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ABSTRACT

The purpose of this thesis is to determine the asymptotic of the average
energy of a configuration of N zeros of a system of random polynomials of
degree N as N — oo and more generally the zeros of random holomorphic
sections of a line bundle L — M over any Riemann surface M. We also

compare our results to the well-known minimum of energies.
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1 Introduction

This thesis is concerned with the asymptotic of the average energy of the
configuration of zeros of N-degree random polynomials as N — oo and
more generally the zeros of random holomorphic sections of a line bundle
L — M over any compact Riemann surface without boundary. The energy
of a configuration of points {z1,...,2x} on a surface M equipped with a

Riemannian metric g is defined by

SJG\; = Z Gy(zi, %), (1.1)

i#]
where G is the Green’s function for g, the kernel of inverse Laplacian on
the orthogonal complement of the constant function (see §2.5); other ener-
gies will also be studied. Electrons moving freely on a surface distribute
themselves in a minimal energy configuration, and many articles have been
devoted to finding the minimal energy configurations and the asymptotic of

the minimal energy.

The question studied in this thesis is the extent to which zeros of random
polynomials of degree N tend to resemble minimal energy configurations of
N points. Zeros of random polynomials in complex dimension one repel
and like minimal energy configurations tend to stay 1/4/N apart. Our main
results show that if the Gaussian ensemble is defined by the same metric
as the Green’s function, the average energy of such random zeros is of the

same order of magnitude as that of minimal energy configurations, and both



energies have the same leading constants.

To state our results, we need some notation. Throughout the thesis, we
identify polynomials of degree N with holomorphic sections H°(CP*, O(N))
of the N-th power of the hyperplane section bundle over the complex projec-
tive line CP!. Our methods apply equally to holomorphic sections H°(M, L")
of powers of a positive holomorphic line bundle . — M over any compact
Riemann surface. Thus, in addition to studying zeros of polynomials, we
study zeros of random theta functions over a Riemann surface of genus one,
and zeros of random holomorphic k-differentials over a surface of higher
genus. Moreover, our results apply to general Kéahler metrics g on these

Riemann surfaces.

As we recall in §2.1, a choice of Hermitian metrics on L induces inner
products on H°(M, L") and then a Gaussian measure p;,~ on thess spaces.
Roughly speaking, a random section S, is expressed in terms of an orthonor-
mal basis S; of HO(M, L") as S, = ) ¢;S; where the ¢js are independent
complex Gaussian random variables. Also, we define the Riemannian form

dVy = wy, = %@h. Here, ©, is the curvature form (see §2.1).

We call (H°(M, L"), u,~) the Hermitian Gaussian ensemble of random

sections. Let E, . be the associated expected (average) value. We define

My N

E,, v Egg, the expected (average) value of the energy of the zeros of Gaussian



random sections chosen from the ensemble (H°(M, LY), uy,~), by

€7|C‘2

B, &) = / €6 (Z,) dpupn (s) = / £, (20 —de, (1)
HO(M,LN) cin TN

where

EX(Z) =E8 (1. an) = Y Gylz, 7)), (1.3)
2i#25

23,2§€4s

Zy=1{z,...,zn} is the set of zeros of s, and dy = dim H°(M, L").

Note that if s has double zeros, the energy is infinite, but this occurs

with zero probability.

We assume the Chern class of L, ¢;(L) = 1. Before stating our main
result, we should point out that our methods apply to any Riemannian
metric ¢ on M and Hermitian metric h on L. They have a special form when
g is associated with A in the sense that

v—1
wp = Tgﬁ dz N\ dz,
where g7 is the local representation of g. In this case, the expected (average)

energy satisfies:

Theorem 1.1 Let (L,h) — M be a positive Hermitian holomorphic line
bundle on a compact Riemann surface M with %@h = wp, where wy, gives
M a Riemannian form. Let (H°(M, LN), uu~) be the associated Hermitian

Gaussian ensemble. If the metric g, for Green’s function G, is associated



with h, then the expected average of Green’s function energy of zeros of

random sections of LY is given by:
T

1 1
E, &G, = 1 NlogN—EN—N/Mth(z,z)—)Jro(N), (1.4)

where [, Fy, (2, 2) “hf) is the Robin constant.

If we do not assume that g is associated with h, then the asymptotics change:

Theorem 1.2 With the same notation as in Theorem 1.1, let us consider
a general pair h and g, then the expected average of the Green’s function

enerqy of zeros of random sections is given by:

1 N N
B &8, = CoN* = N 1o+ 30 [ om0 - o), (15)

27 T 47

where Cg = [, 1 Go(, w)th(z) A @ > 0 and \(2) is a positive function

given in the proof.

Remark 1.1 o If g is derived from h, then Cj = 0.

e In the future, we simply use yj, and E instead of p,~ and E, . re-

spectively.

In [10], Hriljac mentioned that Elkies proved that

1 11
min (Z Gg(zl-,zj)> > —ENlogN — 6—7TN+ o(N), (1.6)

Z1,--2N —
i#£]



for any Riemannian metric.

Remark 1.2 1. We see that the leading order term in equation (1.6) is
the same as the one in equation (1.4). This means that the proba-
bility of the energy above the minimum goes to zero as N — oo by

Chebychev’s inequality, i.e.

P(s:&q,(s) >a+eNlogN) < O(N),
€

where @ = —=Nlog N — 2= N + o(N) which is the minimum of the

energy.

2. The expected Green’s function energy is scale invariant. That is, if
we rescale the metric ¢ — rg, then our result (1.4) doesn’t change.
When g — rg, A, becomes %Ag. As we discuss in §2.5, G,(z,w) is
the kernel of (—A™'), Gy(z,w)dV, — rGy(z,w)dV, as g — rg. On
the other hand, dV;, — rdV, as g — rg. Therefore, G,(z,w) doesn’t

change as g — rg.

3. When C; = 0, then the leading order term is independent of h; we

will explain this in the remark of §3.1.

4. We define the Green’s function G, to be positive near the diagonal.
Since the average of energy Ec‘,’gg is negative when ¢ is derived from h,

the distant pairs (z;, z;), not neighboring pairs, dominate the energy.



In the case of CPP!, we also consider the energies & defined by

1

[Zivzj]s'

Elzr,y .. 2n) = (1.7)

i#]

In the case s = 0, the s-energy is defined to be the logarithmic energy

50(21,...,21\[) = Z—log[zz,zj] (18)
i

Here [z, w] is the chordal distance between two points on S?, where z and w

are the two points on CP! corresponding to some points on S?. If r is the

geodesic distance on S?, then the relation between [-,-] and r is
[a,b] = \/2(1 — cosr(a, b)) (1.9)
where, a and b are points on S?. —log[z,w] is so-called elliptic Green’s

function which differs by a constant with the Green’s function Gy, i.e.

Gylz, w] = —loglz,w] — C.

Theorem 1.3 1. Consider CP' with the Fubini-Study metric g. Let us
consider the hyperplane line bunlde (L = O(1), h) — CP* with O, =
wy, where Oy, is the curvature form. we recall equation (1.7) and have

expected s-enerqy:



o when s =2

2 N2
E&) =—N?log N + e log(log N) + —log 2 + = N*(

My,
2 L
M
— 2N?log -+ o(N?). (1.10)
Here, M and L are constants which will be explained in the proof
of the Theorem.
o When s <2

BeY, = 2N
s<2 2 — 35

(2(2 - )

N3 (log N)' "2 +0(N'"*%(log N)'2)
(1.11)
o When2 <s<4

1+3

E82]\25<4 = C

— + O(N'*2(log N)'7%). (1.12)

We will discuss the constant C' in the remark at the end of this
section.

2. Under the same conditions as above, we recall equation (1.8) and have
expected logarithmic energy:

N 1
EEY = — (log2 — —)N? + o) log? N — =N log(log N) log N
1

1
+§NlogN+§(log2+1)N+o(N). (1.13)

Let us compare our results on average energy to the prior results on

7



minimal energy. For the s-energy case, Saff-Kuijilaars in [12] identified CP*

as S? € R? and considered the energy

g;(.ﬁlfl,...,]?]\[) = Z

1
= lri =l

where z; are the points on S? C R? not on CP! and |z — y| is the chordal
distance of S? which is r(z,y) in the equation (1.9). They investigated the
energy £.. Moreover, they define the minimal s-energy for N points on the

sphere

It was proved by Saff-Kuijlaars that when s = 2,

1
Ey(S% N) ~ 5 N?log N. (1.14)

When s > 2,
CLN'/2 < B (N) < C,N*/2, (1.15)

01,02 > (0. When s < 2,

S

Ey(S?* N) < %VQ(S)M — CN't3, (1.16)

I'(3)r(2-s)
(2-s+1)/2)T(2-5)"

where, C'> 0 and Vs(s) = 7

B. Bergersen, D. Boal and P. Palffy-Muboray in [2] identified CP! as



S? € R? and considered the energy

E(xy,. .. an) = Z —log |z; — ;).
i<j
They investigated the ground-state energy of the logarithm energy of N

points {z1, ..., zx}, which is the minimal energy of &) for large N:

1 1 N
in {&}=—(zlog2—>)N?* - —logN +---! 1.17
{xffl..l,riN}{ o} = —(5log2—7) 7 log N + (1.17)

and in that paper, gave a formula for the ground-state energy E.

Remark 1.3 e Our s-energy is twice the s-energy in [12], & = 2&L. So
by equations (1.10) and (1.14), we see that when s = 2 the leading
order term of the expected average of energy is the same as the one in

minimum energy. The O-energy has the same property.

e In equation (1.12), we can’t figure out the constant precisely. Actually,
it is a conjecture in [12]. Since in the Green’s function energy, 2-energy
and 0-energy, all the leading order terms of expected average are the
same as the one in minimum energy, this paper probably offers a
method to solve the conjecture. It will be discussed more after the

proof of Theorem 1.3(1).

An additional motivation for studying energies of random zeros is that

it gives an example of numerical integration over the Riemann surface. In

'We use E, to be consistent with our notation, in [2], they used a different notation.



the Monte Carlo method of numerical integration, one integrates a function
with respect to a probability measure p by generating N random points
from the ensemble (M, u) and averaging over the points. In this thesis, we
generate N random points from (M,wy) by taking the zeros of a random
polynomial. The same numerical integration procedure is used in the recent
paper [6] to numerically integrate quantities over Calabi-Yau threefolds. In
this thesis we use a more elementary numerical integrations to show the

speed of convergence of the integration procedure.

10



2 Background

We begin with some notations and basic properties of sections of holomor-
phic line bundles, Gaussian measures and the relationship between polyno-
mials and sections. The notations are the same as in [3] and [16]. Here we
only deal with the complex dimension one case, and [3] discuss the general

case.
2.1 Complex Geometry

2.1.1 Positive Holomorphic Line Bundles

e Holomorphic line bundles

Definition 2.1 A complex manifold M is a differentiable manifold admit-
ting an open cover {U,} and coordinate map 1, : U, — C"™ such that

g © w/gl is holomorphic on z(U, NUg) C C™ for all o, B.

A one-dimensional complex manifold is called a Riemann surface. Let M

be a Riemann surface.

Definition 2.2 A holomorphic line bundle L on M consists of a family
{L.}.enm of complex lines parametrized by M, together with a holomorphic

structure on L = J,¢,, L. such that
1. The projection map 7 : L — M taking L. to z is holomorphic, and

11



2. For every z € M, there exists an open set U in M containing z and a
biholomorphism

op 7 HU) —»UxC

taking the vector space L, isomorphically onto {z} x C for each z € U;

wu s called a trivialization of L over U.

L. is called the fiber of L at z. We denote by L~ the line bundle as N'’s

tensor powers of L with the fiber L, ® ---® L, for each z € M.

For example: let T/(M) be the holomorphic tangent space to M at
z. So T(M) = C{L£}. T(M) is the tangent bundle to M, and T,(M) =
T/ (M)®T” (M) where T” ,(M) is the antiholomorphic tangent space to M
at z. The dual bundle of T'M is called cotangent bundle T M, whose fiber
is cotangent space to M. T (M) = C{dz} & C{dz}.

Definition 2.3 A Riemannian metric g on M is a correspondence with

associates to each point z € M an inner product { , ), on the tangent space

T.(M).

Locally ¢ = ¢17dz ® dzZ and g¢;7 is called the local representation of the

Riemannian metric g.

Definition 2.4 A 1-1 form ¢ can be written as ¢ = f(z,z)dz AN dz.

e Holomorphic sections

12



Definition 2.5 A section s of the vector bundle L — M is a map

s: M — L

such that s(z) € L, for all z € M.

If s is a holomorphic map, then s is called a holomorphic section. Let
H°(M, L) be the space of holomorphic sections, then H(M, L) has a finite
complex dimension because of compactness of M. Let e; be a local non-
vanishing section for L over U C M, then s can be written as s(z) =
g(z)er(z) for any z € U, where g(z) is a holomorphic function. The zeros

of s(z) are the those of g(z).

e Hermitian metrics

Definition 2.6 A Hermitian metric on L is a Hermitian inner product on
each fiber L, of L, varying smoothly with z € M, i.e., such that if e is a

local non-vanishing section for L, then the functions

h(z) = (er(2),eL(2))

are smooth.

The curvature form corresponding to h is given by

Oy, = —00log L]},

13



where, ||ep||n = h(ep,er) % wy, = g@h is the Kéhler form corresponding

to h. The Chern class C1(L) is defined by
v—1
T JM

We give H(M, L) the Hermitian inner product

(s1, 52) :/Mh(sl,sg)wh (51,80 € H'(M, L)).

Definition 2.7 A Szegé kernel I1(z,w) of (L,h) — M is defined by

where, P : L*>(M, L) — H°(M, L) is the orthogonal projection onto H*(M, L)

and s € L*(M, L) the space of L* sections.

Actually, the Szego kernel is the Schwartz kernel of P.
e Positivity

Definition 2.8 A holomorphic line bundle L — M 1is positive if there exists
a metric on L with curvature form © such that (v/—1/2m)0 is a positive

(1,1) form, i.e. for every holomorphic tangent vector v € T.(M),

V=1{(v/=1/27)0,v AT) > 0.

14



2.1.2 Zeros Currents And The Poincaré Lelong Formula

We denote by (L, h) — M aholomorphic line bundle with smooth Hermitian
metric h whose curvature form ©,, is a positive (1, 1)-form. Here, e, is a
local non-vanishing holomorphic section of L over an open set U C M, and
ler|ln = h(er,er)'/? is the h-norm of e;. As in [3], we give M the Hermitian
metric corresponding to the Kéhler form wy, = @@h and we can use wy, as

a Riemannian volume form for M.

Moreover,

where ||ep ||, = e7?®), ¢ is the Kéhler potential and 9, = 2 dz. We denote
by H°(M, L") the space of holomorphic sections of LY = L ® ---® L. The
metric h induces Hermitian metrics A" on LY given by ||s®V|,~ = ||s]|.

We give HY(M, L") the Hermitian inner product

(s1, 82) :/MhN(sl,SQ)wh (51,80 € H'(M, LY)), (2.2)

and we write ||s|| = (s,s)!/2. As definition (2.7), we can define the Szego

projection Py and Szego kernel IIy as follow:

PN(s(z)):/ Iy (2, w)s(w)wp,

M

15



where, Py : L*(M, L") — HY(M, L") is the orthogonal projection onto

H°(M,LY) and s € L?*(M, L") the space of L? sections.

For a holomorphic section s € H°(M, L), we let Z, denote the current

of integration over the zero divisor of s:

(Zs,w)=/ ¢, ©eD"(M),

where D%9(Q) is the set of compactly supported (0,0) forms (compactly
supported smooth functions) on M. A current is an element of the dual

space DYO(M)'.

The Poincaré-Lelong formula (see e.g. [7]) states that
Z, = ~8dlog|g| = ~0dlog||s||pn + N2, (2.3)
m m m

We also denote by |Z;| the Riemannian 0—volume, i.e. a Riemannian func-

tion along the regular points of Z,, regarded as a measure on M:

(12, 0) = > ol2); (24)

s(2)=0

2.2 Random sections and Gaussian measures

We now give H°(M, LV) the complex Gaussian probability measure
1 o
“lel?
dun(s) = gl Fde, s= chSJN, (2.5)
j=1

16



where {SY : 1 < j < dy} is an orthonormal basis for H(M, L") with
respect to the equation (2.2) and dc is 2dy —dimensional Lebesgue measure.
This Gaussian is characterized by the property that the 2dy real variables
Rej, Ze; (j =1, ....,dyn) are independent random variables with mean 0 and
variance %; i.e.,

ECj = 0, ECjCk = 0, ECjEk = 5]'19'

Here and throughout this thesis, E denotes expectation: Ep = [ ¢ du.

We then regard the currents Z (resp. measures |Zg|), as current-valued
(resp. measure-valued) random variables on the probability space (H°(M, L),
du); i.e., for each test form (resp. function) ¢, (|Zs|,¢) (resp. (|Zs],¢)) is a

complex-valued random variable.

Since the zero current Z, is unchanged when s is multiplied by an element
of C*, our results are the same if we instead regard Z; as a random variable
on the unit sphere SH°(M, L) with Haar probability measure. We prefer

to use Gaussian measures in order to facilitate computations.

2.3 Correlation currents and measures

The n—point correlation current of the zeros is the current on M"” = M x --- x M
————

n

given by

17



in the sense that for any test form (') ®@ -+ ® 0, (2") € D' (M) @ ---®
DO(M),

(K3 (20 2"),01(2Y) @ -~ @ on(2") = El(Zs, 01)(Zs, 02) - - - (Zss )],
(2.7)

where

When n = 2, the correlation measures take the form
KX (z,w) = [A]A (KN (2) @ 1) + 5V (2, 0)w, @w, (N>>0),  (2.8)

where [A] denotes the current of integration along the diagonal A = (z, z) C

M x M, i.e.

//MXMf(Z,w)[A]/\(KfV(z)®1):/Mf(z’z)[(f\f(z), (2.9)

and kN € C°(M x M). In [16], Bernard Shiffman and Steve Zelditch

proved:

18



Theorem 2.1 (Shiffman-Zelditch)

log N
N )
(2.10)

KY (z,w)— KN ()AKY (w) = O(N™%)  uniformly for ry(z,w) > b

for all positive k.

2.4 Relationship between polynomials and sections

Let CP! denote the set of lines through the origin in C2. Let Xy, X; denote
the Euclidean coordinates on C? and also the corresponding homogeneous
coordinates on CP'. The hyperplane bundle O(1) — CP! is the bundle
whose fiber over X € CP! corresponds to the space of linear functionals on
the line AX. O(N) — CP! is the N time tensor power bundle of O(1). The
fiber of a power O(N) over a point X corresponds to the space of N-linear
forms on the line AX C C2, and any N-linear form F on C? induces by

restriction a global section

O'F(X) = F|>\X

of O(N). Since we are restricting F’ to one line at a time, we see that op = 0

if F'is alternating in any two factors, and so we have a map

Sym™ (C*) — H°(CP*, O(N))

19



from the space of symmetric N-linear forms on C? — that is, homogeneous
polynomials F(X,, X;) of degree N in Xy, X; — to the space of global sec-
tions of O(N). According to [7], We know this map is an isomorphism. By
homogenizing, we may identify the space of polynomials of degree N in one
complex variable with the space H°(CP!, O(N)) of holomorphic sections
of the Nth power of the hyperplane bundle over CP!. This space carries
a natural SU(2)-invariant inner product and associated Gaussian measure
dp. We associate to a degree N polynomial p, the zero set Z, = {p(z) = 0},
which is almost always discrete, and thus obtain a random point process on

CP.

2.5 Green’s function on Riemann surfaces

In this section, we discuss Green’s functions on Riemann surfaces M with
the Riemannian metric g. The Laplacian operator on M corresponding to
g is defined by

?

4 0
Ag:4g Tla

Sl

where, ¢;7 is the local representation for g. The Green’s function is the

kernel of (—A,)™! ie.

CAC(z) = /M G, (2 w) f(w) dV,

20



which is orthogonal to the constant functions, that is

/ Gy(z,w)dV, = 0. (2.11)

Here, —A, is the Laplacian operator. Let ¢; be the orthnormal eigenfunc-
tions of —A, then
p;(2);(w)
Gy(z,w) =) % (2.12)
J#0 J

where —Agp; = Ap;, and Ay = 0. So

1

—DyGylz,w) =Y 9i(2)p;(w) = b(w) — vol(M, g)’

J#0

(2.13)

It is well-known that G,(z,w) on a Riemann surface has the following

formula (see [8]):
Gy(z,w) = —%X(z,w) logry(z, w) + Fy(z, w) (2.14)

here, F, € C>®(M x M), r, is the corresponding distance function and
x(z,w) is a cut-off function which equals 1 on ry(z,w) < C; and 0 on

ro(z,w) > Cy, 0 < Cy < Ch.

21



3 Proof of Theorem 1.1

In the proof of this theorem, we will use g instead of g; without confusion.
By the assumption of the theorem, we conclude that the geodesic distance

rp, derived from h equals 7.
Lemma 3.1 [, ,, Gy(z,w)K{"(2) A K{(w) = O(N72).

Proof In [16], the authors proved that

KN (2) = i@élog n(z,2) + Ewh(z), (3.1)

™ ™

where IIy(z, z) is the Szego kernel. We have the following asymptotic (the
Tian-Yau-Zelditch Theorem):

5(z)

Hy(z,2) = N(1+ N

+ O(N7?)), (3.2)

where S(z) is the scalar curvature of wy(z) defined by

_ giQ a2911
0920z’

S(z)

where ¢;7 has such property wy, = ggﬁ dz N dZ (see [13]). So we get

logy(z,2) =log N + % +O(N7?), (3.3)

22



and by (3.1)
N, . N i 2

™

Therefore,

/M Gyla KNG A K )

- /M , Gl w)(Can(z) + 005 +ONY) (35)
A (o) + 005 (w) + O(N ). (3.6)

By the equation (2.11) and dV, = wy, the above term becomes

_ ﬁ /M Gy(zw)d0S(2) A 0DS(w) +o(N ). (87)

Hence

|Gk @) Ak w) = 0 2)
MxM
Lemma 3.2 [fw =2+ \/_UN’ we have:

u

1 -
EEY :N// G,(z, 2+ H(=|u))=1)wp(2)@=—00|u|*+O(N~Y?),
BN [ G H G e oD 0N

where H 1s the Hannay’s function defined by

sinh?¢ 4 t2) cosh t — 2t sinh ¢
sinh® ¢

H(t) = ( , (3.8)

23



and |u| = vV Nry(z,w).

Proof According to our discussion in section 2.3, we know that
E(Gy(z,w), Z:®Z,—[AINZ,81)) = (Gy(z,w0), Ky (2, w)—[AJANKT (2)®1)),
then we get:

Beg, - | oo, S 23
=E(Gy(z,w), Z;® Z; — [A| N (Z; ® 1))
= (Gg(sz)7KéV(sz) - [A] A (K{V(z) ® 1))

- /M Gyla ) (K () ~ A (K ) @ 1)

/ /ngw)< Gy(z,w) K3 (2,w) — [A] A (K (2) @ 1)

b\/log

—i—// G (z,w)KY (2, w).
), s ot )
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By the lemma 3.1, we have:

Bef, - [ / et G35 RS 510) = A AGY () 91

//W

/ / e Cle O o)~ N A (Y ) ©1) = K 1 K ()

b\/log

Gy w) K (2, ) — /M Gk () A K ()

+/M/rg <o) BB Gy(z,w) (K3 (z,w) — K (2) AK{V(w))JFO(%)

=1+1I

Since G4(z,w) = —5-x(z,w)logry(z,y) + F(z,w) and F is bounded

because of the compactness of M, when r,(z,w) > b IOJgVN, |Gy(z,w)] is

bounded by log N. By equation (2.10),the /I term becomes:

[, Goled B ) — KY() A KY (@) = OV,
rq(z,w N

for all £ > 0, so we get

B2, = [, ] oy G2 0002 ) — (A A 12 91

— KN (2) A KN (w)) + O(N72). (3.9)
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By Theorem 4.1 of [5] we have:

) = K5 (2, w) + O(\/l—ﬁ)’ (3.10)

z
Ky (20 + —=

w

y 20 T —=
VN VN
where K5°(z,w) = [7do(z — w)) + H(3|z — w|?)] - 5200|z|* A 5=00|w|?.

According to the equation (3.8), we know when ¢ — 0, H(t) =t — 3t* +
O(t%) and when t — oo, H(t) = 1+ O(e™"). Here is the graph of H(t) — 1
(Figure 1):

We change variables

w=2z+ —F=.

Combining (2.8) and (3.10), we obtain

K3 (z,0) = [A] A (K (2) ©1) =K (2,2 + —=) = [A] A (KT (2) ©11)

\/N .
:NH(%]uP) : ”’f) A i@é\uﬁ +O(N"1/?)
(3.11)
N N N Py —2
K (z) NK}' (w) = (?wh(z) + W—Nﬁas(z) +O(N7))
A (%wh(w) + %855(10) +O(N™%)
= gwh(z) A gwh(w) +O(1). (3.12)
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Figure 1: H(t) —1
According to (2.1), we can choose ey, so that the Taylor expansion is:

u \fuf?

)

3
+O(‘“‘

2N N )

N
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Since u = v/N(w — z), we have

_ - u
OpOpo(w) = 0,0,0(z2 + —
o) = gtz + =)
_ 0.0 ot
Y
Therefore,
N 2
—wn(w) = N= aa'“' +O(N"%)
- 2 N3
27T6u(9u\u\ + O(N™2)
and we have
KN A KNG+~ = N n(2) A -2 00juf + O(NH) (3.13)
1 1 \/N T o )
on |u| < by/log N.
Since r4(2,z + %) = —I— O(N~2) in normal coordinates, we combine
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equations (3.11) and (3.13) to get

B, = [, ], e Gl S ) = AR ) 01

— K (2) A K7 (w)) + O(N7%)
1 wn(2)

_N/ /MMOT zz+m)(H(2 ) — 1)
+ O(N~?).

i
—90|ul?
® 5 |ul

Now we complete the proof of Theorem 1.1 :

Proof According to §2.5

1
Gy(z,w) = —%x(z,w) logry(z,w) + Fy(z,w).

: : . u u _3
u is the local coordinate for z, therefore, if ry(z, z + ﬁ) = % + O(N™2),

then
lg 2, 0) = o + OV 1))
and
Fy(z, 2z + \/—N) = Fy(z,2) + O(ﬁ)
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We have:

EE

= —— 1o l 1u2 . wr(2) K 52
‘N/M/oqmm 2W1g<m+o< DG - 12 o o

_u 1u2 _ wr(2) K2 50l
v [ /o<u|<bm[Fg<Z’z”O( NGl - 124 & o0l
+ O(N~Y?)

= %Nlog\/ﬁ/ wn(2)

1 -
H(=|ul?) — 11— 00| ul?
/| _ HGlu) - 132000

wp(2z 1 .=
=[] o5 [l (H (3 uf?) ~ D & L gpuf
0<|u|<by/log N ™ m

i) — 1903 o L agpap
v [ /o<u|<bm[Fg<Z’z”O( NGl - 124 & o0l
+ o(N)

N %NlogN (H(2uf?) - 1),-00]ul’

0<|u|<o0 2

wi(z) 0 L= 1o
I ——® =00
/ /o<|u<oo o8 full ( ) = 1) T 2 [l

Lo wp(2) U oaar g2
+N/ /0<u|<oo (2, 2 +O(\/_)][H(§]u] )~ 1255 g o0l

+ o(N)

=1+ 11+ 111+ o(N)

We have

/ wn(2) .

because we assumed the Chern class of L, ¢;(L) = 1. Using normal coordi-
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nates, we have

Lo [Hé\u\?) . 1] oo
) %/%/ { 1] rdrdf
B /0 {H(g %) — }Tdr

-1

We calculate the integration directly from the property of correlation

currents:

/ wp(2) /O<|u<oo l (;|u| ) — 1} —33|u|2
(/ /MKOO (K*(z, Z+ﬁ) —[A] AK{V(Z%—\/—L;_V))

N (/ /0<|u<oo KT A KT+ ﬁ)))

:ﬁ( — N — N?)

=1
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Therefore, I = —=Nlog N, and II] = —N [, Fg(z,z)th(z). We have

N [*1 [® 1
II=—— — log r[H(=7?) — 1]r drdf
2 Jo ™ Jo 2
00 1 742
= ——2 logr[H(=r*) — 1] d—
52 | torrli(Grt) — 1
N [~ 72 1 r2 N [ r?
=—— [ log—=[H(=r*)—1]d— — — [ log2[H(=r?) —1]d—
%OogQ[(QT)]2 Woog[(r)]2
N 1 N 1
= (= +=log2) + —(=log?2
or(g T 3loe2) + 5o (Gls2)
N
 Ar

So we have

wp(2)

1 N
EE) = I NlogN—E—N/ F,(z,2) + o(N)
M

7

Remark 3.4 The leading constant —iN log N for ES@; comes from I,
which is independent of h, because Gy(z,w) = —3=x(z,w)logry(z,w) +

Fy(z,w), where rg = r,(2,2 + %) = ‘—\/1% +O(N™2).
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4 Proof of Theorem 1.2

Proof If g is independent on h, then dV, # wj, and the equation (2.11)

doesn’t hold, therefore we don’t have lemma 3.1. We have

/MX (5 ) KN (2) A KN (w)

/M M —wh( )+ WLNaés(z) + O(N™?))
A (?wh( w) + —385( )+ O(N~?))

(ﬂl\f)z /M MGg(Z,w)é?@S(z) A 9ds(w) + O(1)

=C,N?+ O(1).

Here Cy = [, Go(z, w) Lwp(2) ALwy(w). Let us recall the equation (2.12),

we obtain Cy = [, 4, Go(z, w) 2wp(2) A 2wy (w) = Z#O(f £i20)2 > 0. So

7,
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we get:

EEl = EX (Z)dun(s
g /HO(MLN) (Zo)dun(s)
=E(G,(2,w),Z;® Z; — [A]| N (Z; ® 1))
— () KN (2 w) — [A] A KV (2) @ 1))
_ /M G ) - (] 4 (KY(2) @ 1)

—/M MG(z,w)KfV(z)AKfv(w)+/ G(z,w)KN(2) AN KN (w)

M x M

_ /M Gz w) (55 (2 w) ~ [A] A (K7 () ©11)

_ / Gz, w) KN (2) A KN (w) + C,N? + O(1)
MxM
and

/M Gyl ) (63 (zyw) — [A] A (D () 91) - | Gewr e n kW)

MxM

=[] Gle (KNG~ AT A KYE) @ 1) — K ) A K )
M Sy (z,w) <=5

+ G, (z,w) (KN (z,w) — KN (2) A KN (w)).
/M/()¢ o) (K3 (0 w) — K7'(2) A K ()

Since Gy(z,w) = —5=x(2, w)logry(z,y)+F(z, w) and F is bounded because

of the compactness of M, when ry(s,w) > b IOJgVN, re(s,w) > 'y/ hgTN and

|Gy(z,w)| is bounded by log N. By equation (2.10),the last term becomes:

[ Gole ) (2w) — KY ) A KY () = OV H),
M Jrp(zw) 2> 22
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so we get

/MxM Gz, w) (K3 (z,w) — [A] A (K (2) @11)) — /MxM Gz, w) K" (2) A K (w)

-1/ e Gt S G~ AL ()8 ) = K (6) A KL ()

+O(NF).

According to the proof of Lemma 3.2, we have

/M Gyl ) (K3 (zyw) = [A] A (D () 91) - /M Gl KN () A K ()

U 1 w -
:N// Gz, 2+ —)(H(=u?) — 1)= ® —00|ul* + O(1).

According to §3
1
Gy(z,w) = —2—)((2,111) logry(z,w) + F(z,w).
T

u is the local coordinate for z, therefore, if ry(z,z + —%) = |u‘ o~ O™ 2),

then ry(z,z + %) = \FM + O(N~2), where A(z) > 0, because w, and wy,
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are conformal. We now have:

u 1u2 _ wh(2) K 502
N/ A%ﬂ%<%@z+7ﬁxH$ )= 12 & ol +O(1)

_N/ /<|u<b\/1oT _%1 g()\(\j%m + O(Ng))][H(%\U\Q) - 1]wh7£z) ® %(95\1&\2
:2—N10g\/_/ wh (%‘U‘Q) . 1]%65@’2

[H
/0<|u<b\/log

‘/(/ o A ul () = D) & L oajuf? + o()
0<|u|<bylog N ™ ™
~ T NlogN (H () ~ 1];-00]uP

0<|u|<o0 2

/ /0< | log)\ —|—log|U|)( ( |U| ) )th(Z)@iaémﬁ‘i‘O(N)

=1+ 11+ o(N)

fM wnlz) — 1, because we assumed the Chern class of L, ¢;(L) = 1. Using

™

normal coordinates, we have

1 7 =
H(=|ul? —1} —90|u|? = —
t4§u<w[ (hu) 1| o0

and
[ ot |Gl - 1| 5-odluP
og |u —|ul?) = 1| — ==
0<|u|<o0 2 2m
Therefore, I = — L Nlog N, and IT = I [, Tog A( )“’h(z — &£ So we have
1 N wp(2) N
N _ON? - — 2 og A X N
E&q, = C;N 47TNlogN + o /M og A(2) = ypm + o(N)
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5 Proof of Theorem 1.3

5.1 Proof of Theorem 1.3(1)

Proof

1
Egév - /(CIPH cpr [2 w]S(ZS © 2= Anzel)

/(CPlx(CIPl ﬁ(KN(Z w) — [A]A (K (2) @ 1))

/Pl /r(w L] (K (2, w) = [A] A (K (2) @1)
" /@1 /\/W@(z,w)q[zy w] K (7 w)
I+l

To calculate I, we use the same method as in §3. We change variables

u
w=2z+ —=.
VN
By equation (1.9) we get
[:/ / 21—(:05M “ANH 33u2
i 0<\u|<W(( \/N)) ( [ul*)5-09]ul
/ /10g (20 L) ENH(Gr)r drds (5.1)
= — —cos ——)) 2 —r)rdr .
T Jo 0 VN 2
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Since 2(1 — cos =) ~ %, (5.1) becomes

Viee N1 [T
—2N'*T2 A{ H(§r2)r1_5 dr +2N't3 / H(§T2)T1_S dr. (5.2)
M 0
L

Here, % < y/log N, so we can assume & = O(v/log N), since H(3r?) — 3r?

asr — 0. Let L — oo,
e When s = 2, the second part of (5.2) is asymptotic to

1 2 M 2
SN, (5.3)

e When s < 4 and s # 2, the second part of (5.2) is asympotitc to

NY3 M

4_S-ffﬂ. (5.4)

And since H(r) — 1 as r — oo, let M — oo,

e When s = 2, the first part of (5.2) is asymptotic to

N?log(log N) — 2N?log(M/L). (5.5)

e When s < 4 and s # 2, the first part of (5.2) is asymptotic to

Ni*+2 . . M
5 _S(logN)lfi +N1+§(f)2*s. (5.6)
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So

e When s = 2,

1 M
I = N*log(log N) + §N2(

=) 2N log(M/L).  (5.7)

e When s < 4 and s # 2,

N5 M
J = Y ]
4—5(L) +

NI+

S S M
S (log ) E + N (-

2 (5.8)

To calculate I, we use equation (2.10)

log N
KY(z,w) — KN (2) A KY (w) = O(N™*) uniformly for r(z,w) > O]gv ,
and equation (3.12)

N N
KN () ANKY (w) = —w, A —w, + O(1).
7r s
to get

I]:/ / 2, W] KN () A KN (w) + O(NF
- —Wsm,w)g[ 77Ky (2) AKY (w) + O(NT7)
:N2/ w (5.9)
cpr T

—sWuw
/ )2
VRN <r(zw)<2
Since f(cpl £ =1, if we use the azimuthal angle ¢, we get fSQ sin p dpdf = 4.

™

+0(1)

For the standard unit sphere, ¢ = r, where r is the round distance. Then
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we have:

N2
I =—

2T T 1
- sin o dpdf
4 /0 /\/@ (2(1 —cosp))2 St p dy

_E/“ : sinp d
T2 ymr i —cosg)E

N2 T 1
= = d(2(1 —

4 /M% (2(1 —cosp))2 (2(1 = cosp))

e When s = 2,

2

N
Il =—log(2(1 — Q
1 og( ( COS@))’W

N? N? log N
:710g2——log<2(1—cos o8 ))

4
N? N? N2

~ T log N — e log(log N) + -5 log 2.

e When s < 4 and s # 2

1T === (21— 0s)) "+ e

_2175N2 N2 IOgN
T 2-s  202—y)
2175 N? N2 logN ,_s
“ s s N
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e When s = 2, since % < +/log N,

2

N2
EEY =—N?log N + e log(log N) + — log 2
1

L ar2 M 2 2 M 2
+2N(L) 2N logL + o(N?).
e When s < 2,
N 21_8 2
EEY ., = N e —
<29 +(2(2—5))

N3 (log N)1=2 + o(N'3(log N)'732).

e When 2 < s < 4, the leading order term is J\f_ﬁ(%)‘l_s in (5.8),
however it is hard to figure out what % is

1+3
N _
E52<s<4 - C

N3 (log N)'™2).
1, TOWT=(logN)2)
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5.2 Proof of Theorem 1.3(2)

Proof
EEY :/ —loglz, w(Z, @ Zs — [A] A (Z, @ 1))

CPl xCP?

- / —tog[z, w] (K2 (2, w) — [A] A (KN (2) @ 1))
CP! xCP?

_ / / loglz,w)(KY (2. w) — [A] A (K () @ 1)
CP Jr(z,w) <

Jr/w1 /%Nq(z w)q—log[z,w]Kg (z,w)

—[+1I (5.13)

and by equation (1.9), we get

|ul

W 1 1 .=
I:/ —Z/ —log 4/2(1 — cos ——=)N H (=|u|?)=—00|u|?
cpt T Jo<|ul<IogN ( \/N> 2’ ’)27r [ul

1 2m \/m T 1
— _/ / —log \/2(1 — cos ——=)NH (=r*)r drdf
T Jo 0 2

VN

VIog N 1, Viog N r )
:—N/ log 2YH (=r rdr—N/ log(1 — cos ——)H (=r*)rdr
[ e [ w1 —cos o ()

Since H(r) — rasr — 0 and H(r) — 1 as r — oo, we get:
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1 2 Vl1og N 1
[~ —222Nlog N — N/ log(1 — cos ——)H (=r?)r dr.
0 VN 2
Since 1 — COS# = %
Vieg N T 15
log(1l — cos —)H(=r")rdr
[ o= e y5)
Vieg N r? 1,5
= log(— ) )H (= d
| e G

2
log —)H(—TQ)dE —

Viog N 1
/ log(N)H(§r2)r dr

0
log® N

1 1 1
=3 log(log N)log N — §(log2 +1)log N — i(logZ +1)

So I = Zlog” N — LNlog(log N)log N + £ Nlog N + 1(log2 + 1)N

To calculate 11, we use the same method as in §5.1 and get

I[:/ / —log[z, w] KN (2) N KY (w) + O(N~*
o1 B oy [z, wl K7 (2) A KT (w) + O(NTF)

:N2/ ”—/ “log[z, w] 22 + 0(1). 5.15
(2 e ot 00 (5.15)

Since fCPI £ =1, if we use the azimuthal angle ¢, we get fSQ sin p dpdf = 4.

For the standard unit sphere, ¢ = r, where r is the round distance. Then
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(5.15) becomes

N2 /2#/
— —log /2(1 — cos ) sin ¢ dpdf (5.16)
Ar Jo o J/eEE<pn

N2 [T
:_T/ %logQ(l—cosw)singadcp

1
=—(log2 — §)N2+O(logN). (5.17)
In the end, we get

1 N
EEY = — (log2 — 5)N2 +5

1 1
+ éNlogNjL a(logZ +1)N + o(N).

1
log? N — §N10g(1og N)log N
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6 Appendix

In this appendix, we give a picture which describes the distribution of ran-

dom zeros of a given random polynomial. Let

p(z) = Z(]JV)

=1

where E(c;) = 0 and E(|¢;|?) = 1. According to the picture, we know that

1 _ * plot
o 1
. . * -1
0 o ..'Q'.' ' t‘l ¢ [ .?‘..\.. S u |
N ": 0 ..' ..1. ::0’ . .’ o .} :..“ -.;, 'Y i
'..:. '-.. :..o oo o8 .‘. ‘“....i.' 0% e %'. < |nf|n|ty
_:k ‘:0 o..o: s o ., '.:.%..’. ‘::0. > 0
0.5
‘-(‘s.“.-_ 't ° :. .°:§0 .-
"0’.\.‘. % :.' ‘.:.. o of
) ."o‘.....v 0.. ...'.:,‘

Figure 2: Distribution of zeros
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the zeros repel each others which make us understand our result intuitively.
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