of random holomorphic sections,

e.g. correlation functions, [BSZ2].

2. COMMON RESULTS

2.1. Defining Gaussian random holomorphic functions. There are
two general, and equivalent perspectives of how to define a Gaussian ran-
dom holomorphic function: either one establishes a Gaussian probability
distribution on a Hilbert space of functions or alternatively, or one uses line

(1) of the introduction. These two perspectives are equivalent, but we shall
8



always explicitly use the second, while occasionally implicitly using the first.
By doing this we may avoid the technical, abstract definitions of Gaussian

Hilbert spaces and Gaussian fields.

Our definition of a Gaussian random holomorphic function makes use of

the standard definition of Gaussian random variables:

Definition 2.1. A Gaussian random variable is a complex-valued random

variable with the following probability distribution function:

1 e
dv(z) = —e - dm(z),

This is a stronger definition than most in that it assumes that the mean
is zero, and is often called a centered complex Gaussian random variable. In
this paper we will only use (centered complex) Gaussian random variables,
and thus we will not bother including the two words centered and complex
when discussing Gaussian random variables. Additionally, we will call a
Gaussian random variable whose variance is 1, a standard Gaussian random
variable. As is always the case, a (complex) Gaussian random variable
can be written as the sum of two independent jointly normal variables for
R?, where the variance of the real part is the same as the variance of the

imaginary part (these random variables are independent).

A straightforward computation shows that Gaussian random variables

have the following moments:



El2] = [ 2dv(z) = 0

B[] = [dv(z) =1

E[2]?] = 0 = Var(z)

vp >0, E[|2]"] = o(T(25))

2

3 =

To finish the definition of a Gaussian random holomorphic function we
will now choose {1;} to be a specific orthonormal basis of one of two Hilbert
spaces of holomorphic functions. The first of these two Hilbert spaces relates

to Gaussian entire flat functions and is:

12(C e din(2)) = {feO(C’”)r | ifre ) <oo},

eCcm

where dm is Lebesque measure. This Hilbert space has the following two or-

J2 Jn
Z2 Z

J1,,32. 11127 J
P Lz _ ] . —L1¢)2=20 (10 }
gl }jeNm {(2) twm and {e 2 S e’

1
thonormal bases: { Ut

We will now prove that the previously mentioned collections of functions

are in fact orthonormal bases for H2(C™, e~ *" dm(z)):

Proof. Tt suffices to show that for all € C™ the second collection of func-

. <7 j . .
tions {6777 C(Z\J}g,)]} is an orthonormal basis:

GRSl |2 4 | e IP =2 el g ()
V! (Jhlrm) cm
b
~ () Je e dm(2)
1

= =L je’“, by setting u = r?

1 ’LLUOO

= 1, by integrating by parts

By symmetry this basis, is orthogonal, and as any holomorphic function

can be written as a (convergent) power series, this is a basis.
10



Our second set of basis functions comes from a Hilbert space of poly-
nomials and is the set of polynomials in one variable whose degree is less

than or equal to N, Polyy along with the SU(m+1) invariant norm, [BSZ2]:

N +m! dm(z)
e MOl YNl
Nlmm [ com (1+12]?)

1£1I3=

where dm is just the usual Lebesque measure. For this norm { (]]V ) 2 }

is an orthonormal basis, as is {, / (];7) H(Z ax,12 + ak,o)jk}, where A =

k=0 I=1
(ag;) and A- AT = I, and jo = N — |j|. Specifically, one alternate orthonor-

Ji N—|j]
mal basis is, for any ¢ € C!, { (J]V) (\/311;22) (&fﬁé?> 1", Zkk}

Clearly, by line (1), a Gaussian random SU(m+ 1) polynomial is defined
l7l=N

lil<N

as, Yo,N E a;1;(2), where «; are i.i.d. standard complex Gaussian

171=0
random variables, and {¢;} is the first orthonormal basis. Any basis for

Polyy could have been used and the Gaussian random SU(m + 1) polyno-
mials would be probabilistically identical, as for {c;} a sequence of i.i.d.
Gaussian random variables there exists another sequence of i.i.d. Gaussian

random variables, {a’;}, such that

Zaj\/@zj H 0 F( 1+|C|2>jl (\}%)Njff[zzﬁ



We will now prove that these collections of functions are in fact orthonor-

mal bases for Polyy:

Proof. By making a specific SU(m + 1) transformation we may get from the

first basis to the second:

() (0)) = Sy () e e

where Z = (23, 23,...,2m) and j = (j2,J3,...,7m). We now make the fol-

lowing SU(m + 1) transformation:

Let a = \/%KP and b = \/%W, which guarantees that |a|?>+]b|? = 1.
Let 2y = %
Let z, = bz, forallk# 1.
Hence, dz; = FEZ%E)Q,
and dz, = duwy, —bwy, dw;.

(—Ewl -‘ra) (—l;wl +a)2
Making this transformation:
Nlg™

(N+m)!\/@\/@<z’ &
-/ ()" () 72 amiw)
“(

>N+m+1 | — bw +5|2m+2’

2
14 |2t 2]

B / (aw + b)Y (@w + b)* (—bw + @) N 1D (—bw 4 a) N+ 52 dim (w)
m (| = bw +al? + Jaw + b + |a2) " ’

_ / (aw + b)* (@w + b)*1 (—bw + @) N =D (—bw + a) Nk p2 dm)(w)
m (1 + Jw]) Mt

as |a|* + |b]* = 1.

< VO = a+C™ iz /() - b +Zz>N’“'2’”“>

(1+[¢)2)7 ’ (1+[¢)2)7

12



We now show that both these bases are normalized by demonstrating

that the first one is. Explicitly, this is accomplished by switching to polar

coordinates and integrating by parts:

(

N
J

2
.)zﬂ

1/ (N +m)l Jea2 2] dm(2)

7TTTL

JUN = [GDE (1 + 2] + [22)NFms
> 2 N+m 2 2 drdim (3 \
e — D+ |7”|2Jr [2[2)mt
N+m u71\2| dudm( )
et Juzo JHN = [ (L + u+ [Z2)Nmt?
-2 N
*  (N+m-—1)! w1 z] dudm(z)
cmet j1—1 YN = 7)) (T 4w+ 22N
. ~2j -
/ N+m—31) 2| “dm(2)
et Ju= — 5Dt @ +U+!Z| JNFmd

/ (N+m—j1—1) \z] dm()
(le

Wm— j.( _ |j|) (1—{—’2‘ )N+m —j1—1"

. o0 . du
(V' =lil = ”’/ o N DI+
1

?

Now let us recall our definition of a Gaussian random function, line (1):

)= ay(2)
13



We define Gaussian entire flat functions to be Gaussian random functions

with 1; being the first basis we chose for H*(C™, e~ dm):

wul2) = Yoy )

where {a;} are i.i.d. Gaussian random variables and we are using the stan-
dard multi-index notation. Prior to proving Theorem 2.3 this is an abstract
definition, but after we prove said theorem we will know that a Gaussian
entire flat function a.s. defines an entire function. Additionally, while this
definition appears to depend on the basis chosen, this is not the case as may

be seen by skipping ahead to Theorem 2.5, and the following corollary.

Likewise to define Gaussian random SU(m + 1) polynomials we choose

1; to be a basis for Polyy, which gives

Yan(z) = ;V:O a; \/@ 2, (3)

where {o;} are i.i.d. Gaussian random variables. As this sum is finite, we
see immediately that Gaussian random SU(m + 1) polynomials are almost

surely degree N polynomials.

2.2. The radius of convergence of a random power series. In this
section we will show that a Gaussian entire flat function, is in fact, a.s., an

entire function.

14



Proposition 2.2. Let o be a standard complexr Gaussian Random Variable,
then: a-i) Prob({|a] > \}) = e
a-ii) Prob({la| <A}) =1—e € [2, N2, ifA <1

a-iit) if A\ > 1 then Prob({|a| < A\}) > 1.

2

2

b) If {aj}nm is a sequence of i.i.d. standard random wvariables then

1
lim sup |a;| 7T = 1, almost surely.

Proof. of a)
1 2
Prob({la] > \}) = + / e 19 dm(a)
Ja|>A
= 2re ™" dr
>\
= eiAQ

Proof. of b) We will first prove that for all £ € (0,1}, limsup |ozj|ﬁ >1—e¢,
almost surely.

Prob(|a;| > (1 —¢)¥l) = e > ¢=(-9° " Thys the probability of
this event is greater than or equal to the event where in an infinite sequence
of coin flips involving a coin, which takes the value heads with probability
62%25, has at least one “heads” appear after the R™ flip, for any fixed R.

This event has probability one by the zero-one law.
1
We now prove that for all € > 0, limsup |o;|7T < 14 2¢, almost surely.

Prob(|jo;| > (1 4 ¢)lil) = =49 Therefore,

Z Prob(|a;| > (1 + )4 Z g~ (14!

jENn JjeENm™
15



Hence,

Prob(lim sup |aj|ﬁ >14+¢)=0.
U

Theorem 2.3. If for all j € N, ;(2) € O(), such that for all compact
K C Q, there exists an e > 0 such that Z(l + ex)! gleé}?|wj<z>| < 0,
and if {o;} is a sequence of i.i.d. Gaussian random variables then for a.a.-
a, Z a;1;(2), converges locally uniformly on B(0,1), and hence defines a

holomorphic function on €.

Proof. Let K be compact, and w € K.

S gt w)| < S laglles ()] < 3 Jog|maas 9 (2)]. The xesult now fol-
jEN jEN jJEN
lows by Proposition 2.2 and the ratio test.

O

Corollary 2.4. If1,(z) is a Gaussian entire flat function, 1 (z) =Y ajj—;;!

then v, (2) is a.s. an entire holomorphic function.

2|51

,

Proof. For all r, Z — = e < 00, and hence the v, is a.s. a holomor-
; J-
JGNWL

phic function on any polydisk by the previous theorem. 0

2.3. Invariance laws. We will now show that defining random holomor-
phic functions as Z y;a;, where {1);} is any basis is a good definition, well

defined independent of basis.

Theorem 2.5. If {{;}jen and {¢;}jen are orthonormal bases for H a

Hilbert space of holomorphic functions, and if there exists € > 0 such that
16



S+ e)];(2)]? and S2(1 + €)|v;(2)|?, converge locally uniformly in a
domain R, and if {a;}jen are i.i.d. standard Gaussian random variables

then 3{0;}jen i.i.d. standard Gaussian random variables s.t.

Vz € R, ¥o(2) = ¢p(2), a.s.

Proof. An evaluation map is a linear map from H to C (since |¢;]* con-
verges locally uniformly), and hence there exists {a;} such that Z a;1; is

a representative for this fixed evaluation map:

Vf € H, evay,(f) = (f,Y_ aji)n = f(z0)

In particular,

eva, (¥5) = @ = ¥;(20)

As both {¢;} and {¢;} are orthonormal bases we have the following

relations:

(bj k) = wjp, where ¥j, Y |ujpl* =1, and Yk, > Juj|* =1
- ,

J
(rs @) = Uy
(@) = u*
Zul’kuk,j = 0,y
For alll€ j we define a new Gaussian random variable by §; = (¢4, ¢;)n, and

using these new Gaussian random variables we define a new Gaussian ran-

dom holomorphic function:

17



s = 25505 =2 (Yo, $;)0;-
%(Zo) = Wa(z)»ZaﬂM
= tal20)

$p(20) = O (o or)Sr, Y as05)

k

7 k

= E Ejﬂk,loq . uk,j

j?k7l

2 :— I,k
= Clj’LL 'Ukijél

Jk,l

= E :ajaj

J

= ta(20)

Corollary 2.6. (Invariance laws)

1) If Yon is a Gaussian entire flat function then there exists {0;} a
sequence of i.i.d. standard Gaussian random variables such that

AR (1 (24 Y

jEN™ JEN™

2) If o N is a degree N Gaussian random SU(m+1) polynomial then for

all ¢ € C! there exists {3;} a sequence of i.i.d. standard Gaussian random
18



variables such that

A 7 N3 RS U RR A LR

oo/l )7 =225 nE
1= J j1=0 (1+[¢P)>

2.4. Zero sets of m variable holomorphic functions and currents.

In this section, we will examine the basic properties of zero sets. As a simple

example, consider the function f(z) = sin(z). As a set
Zp = f71({0}) ={(2n+1)m, n € N}.

To this set we may associate a distribution:

Zf = Z 5”’”’(2)7

neN

where 9, is a Dirac delta function centered at a. This measure defines a
linear function on C°(CY) : if ¢ € C°(C!) then
(Zp.0) =) olnm).
ne”L
and as supp(¢) is compact this sum is finite.
We now generalize such a construction to m variables by defining cur-
rents and forms. These results and definitions can be found in ([Sch],[GH]).

Let K C M, be compact. Let Dg’p ) be the (j,m) forms whose support is in

K. Let DY?) = dir limygcyDEP.

19



example 2.7. For M =C™,

DL =D 6uj(2)dz A dz, 61y € CF)
(2]

As long as supp(¢) = K C U, U a single coordinate chart, any (7, k)
form can be written in the above form.

Forms have an associated exterior derivative d : DY — DU g

D%’p U This derivative can be “split” into holomorphic and anti-holomorphic
parts: d = 0 + 0. Explicitly, locally on generators of D](\f[’p ) 9fdz! Adz? =
> g—idzi Adz! A dz?. This gives the following identities:
1) d(a A B) = (da) A B+ (—1)"@a A (dB)
2) dd = 0= 00 = 90, do = 00, 90 = (—1)00
3) a € D](\wal’m) - D%@m_l) = / da = /a a =0, (Stoke's theorem)
M M

Just as in 1 variable Z; was dual to C2°, in m dimensions the zero set
is an analytic variety and this variety will be dual to (m — 1,m — 1) forms

(by taking restrictions). This brings up the definition of currents:

Definition 2.8. A current of bi-degree (j,p) is a linear map,

T : Dm=3m=P)(M) — C that is continuous in the direct limit topology.

The set of all currents of degree (j,p) is thus Dual to Dg\?_j’m_p), and
. /
will be denoted as: D'UP) = <D§\7_3’m_p)>

20



A (j,p) current is closely related to a (j,p) form as for a particular

pE D](\J;p), fM p A - € D'UP ig a linear function on Dg&n*j’mfp).

The zero sets of holomorphic functions are often given the added struc-
ture of divisors, which can be written as (1,1) currents. For zero sets, this
added structure is unique up to multiplication by nonzero holomorphic func-
tions. In one dimension this becomes: for f € O(M?),

divg(f) = Z n;(z],

ZGZf

where n; is the order of f at z;, or the highest integer n; st m < n; =

f™(z;) = 0. For M', DOO(M) = C(M), and as a current,

(divo(f),0) = D m;é(z)

ZEZf

where the compactness of the support of ¢ guarantees that the former sum

is finite.

example 2.9. As a simple example in m variables consider: f(z) = z1, z €
C", Zy =1z = 0] = d,—0dz1 A\ dZy, the Dirac delta function, ¢ €
Dn=1m=1(C) where ¢(z) = Y. fij(2)dz A ANdz A NdZ; A ... A dZy,
and

(25 4) = /  (Bumale)in A d5) A )

= le(O,ZQ,...,Zn)dZQ/\dEQ/\.../\dZn/\dzn

supp(p)N{z1=0}
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The above example is highly related to Dirac delta functions. Further,

log(]z]?), is a fundamental solution to the Laplace equation:
Lo 2
dp = —00log |z|
2m

or in other words Z(;)=, = d = %8510g 2|2 € D' In one dimension it

is very easy to prove a generalization of this:
T = .
%(%?log 1f(2)? = divo(f)

For M™ an m dimensional manifold, the situation is very similar, but
there are more details to verify. For f € O(M), f: M™ — C, f~1({0})
is still a divisor, and is an m — 1 analytic variety. Hence the regular points
of Z; are a manifold, and it makes sense (taking restriction), to identify
forms in DYV with ones in D(Z"JZ:;’m_l). As Zj,eq is an n-1 complex
manifold, / is a (1,1) current on M, which we will denote Z;,,., (abusing

z

fireg
notation).

Theorem 2.10. (Poincare-Lelong formula)
If f € O(M™), M an m complex manifold,

then Zy = =09log | f|?, as (1,1) currents on M.

This theorem can be proved by using a theorem of Federer dealing with
integration of forms near singularities [Shi]. Computation rules for using
currents resemble those for differential forms, and the weak forms of the

standard properties of differential forms invariably hold:
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Proposition 2.11. (Some basic properties of currents)

1) T € DP9 ¢ e Dm=p=1a) (9T ¢) = (—1)PY+UT, 0¢)
2) T =0

3)d(T AB)=d(T)A B+ (—1)%9DT A dB

2.5. The expected zero set of a Gaussian random holomorphic
function. We will now prove a standard result wherein the expected zero
set of Gaussian random holomorphic functions is determined. Let us first
consider the one variable case. If one chooses a random polynomial of de-
gree 1, the zero set of this polynomial will consist of point charges in the
complex plane, counted with multiplicity. This polynomial occurs with zero
probability, and when we compute the average zero set these singular delta
measures will be smeared out into one which is absolutely continuous with
respect to Lebesque measure. The theorem below is a more precise and

further reaching statement of this heuristic reasoning.

Theorem 2.12. If E[|¢o(2)]?] = Il(z, 2) converges locally uni formly in Q

then
BIZa()9) = (500108 () |[2)],, = (500 108(1T(=, )]

Many various forms of the following theorem have been proven, [EK],
[Kac| and [Sod]. For my purposes it is important that the proof is valid in
n dimensions, and for infinite sums. Many of the proofs resemble this one.

After a conversation with Steve Zelditch, I was able to simplify a previously
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complicated argument into the current form. This simplification is already

known to other researchers including Mikhail Sodin.

As a matter of notation we define I1(z, z) to be the Szegd Kernel, which

for any orthonormal basis has the form

w) =Y (2);(w)

jeN

Proof. Let o € D™ 1bm=1(Q)

To simplify the notation, let &« = ¢ dzg AdZo A ... ANdz, AN dZ,.
(Zyora) = (5:00l0g([va(2)), @)
= (3 log ([Ya(2)?),00c)
— (5= (log(MI(2, 2)) + log (152 ) ), 90a)
Taking the expectation of both sides we compute:
B(Zp0)] = 3= [, oo 08 (11(z,2)) 52 dm(=) do(a)
3k J, Jocolog ( W) 52 dm(=) dv(a)

The first term is the desired result (which by assumption is integrable

and finite), while the second term will turn out to be zero. We first must
establish that it is in fact integrable:
Joco J, 1og (2L ) S8 dv(0)| dm(2)
2
2€K ( (( 2') ) du(a)‘ dm(z)

= ¢ leex fa [log(|a'[*)[ dr(a’) dm(z)
where o is a standard centered Gaussian (Vz). Integrability follows as:

(|¢a > ’ <C |]0g(x)’dm(x)+c/ |mei$2|dm($) <c
|z|<1 lz|>1

zeQ
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Finally,

i = ¢
/Qa/\E[Z%] = %/Qaaalog(ﬂ(z,z)) + /QCaZiazjdm(z)

2 O

Corollary 2.13. FExpected Zero set of specific gaussian random holomorphic
functions

1) For a Gaussian random entire flat function 1,
ElZy,] = QL(dZI ANdzi +dzo NdZs + ...+ dzm A dZy,)
T

2) For a Gaussian random SU(m + 1) polynomial ¥, N,

ElZ, |- Ni(doy ANdZ1 +de ANdZa + ... + dzp A dZm)
Ya,N] T ot (1+\z|2)2

In theorem 2.12, we proved that the expected zero set is determined by
the variance of a of the random function when evaluated at a point. More

can be said:

Theorem 2.14. Let {¢);} and {¢;} be two collections of holomorphic func-
tions defined on a domain §2 such that for all compact K C S, there exists
ex > 0 such thatZ(l + )’ max [v;(2)?] < o0, Z(l +¢)! max |9;(2)?] < 00

and let {a;} be a sequence of i.i.d. Gaussian random variables.
25



If E|Zy,| = E[Zy,] then there exists h € O(Q)* and a sequence of i.i.d.

standard random variables, {B;}, such that for all z € Q
Yalz) = h(z)¢s(2)

This theorem is proven in one dimension by Sodin [Sod], and the same

proof works in m-dimensions.

Proof. Fix a domain (2, and a collection of holomorphic functions, {t;};ea,

such that Z 10;(2)]* < oo. Let IT; (2, w) = Z%(z)%(w).
jeA

By design, E[,(z)a(w)] = II;(z,w) and by theorem 2.12 this deter-

mines the expected zero set.

Suppose E[pg(2)ps(z)] = Ila(z, 2) has the same zero set. Hence, by
theorem 2.12:
00log Tl (z, z) = 00 log Iy(z, 2)

Or, in other words

1y (z, 2)
Ily(z, 2)

log = H(z), 00H(z) =0

As 00H (z) = 0, H(z) = 2Re(g(2)), and I1;(z, z) = e9®)eI@1I,(z, 2). While
a priori, this is only true on the diagonal, the values on the diagonal uniquely

determine I1; (z,w) in a neighborhood, hence

I (z,w) = eg(z)emﬂg(z, w)
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As the Szeg6 kernel is a trace class, and evaluation maps are linear

functionals we get that

5(2) = e 2).

3. NEW RESULTS CONCERNING LARGE DEVIATIONS IN THE

DISTRIBUTION OF ZEROS OF A (GAUSSIAN ENTIRE FLAT FUNCTION.

3.1. An estimate for the growth rate of Gaussian entire flat func-
tions. In this section we begin working towards our main results. The first
step in this process will be to prove Lemma 3.2 which is interesting in and
of itself as it proves that Gaussian entire flat functions are of finite order 2,

a.S.

We will be need the following elementary estimate:
Proposition 3.1. If j € N™™ then Uj‘# < mll

Proof. Let uy, = ]7’“| > 0, hence >, up = 1.

As > ukd,-1 is a probability measure:

- 1 1
Z ug, log (—) < logz —uy, by Jensen’s inequality.
= U U

= log(m)

Hence, mbl > H(uk)"ﬂ“k
k

4]0

7
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Let Myq =
ot Mro = max [ta(2)]

Lemma 3.2. For all § > 0 there exists R, s and cs,, > 0 such that for all

r> R,

log(M,.) 1
e

except for an event whose probability is less than e=¢sm™ ™

2m—+2

Proof. We will first prove that: Prob({bg(fﬁ#’“) > % +0} < e corr and

we will prove this by specifying an event (2. of measure almost 1 where
Mra S e(%"‘é)'rz

7‘2 .
Let €, be the event where: i) || < ', 17| < 2e-m-7r?

ii)ay| < 2%, |j > 2¢ - m -2

Prob(Q¢) < Z Prob({|o;| > e T } Z Prob({]o;| > 2m})

<2e-mr2 >2e-mr?
J J
512

*eT> _oldl
< cmr2me< + E e ?
il 2emr?

CT2 CT2
<e ™ 4 Vr> Ry

c7‘2

<e*

2m—+2

CT2 .
We now have that Prob(Q¢) < e™¢ < e ¢ It now remains for

us to show that Va € ,, % < % + %5. For all a € €),, and for all

z € B(Oar)7
| <dem(5r?) E | 2|7
M,, < max Z || —= Z sl 7
ZEB(Ovr) H 0 \/_ |]|>46'm(%7’2) \/_
2
= max + max
z€B(0,r) z€B(0,r)

Using the Cauchy-Schwartz inequality:
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or? 1,2
<cpe frmez"

< eGH39) Vr > R,

Using Stirling’s Formula:
2 .

J

1l 2]
< 2
A2 s XL @F g
|7|>4e-mr _
a (Y (et
< A A £
Iy Z @ <4€m> H(jk)
|7|>4e-mr2? k

< C', by Proposition 3.1.
Hence, for all a € Q,, log(M,.) < (3 + 16)r?, proving half of the result.

Let M/, = max |1 (2)], where P(0,7) :={z€ C™: Vi, |z| <r}
’ z€ T

It now remains for me to show that for all 6 > 0, and Vr > R, s:
log(M,., 1 _ m
Prob ({Lﬂ <= — 5}) <e cs ot
r 2
It suffices to prove this result only for small 6. However, we will actually
prove a stronger claim: that for all 4 and for all » > R;,, there exists cs,

such that

Prob (M,',a < %7“2 — 5r2> < e com’

1
This is a stronger claim as: M, , > M’ o = {Mm < (5 — 5) 7’2} -
vm '’

" 2
hold by monotonicity.

1
{M 0 < <— — (5> 7’2} and the desired probability estimate therefore will
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Let us assume that
log(M],) < (% - 5) 2,

09 he,
021

By Cauchy’s Integral Formula: ‘ (0) < j!MAar*'j'. Further, by direct

computation using line (1):

71hq,
027

(0) = Jey /5!

Therefore: |o;| < ¢M] +/1r7ll, and using Sterling’s formula,
(j! < e2/2m\/jjle7), we get that for all k, jj, # 0
oy < (2mes) B ([T iyl -0+ tontir -t tonr .

mo. L
2

The (2me12)% ji term is will not matter in the end so we will focus in-

stead on the exponent, which we will now call A.

m J J , -
A= (28t s (Brentia) — st
k
k=m .
9 2
_ (j_’“) ((1 — _5) D14 log() — 210%(7”))
pt 2 m /) Jk
If for all k, j, = r? then A = —r?. We now will generalize this observation

for ji, ~ r? by letting jj, = v

A = kin (’V’“Trg) ((1 - 2—77;5) %—Hlog(%))

k=1
2

= —0r* + mf(%)%, where f(yx) =1 — % + 7 log()
flw) =1 - ’Yk)2 —(1— %)3 +o((1 - 7)4) near 1.
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Hence there exists A such that Vo < A if v, € [1 — \/g, 1+ \/g] then
—or2
A< =5

m _ 5r2 m or
2 2

1
Therefore for j as above |a;| < (2meis) (11,78 )e < ceprze 7.
This holds true for all «;, j in terms of r. Specializing our work for large
r, we have that Ve > 0, there exists R, s, such that for all r > R, s, || <

1
e~20=9* " Here the factor of ¢ is used to compensate for the 12/ 2y

terms, which had been ignored.

We now prove the desired probability decay rate:
Prob({log M/, < (1~ 8)r*})

< Prob({lay| < e 4697 and ji € [(1— /B, (14 /E)7))
< (e GryeVarm — ) e e

independence of a; and Proposition 2.2.

Corollary 3.3. Let z € B(0,7)\B(0, 7).
For all > 0 there exists Rs,, and cs,, > 0 such that for all v > Rs,y,, there
exists ¢ € B(zo,0r) such that
1 2
log [¢a ()] > { 5 =30 | 20",

except for an event whose probability is < e~ CcamrT

Proof. Without loss of generality assume that § < i. By Lemma 3.2:

1 2m—+2
Prob 1 o(2)] = =127 < =0r2)) < e,
rob({_max 10g [¢a(2)| = 512I* < ~6r7}) < e

31



By Corollary 2.6, we have that for z, € B(0,r)\B(0, %7"), z € B(z,dr):

1 2m—+2
P 1 o I PV 2 < _ 2 < oG8 ]
rob({zeglgz(ng&) og |ha(z — 20)| 2|z 20]° < —0(0r)°}) <e

Hence, there exists ¢sm,, Rsm and z € B(z, 6r) such that log |1, (2 — 20)| —
|z — 20| = —6(67r)?, except for an event whose probability for r > Rs,, is

o 2m42
less than e~ <" .

By hypothesis, 20| € [57,7), hence |z — 2| < 0r < 3r = L3 < 2|z].
Hence, |29 — 2|? > |20|> — 072 > |20)%(1 — 20).

log [a(z — 20)] > %|z — 20)? — 83 > |zo|2%(1 —20)% — 463|202

Z %’20‘2 — 2(5‘20’2 — ia‘ZO‘Q
Z %|Zo|2 — 35‘20’2
After setting ( = z — zp we have proven what we set out to prove. ([l

Using that log Ir(1a><:)|@/)a| is an increasing function in terms of r, we may
B(0,r

prove the following corollary:

Corollary 3.4. For all 6 > 0
2

_1
a) P?“Ob ({ le (log maXzEB(O,;)ZWa(ZM) Qr ¢ [_5’ 5]}) — 0
_ 1,2

This corollary has been proven by more direct methods, [SZ].

Proof. Part b follows immediately from part a, which we now prove.
32



_1
Let Esp = {logmaxB(O,R}z‘;ﬂa(z” s R? §é [_(5’ 5}}’ and let
Ri=r+6(t+1)r, r>0. Let s; € [Ry_1, Ry].

Claim: Vt > Ty, Vs, Ess, C E%E,Rt UE%J,Rt,1

Let Ts = max{Ty s, Tos}, which may be specifically determined.

1
Case i: for a € Esg,, log nax |Va| > 53? +ds?

(O’St)

1 ol > 15?4652
°8 g Vel 2 goi + 05

v

(1+t0)%r* + (1 + t5)*r?
R+ 16R}, Vt > My,

1
2
1
2

Therefore, o € E's
34
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Case ii: for a € Es,,, log max ¢, < =s? — §s;
’ B(0,s¢) 2

log max < lg2_ 542
gB(o,Rt_l)Wa| > 55 t

IA

(1+ (t—1)0)%*r* — 6(1 + t6)*r?
R?, — L0R? |, Yt > My,
Therefore, o € Eg,Rt—l' Hence, Vt > Ty and Vs € [R;_1, Ry,

<

2m+2t2m+2

Ess C Eisp, U E15p,. Hence, Prob (Use[th,Rt] E578> < Qe~6s" :

and
Z Prob U Ess | = Z et o0,
teN SE[Rtflth] teN
The result follows. 0

3.2. Large deviations in the value of the Nevanlinna characteristic

function of a Gaussian entire flat function. In order to prove Theorem
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1.1 we will need to estimate / log [t)a|dps, where dp,. is the rotationally

invariant Haar probability measure on the sphere S, = 9B(0,7). This will

be proved by approximating a surface integral using Riemann integration.

In order to establish notation I state the Poisson integral formula: for

¢ € B(0,7), and h a harmonic function,

h(¢) = / PG, 2)h(2)dp (2),

T

where P, is the Poisson kernel for B(0,r). For this notation, the Poisson

kernel is given by the equation:

2 _ 2
Pr(C; Z) — 2m—=2 (|2 — Z’/|C2’m)

Lemma 3.5. There exists R, and c,, > 0 such that for all r > R,,,

/S og(la)ldin(2) < (32" + 12,

except for an event whose probability is less than or equal to ememr®

Proof. By Lemma 3.2, with the exception of an event whose probability is
less than e~ there exists (y € 9B(0, i) such that log(|1a()|) > 0.

Hence,

/8B(o )PT(CO’” log(|1a(2)])dur(2) > log(1(¢o)]) = 0.

Alternatively,

/ PG, ) log ™~ ([thal2)]) < / Py (G, ) log* ([thal2)])
A(B(0,r)) y o(B(0,r))



Since ¢ € AB(0,1r) and » € AB(0,r), we have: = < |z — (> < 92,
Estimating the values of the Poisson Kernel for these values of z and (

yields:

2m—2
$(5) =measer

Therefore,

[ 108" ()i () < 1o M, < (% " 5) <
Sr

2m—+2

except for an event whose probability is less than e™“" , by Lemma 3.2.

It remains to compute [log™ 1] :
fa(B(o,r))P(Co,Z) log* ([a(2)]) < pr(Sy) log(M,)3(2)*m2
S 3(2)2m—2r2
f(’?(B(O,r)) 1Og7(]¢a(z)])dur(z) < min; ;(Co,z) f@(B(O,r)) P(COa Z) IOng(Wa(z)’)
2m—2
<3(3) Jows oy P (G0, 2) log™ ([¢a(2)])
<9 (g)Qm—Q (2)2m=22

S 32mr2
The result now follows immediately.

In order to use Riemann integration to prove Lemma 3.9 we will need
to be able to choose “evenly” spaced points on the sphere. This choice will

be made according to the next lemma:

Lemma 3.6. (A partition of a Sphere)

For allt € N, let Q = (2m)t*™ !, then S*™ C R*™ can be partitioned into
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Q disjoint measurable sets {I7,I5,..., I} such that

V2m =1 -
diam(1I7) < = ;
J t Qo

r.

Proof. Surround S, with 2m pieces of planes: P, 1, Pyo, ..., Py, P_1,

.., P_,,, where
Pij={z eR™: ||z||p= =7, z; =71}

Py={e e®™: flallm =1, ;= —1}

Subdivide each piece into t*™~! identical closed 2m — 1 cubes, in the usual
way, and enumerate these sets R}, ..., R’Q. These sets may intersect one

another on the boundary, which is a problem that may be fixed by letting
R; = R;\ Uk<j Ry
Let I7 = {x € S, : Ar € Rj, A > 0}. Clearly, v € S, = 3! j such that

T
a:e[j.

Also, by design A > 1 and z, y € I} therefore,

2
d(z,y) < d(Mz, Aay) < = diam(R;).

For the following result note that the integration is with respect to w,
which is not the same variable of integration that is usually used in the

Poisson integral formula.
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Lemma 3.7. For k <1, z € 9B(0,r)

/ P(w, 2)dpe-(w) =1
weSM.

Proof. If w € §*™ C R®™, then the Poisson Kernel can be rewritten as a
function of |z — w|, and as such VY € U,(R"), P.(Yw,Yz) = P, (w, 2)
Let f(z) = fwesgr P (w, 2)d e (w)
F2) = Juesy Br
- waS By
- waS PT

Yw, Yz)dp(w), by the above work.
Tw, Yz)dp (Tw), as du,, is invariant under rotations.

w, Y2)dpu(w), by a change of coordinates.

Hence f(z) =¢, Vz € S

By switching the order of integration we compute that:

1= / / P (w, 2)dp,(2)dpe-(w) = ¢
wesSm. JzeSm

O

Lemma 3.8. If r > 0 and § € (O,min{l, 1}), k =1- (52(2"#2%(2’"*1), and
{[’"} ", forms a partition of the sphere of radius kr, and is chosen as per

lemma 3.6, and if for each j a point (; is chosen such that d((;, IF") < dr
then

1
o ]"”” , -1 < Om62(2m—1)
Lnax Zu P(G,z) = 1) <

Proof. Let pj = pe(I57)
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Vz € 0B(0,r) P,.(¢, 2)due(¢) = 1, by Lemma 3.7. Hence,

fCE@B 0,k7)

1_2% G2 +Z / PG 2) e (€).

Ce[mr

.
IS0 wi(B(G2) - 1) =100 fge[m P (G5 2))dpr (€)]
0P,4(w,z)
g max |¢ — - max —
, CEIRT weB(0,(k+8)r)\B(0,(k—8)r) ow

We now approximate the LHS:

OP:(w,2) o, oWz —w]* + (r* = Jw|*)m(Z — W)

Ow |2 — w|2m+2

As |z| = r, and |w| = (1 —e)r € [(k — J)r, (k + J)r] this last line may be

approximated as:

24+ 4em c Cry o1
< < m_ _— IS 2emD
re2m+2 re2m+2 r

OP,(w, z)
ow

Using that max; |[( — (| < diam/(I;) + or < cSTm=1r + Or < c’r&ﬁ, we
¢ J J

may finish the proof of the claim:

PG, 2) — 1)| < €671 . 558D = C§2mD

Now we are able to prove our final lemma.

38



Lemma 3.9. For all A > 0, there exists Ry, o > 0 and cam > 0 such that

forallr > Ry, A

1
2 10g‘¢a’dﬂr(2) >

1
A
7% JzcaB(or) 2

?

except for an event whose probability is less than R

1

Proof. 1t suffices to prove the result for small A. Let a,, = D@D

6
that W < 6§, and for notational purposes let N = (2m)m?™1. Also,

(7
]_ am, ]_
Set 6 = <XA> < =, A > 0 to be determined later. Choose m € N such

let kK =1 — 6.

Form a disjoint partition, {If"} , of S, as in Lemma 3.6. In particular,
diam(I5") < 5Ty,

Let p1; = pue(I57), which does not depend on r, and for all j fix a point
T; € IJKT

By Corollary 3.3, for each j there exists a (; € B(z;,0r) such that

os(lvalc) > (5 -l = (5 -0 ) w2

except for N different events each of which has probability less than et
and thus the union of all of these also has probability less than gmer

As we have the same estimate for each j for [, ((;)|, and > p; = 1 we

have:
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(% B 35) (1—8")*r® < Zuj log(|ta(¢;)])
/:93(0 (Z MJ ij 10g(|¢a( )|)dﬂr(z)>
/B(B 0, (Z stF (G 2) )> log([¢a(2)])du (2)

T / log(ha (=)} (2)
d(B(0,r))
Hence,

faB(O,r) 10g(|wa|)dﬂr
> (4= 30)(1 — 0°m)2r% — [ |log |¢alldp, - max, | 32, iy (Pr(¢, 2) — 1)

> (3 —30)(1 —6%m)r? — (3*™ 4+ 1)r? - C’m52(2m—1> > Lr2 — Xgomr?
by Lemma 3.5 and lemma 3.8.

This lemma gives an alternate proof for the growth rate of the charac-
teristic function. Let T'(f,7) = [q log® | f(2)|dpu,(2), the Nevanlinna char-

acteristic function.

Corollary 3.10. For all § € (0, 5]

log |ta|dpt,) — 112

a) Prob Tllrgo Us. gWTL ) ~ 5 ¢ [, 5]}) =0
log |, |du,) — Lr?

) e { g s ) = ¢0}> o

c) Prob ({ lim T(l/ia,:Z kil # 0}> =0
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As ([4 10g [thal|dp,) is increasing the proof of Corollary 3.4 can be used
in conjunction with Lemma 3.9 to prove that 1,(2) is a.s. finite order 2. A

more elementary proof of this is already available [SZ].

3.3. Large deviations in the volume of the zero sets of Gaussian
entire flat functions, and a derivation of the order of the decay
of the hole probability. We will now be able to put the pieces together
to estimate the value of the unintegrated counting function of a Gaussian

entire flat function ¢,(2).

Definition 3.11. For f € O(B(0,r)), B(0,r) C C™, the unintegrated

counting function,

ng(r fBOtﬂZ( ddlog |z[*)™ fB(Ot L99log |z*)" A LDlog | f]

The equivalence of these two definitions follows by the Poincare-Lelong
formula. The above form ((%85 log |z|?)™~1) gives a projective volume, with
which it is more convenient to measure the zero set of a random function.

The Euclidean volume may be recovered as

-
(ro0log )" = [ (Loplafy
/B(o,tmzf 2m BN 7y 2”2

Lemma 3.12. If f € O(B,), and f(0) # 0 then

|5 5no0sl1s) A (00108 )
— B, 2T 2

r#0 3

1 1
—5 [ togrPdun — 5 [ tos] P,
2 Sk 2 Js,
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This result is proven on pages 390-391 of Griffiths and Harris, [GH].

We may now prove one of our main theorems, Theorem 1.1:

Proof. (of theorem 1.1).
It suffices to prove the result for small §.
As ny, () is increasing,

e ()10g() < [ 0, (0F < () o)

=r

2m—+2
Y

Let k = 1+ /5. Except for an event whose probability is less than e~

we have:

t=kKr dt

n, (1) log(k) < / ()2

t=r 13

t=kKr Z Z mel dt

- 5-0010g [vha(2)| A (—8510g 2 2) a

zr /B(O,t) 2m | 1< ) 2 g n
— 5/5 10g [0 (2)|dpter — 5/ log [0 (2)|dp,, by Lemma 3.12.

1 " 7
< 9 << > kT _/ log |14/ z)|dur) by Lemma 3.2.

1
_<( )r/{—(—_(S) ),byLemmaBQ

1

=8 < () -9)

ke —1

= Slog(n) 1og< >
42
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We have just shown that:

1 2m—+2
Prob ({nwa—y) > — +5}) < e” %" i
r 2

and now only half of the result remains to be proven. We now complete
the proof by noting that, except for an event whose probability is less than

e—cT2m+2, we have that: n, (r)log(k) > /
1

t=k"'r

t=r

Nape, (t)%, by line (2).

t=r i i g
= —90log |tha(2)| A (—85105; z 2) —
) L gl A (grolos o) G

1 1
— 5 [ toslun@lidne — 5 [ log[un(2)ldus sr, by Lemma 3.12.
Sy k=1,
1[/1 )
>—|{z—06)r — log |Ya(2)|de-1, |, by Lemma 3.9.
2 2 s
L/l 2 1 2 2
> — 5—6 re— 5—1—5 r“k~ 7|, by Lemma 3.2.
1

>
2n¢:2(r> > log(ﬁ)(e = 5) ~ (% +6)/@2>

1+£k72
et — > —
2log(k) o log(k) — 1-2V3

We have now finished the proof by showing that:

Prob <{7’L¢a2(7“) < 1 _ 6}) < e—car2m+2
r 2

Using this estimate for the typical measure of the zero set of a random
function we get an upper bound for the hole probability, and a lower bound

with the same order of decay is easy to prove:
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Proof. (of theorem 1.2).

The upper estimate follows by the previous theorem, as if there is a hole

in a ball of radius r then n,, (r) = 0, and this can only occur for an event

2

with probability less than e, Therefore it suffices to show that the
event where there is a hole in the ball of radius r contains an event whose
probability is larger than e~ We now design such a set. Let €2, be the
event where:

i) lag| > Ep + 1,

i) o] <e OBV < |j] < [24mr?] = [(m -2 12)r7]

i) || < 2%, |j| > [24mr?] > 24ms?
Prob({|a;| < e=(+2)7}) > %(e_(H%W)Q = %e*@*m)’ﬂ, by Proposition 2.2

#{j c Nm|1 S |j| S |'24mr2'|} — (((24mr2]+m)) ~ C7”2m

m

2

Hence, Prob(Q,) > C(e=""""*) > ¢=¢"™" by independence and Propo-

sition 2.2. It now suffices to show that for all o € €., and for all z €

B(0,7), ¥a(2) # 0.

[Va(2)] > [ao] — |aj|—= — ajl—= = lao| — ) _—
| |
l7]=1 \/‘7_ [7]>[24mr?] \/J_
1 l71<[24mr?] il
Do o<e Rt Y
< :
=

< e~ (135 \/ (24mr? + l)m\/ (em™), by Cauchy-Schwarz inequality.

2 7.2 1
< Cprme™™ < ce 09 <5 forr>R,
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|7]>24mr2
IV (o)
<c Z 2’3 (ZZ ) (—) by Stirling’s formula
|7]>24mr2 m 4 k=1 Jk
(1) (< )'
bl \12
|j|>24mr2 k 1 ]k m2

< - by P ition 2.2.
<c Z (4) y Proposition

1 2
Hence, (¢ (2)| > Em + 1 — Z — Z >

N | —

4. NEW RESULTS CONCERNING LARGE DEVIATIONS OF THE
DISTRIBUTION OF ZEROS OF A GAUSSIAN RANDOM SU(m + 1)

POLYNOMIAL

4.1. Large deviations of the maximum value of a random SU(m+1)

polynomial on a ball of radius r. Our goal will now be to estimate

g%ax) log [t)a.n|. This next lemma is key as it states that the maximum of
0

the norm of a random SU(m + 1) polynomial on the ball of radius r tends

to not be too far from its expected value.

Lemma 4.1. For all § € (0,1), and for all v > 0 there ezists a, 5., > 0 and

Ns m such that for all N > N,

45



N N N
2 2 2

wlz

max [on(2)] € (14730 =93 1+ 31+ 0],

except for an event whose probability is less than emaraN™ T

Proof. We will first prove a sharper decay estimate for the probability of
the event where a random SU(m + 1) polynomial takes on large values in

the ball of radius r:

N
2

Prob ({g(lgic) [Van(2)] > (1+7%)2 (1 + 6)1;}) < p—emN™

To do this we consider the event Qy := {Vj, |a;| < N™}, the complement
of which has probability < (N +41)"e ", by Proposition 2.2. For o € Qy,

£a(}) o

1
N\?
E . J

max N™(N +1)%(1+ > |zP)*,

z€B(0,r)

By e =

IN

IN

by the Schwartz inequality.

m N
2

= N™(N+1)2(1+r?

Nm(N+ 1)z

Forall § > 0, lim 5
N—oo (1+6)=

o
3

= 0, therefore there exists N, ; > 0

such that if N > Ng ., then ¢, N™(N + 1)% < (14 6)2. Hence, for
N > Nj,.1
N 2\ ¥
max |[Yan(2)] < (1+0)2(1+7r9)2.
z€B(0,r)

In other words, if N > Ny, , then

{max [Yan(2)] > (1+ r?)

B(0r)
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and thus there exists Nj, > Nj, ., such that this event has probability less
than or equal to (N + 1)™e N < ¢72N*" for all N > Nj,,,- This decay
rate is independent of 9 and 7, and the estimate for the order of the decay

of this probability could be improved upon.

We complete the proof by showing that:

N
2

Prob ({gggg) Wan(2)] < (1472 (1— 5)3}) < emane N

This will be done when we prove the following claim concerning a poly-

disk, P(0, — vl r):={z€C™: || <7 T, |22] < \ﬁ oy lzm] < \/%r}:
N N —aq. s Nm+1
Prob {Irar(lgx) [Van(2)] < (T+mr*)2z(1—6)2} ) <e s .

This second claim is stronger as max |ta,n(2)| < max [¢a,n(2)].
P(0,—L =T o,r
Consider the event where

N
2

vl=

M = N 1 2
g(lgx)w N2 < (1 4+mr)

(1-09)=.

We will show that this event can only occur if certain Gaussian random
variables, «;, obey the inequality |o;| < e~“m" where ¢s,, > 0. Further
we will show that this occurs whenever j is in a certain cube. This will give

us the desired decay rate for the probability.

The Cauchy estimates for a holomorphic function state that:

; M
BINO)] < 1
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By differentiating a random SU(m + 1) polynomial of degree N and evalu-

ating at zero we compute that

59 (0) = (;V)j!aj-

Combining this with Stirling’s formula:

1

2mjugile < jil < \2mjuglte T en

we get that:
o\ N B N
o] < (1+mr)2(; o)
r|]| (]) 1
N N cNL (N4l L Jkt3
o omtpiogen [ (L+mr?) = (1—08)% (N —|j))z ™2 [](j) T
o LN+
T‘J‘N 2
N N NLN_|4 NS
o pezioenyn | (Lm0 = 0%V — |j)s W [T % )
< —
rlil N2

For the time being we focus on the term in parenthesis in the previous line

which we call A. Writing j as j = (jx) = (2xV), zx € (0,1), we now have:

A= (1- 5)% (%(1 — |z|) =D H (xk)xk>

k=1

If for all k € {1,2,...,m}, 24 = 7oy then A = (1-6)>

= , which inspires

the following claim:
Claim: Let s, ,, =

2m(1im7‘2) Hlln {/]"27 1}

2

If for each k € {1,2,...,m}, =} € # — Sp.m0, HTW] C (0,1), and thus

|z] < 1 then
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N

(1 +mr?) (%) (1 — |20l < (1 - 5)~%,

Proof: We begin by setting = = (1 — Ak)# and A =Y Ag. There-

| 1 1. 1
Ay € [O,%mm{l,ﬁ}é} and A € [O,émm{l,r—Q}(S].

Thus, 1 — |z| = 1+ﬁ:§, and from this we compute that:

T+
(1+mr?) T4+ mr? [1+ Ap2\
r2lzl r2lzl 1+ mr?

() -

(1+ar2) T - A

fore

(1= fal) 0D ) =

< (1+A7’2)

< 14+

< 20
1 \?

< (m)

Proving the claim.

2 2
Therefore if for each k, z; € . Srm0, _ , then A < (1—
1+ mr? L+ mr?
§)%. This in turn guarantees that |o;| < e8I NT (1 — §)%. The

probability this occurs for a single «; is less than or equal to

2
(BNt (1 —g)t)"

Thus the probability this occurs for all «;, ji, € [(L — Srm0) NN, (L)N] ,

14+mr? 14+mr?

is less than or equal to

<6%+%10g(27r)N%(1 . 5)
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Hence, there exists a,5,, > 0 and Ny, such that for all N > Ny

o,m?

N’m+1

N 2([ Ny md])™ .
) < e r,0,m

(e%Jr% 10g(27r)N%(1 - 5)1

The result follows after setting Ns,,, = max{Ny,,, N§,.}

A nice application of this lemma is the following:

Lemma 4.2. For all A € (0,1) and a € C"\{0} there exists Na ja|m and

caJalym > 0, such that if N > N jq)m then

N
2

vl

o —a)| > (1 2
[ (z = a)| > (1 faf)

(1-4)=,

except for an event whose probability is less than e~eaalm N

Proof. As Gaussian random SU(m + 1) polynomials are rotationally invari-
ant, as a random process, with out loss of generality we assume that a is of

the form: a = (¢1,0,...,0).

o A
Let 0 = 5oy -

By Lemma 4.1 and line (2), there exists ca o > 0 and Na jqf» such

that if N > Nj jq|,m then, except for an event whose probability is less than

_ m+1
e~ Cala N
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X maxpo,6) o,y (2)]
(1+0)2

oy | NN eV (1 Eoa Vi T (2
‘Z j <j><1 Q) (1 + Gz) H( k)
(14623
= (

21— 22 Zm )
14+¢iz1’ 14+Ciz1 " 7777 4Gz )

= max
9B(0,0) (141G

In order to simplify this previous line, let ¢(z)

so that we may rewrite the previous equation as:

14+ Gz Y ( )
= | gpax A+1aP) 50+ 52)J§> max Vo (9(2))]

(1+1]G[6)" ( . )
(L +[G])*(1+ 52))]2V> B¢ 2020 2)9) Warn(2)] ).

as the image of ¢ | (0,5 C B(—C, (2 + 2|¢1]%)d), since:

vz

(1-20)

21—G ' _ 21—+ + z¢f?
max — 4+ (| = max =
2€9B(0,0) | 1 + (2 2€9B(0,6) 1 +2CZ
—1 -
= 0 max ( _C )
2€0B(0,0) | 1 4+ CZI
< 25|+ 1)

Rearranging the previous sets of equations we get the result:

(L+]GAF (1 +6)°
én(ozg)|wa/,N<z—cl>| > FRAGE (1-9)

1+1G1A7 (A~ (2+2(¢])d)
> (1-A)A+|GP)?

vz

N
2

v

4.2. Large deviations in the value of the Nevanlinna characteristic
function of a Gaussian SU(m + 1) polynomial of degree N. The goal

of this section will be to estimate

/ log o (2) i (2),
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where du,.(z) is the normalized rotationally invariant volume measure of
the sphere of radius r, S, = 0B(0,r), which we will accomplish when we
prove lemma 4.4, using the same techniques as in [ST2|, and as were used

in section 2.

Lemma 4.3. For all r > 0 there exists c¢,,,, and N, such that for all

N > N,

32m

[ Nonx(IDldnts) < (35 + 3 ) Niog (@)1 +1%)

except for an event whose probability is < e=emr N

Proof. By Lemma 4.1, there exists ¢, ,, and N,,, such that if N > N, ,
then, with the exception of an event whose probability is less than e=emrN"""
there exists (y € dB(0, 37) such that log(|ta,n(Co)]) > 0. This also implies

that:
[ PG o) i 2) 2 og(loG)]) 2 0,
ZEST
Where P, is the Poisson kernel for the sphere of radius r (whose area is

normalized to 1): P.(¢,2) = 7”27”_2%. Hence,

/  PCo. 2o (W () (2) < / P, 2) 108" ([tha (2)] )i (2)

ZGST

Now given the event where

N
log g}gﬁgl%(@l < 7 log (2)(1+7r?),
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Cm,T»Nerl )

(whose complement for N > N,, . has probability less than e~ , We

may estimate that

N
2

/GS log " (|tan (2))dur () < - log ((2)(1 +12)).

Since (o € 9B(0, 3r) and z = re®, we have: % < |z = (|? < 2r% Hence, by
using the formula for the Poisson Kernel,

2m—2
< P(Cy,2) <3-2¥m2

32m71

Putting the pieces together proves the result:

/ P, (Co, 2) log™ (|tha,n (2)])dpr < 3+ 22 Nlog (2(1 + 7))
zE€S,

1
min P((y, z)
2m

/ log™ ([tha,n(2))dpr(2) < / P, (Co, 2) log™ (|than|)dpr(2)
zE€S, zE€S,

< 3TNlog (2(141r?))
U

We now arrive at the main result of this section:

Lemma 4.4. For all v > 0 and for all A € (0,1) there exists caym > 0

and Na ym such that for all N > Na ;.pm,

/ ol () (2) > Tlog((1457)(1-4)).

except for an event whose probability is less than e~ armN™ "

Proof. It suffices to prove this result for small A. Set § = 37*™A*™. Let

§= [%—Ia let Q@ = (2m)s*™~1 and let k =1 — S
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In lemma 3.6 it was shown that the sphere of radius xkr may be parti-

tioned into @ measurable disjoint sets {7, I5", ..., I} such that

o — 1 -
diam(1"7) < M2 ¢

s _ng%l

We choose such a partition and then we choose a (; within or < 1 of I7"

such that

oo (G)]) > 5 Tog (14 w2)(1 —61)

for which, by Lemma 4.2, there exists cj, and N}, such that if N >
N, then the probability that this does not occur is less than e~ N
Therefore there exists ca, > 0 and Na, such that if N > Na the union of

these m events has probability less than or equal to

1 2m—1
5 .

Let pp = e (IF7). As {177, I3, ..., 15y} form a partition of Sy, Z“"f =1.
k

We now turn to investigating the average of log |1, n(2)| on the sphere

of radius r by using Riemann integration and line (3):

N 1, =
Slog(1+ 54%%) (1-8)) < ;Mk log [tban (Co)|

< /ZEST (; 11 P (G, 2) log([tha, v (2) I)dMT(Z))

= / (Z e (Pr(Cr, 2) — 1)) 10g(|¢a,N(Z)|>dﬂr(z)
z k

S

+ / log(|tha () ) dpi (2)
zZ€S,
This will simplify to:
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Jlog(|tan(2))dp,(2) = S log (14 k%?)(1 — b))
— ([ |1og [va,n(2)|ldpr(2))
max| Z'uk (G, 2) — 1)

In Lemma 3.8, it was computed that in exactly this situation that:

S Cm(s 2(27”)171)

Z Mk Ck; )

Hence by Lemma 4.3 and line (4), there exists ¢;,.,, > 0 and Nj,.,, such

max

—Cs,r,m Nl :

that if N > N, ., except for an event of probability < e
/1og(!wa,N|)du(z) > glog (1 + w22)(1 — or))
—C,,N log (2(1 + r2)) 5m,
= glog <(1 + 2 — 2612 4 g r?)(1 — 5r))
—Cp,Nlog (2(1 + 7)) 6%7

N 1
= 3 log[(1 + r?) — 203mr?

+62mO(r? + 8 4w P 4§ 3w )]
—CNlog (2(1 + 7)) §7@m=1
N 1
> 5 log((1 +7%)(1 — 363)), for sufficiently small 6,

which is independent of N. The proof is thus completed by choosing suffi-

ciently small A so that the previous line holds, (and or < 1) .

4.3. Main results concerning random SU(m + 1) polynomials. We
will now be able to estimate the value of the unitegrated counting function

for a random SU(m + 1) polynomial, v, n, and by doing so we will prove
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one of our two main theorems, Theorem 1.3:

Proof. (of theorem 1.3). It suffices to prove the result for small A. Let
o= %2 <l Leth=1+V6=1+%. As Ny, (1) i increasing,
t=kKr t

(10809 < [ g, (0%

t=r

< g,y (17) log ()

There exists ¢s5,m > 0 and N, such that for all N > N, ., except

Nm“, we get that:

g, () log(k) < / log [t ()| dttns (2) — / log [t ()i (2)

KT S""
log [t/ (re”) |du7«> 7

for an event of probability < e™“nm

< g <log (1+r*r*)(1+9)) — /ST

by Lemma 4.1.

< g (log ((1+ £*r*)(1+6)) —log ((1 4+ r*)(1 = 9))),

by Lemma 4.4.
2 2 2 4 ‘
SE 2V/012 + 612 + 20 + 267 B 20r —1—0((5%) |
2 (1+172) (14 1r2)2
Therefore,
) < N r2 4 3Vt + Vs + Vet Vort L o)
nwa,N r — (1 + ,’,.2) (1 + 7«2)2
)
. (1 + g + 0(5)>
N 2
< 2 L 3NVE+00)
142

This proves the probability estimate when the value of the unintegrated
counting function ny, ,(r) is significantly above its typical value. We now
modify the above the argument to finish the proof. There exists c;,.,, and

Ns,m such that if N > Ns, .., then except for an event whose probability
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is less than e~¢rmN™"" the following inequalities hold:
() 1o8(6) 2 [ loglvan(:Mdnn() — [ 108 (2o (2

Sr Sfi*lr
N .
> <log (1+7*)(1-0)) —/ logwa(m’g)ldu),
SnflT
by Lemma 4.4.

> 5 Qom (147201 =9) = 1o (046701 +6)
by Lemma 4.1.
> glog(l —0)

2 2
—glog(l 2Vor Lo +5+O(53)>.

142 1402
Therefore,
N 2r? Vor? 2/ort
o) 2 Vit 1+72 1+72 vi+ (14 72)? +O(5)>
)
. (1 + g + 0(5))
Nr?
— 4N .
> T2 Vi +0(5)

0

We have just implicitly proven an upper bound on the order of the decay
of the hole probability. We will now compute the lower bound to finish the

proof theorem 1.4.

Proof. (of theorem 1.4) The desired upper bound for the order of the decay

of the hole probability is a consequence of the previous theorem.

We must still prove the lower bound for the order of the decay of the hole
probability, and we start this by considering the event, €2 which consists of

a; where:
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|Oé0| Z 1

—1
N\ 2z ,

laj| < ( ) Nl
J

N 1
N\? .
If o € Q, then |ag| > Z \Ozj\( ) r’. Hence for all z € B(0,7), Yon(z) #
X J
71>0
0 = Q C Holey,. A lower bound for the probability of © will thus give

a lower bound for the probability of Holey,. First we restrict ourselves to
considering the Gaussian random variables, «;, whose indices, j, satisfy the

equation: (% N 2my 2l < 1. For these j
p J

N\? . 11
Prob laj| < | . Nyl > o
J 2N2m(j)r2m

by Proposition 2.2.
1(N - |j|)!jlr—2\j\
2 N2mNI

(2m)2

m 71
N2m2(m + 1)N+7%
> 67(N+%)log(m+l)+0m

g1
*2|J|€ﬁ

¢~ lilog(r) ~2mlog(N)

e |7] log(max{r,1})—2mlog(N)

> e_cm,r'N

Whereas if for the index j, (7)_1N*2m7~*2lj| > 1 then

Prob ({ |ij’ < (]j);NmTj}) > Prob ({ |aj| < 1})

1
2
> efN log(2)
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Further, Prob({|ag| > N}) = e!. Hence, Prob()) > e crmN™"
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