
Preface

The motivation for these lecture notes on minimal surfaces is to cover
the necessary background material needed for the papers [?], [?], [?], and
[?] on compactness and convergence of minimal surfaces in three-manifolds.
Some of these results are described in the last chapter of these notes. These
results about convergence and compactness of embedded minimal surfaces
in three-manifolds are in part motivated by a question of Pitts and Rubin-
stein. This question asks to give a bound for the Morse index of all embed-
ded closed minimal surfaces of fixed genus in a closed three-manifold; see
Chapter?? for the precise statement. The claim of Pitts and Rubinstein is
that if there is such a bound for a sufficiently large class of metrics onS3,
then the famous spherical space-form problem can be settled affirmatively.

We also hope that these notes will help to stimulate interaction between
minimal surface theory and the topology of three-manifolds.

These notes are an expanded version of a one-semester course taught at
Courant in the spring of 1998. The only prerequisites needed are a basic
knowledge of Riemannian geometry and some familiarity with the maxi-
mum principle. Of the various ways of approaching minimal surfaces (from
complex analysis, PDE, or geometric measure theory), we have chosen to
focus on the PDE aspects of the theory.

In Chapter 1, we will first derive the minimal surface equation as the
Euler-Lagrange equation for the area functional on graphs. Subsequently,
we derive the parametric form of the minimal surface equation (the first
variation formula). The focus of the first chapter is on the basic properties
of minimal surfaces, including the monotonicity formula for area and the
Bernstein theorem. We also mention some examples. In the last section of
Chapter 1, we derive the second variation formula, the stability inequality,
and define the Morse index of a minimal surface.

Chapter?? deals with generalizations of the Bernstein theorem dis-
cussed in Chapter 1. We begin the chapter by deriving Simons’ inequality
for the Laplacian of the norm squared of the second fundamental form of
a minimal hypersurfaceΣ in Rn. In the later sections, we discuss various
applications of such an inequality. The first application that we give is to
a theorem of Choi-Schoen giving curvature estimates for minimal surfaces
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with small total curvature. Using this estimate, we give a short proof of
Heinz’s curvature estimate for minimal graphs. Next, we discuss a priori es-
timates for stable minimal surfaces in three-manifolds, including estimates
on area and total curvature of Colding-Minicozzi and the curvature estimate
of Schoen. After that, we follow Schoen-Simon-Yau and combine Simons’
inequality with the stability inequality to show higherLp bounds for the
square of the norm of the second fundamental form for stable minimal hy-
persurfaces. The higherLp bounds are then used together with Simons’ in-
equality to show curvature estimates for stable minimal hypersurfaces and
to give a generalization due to De Giorgi, Almgren, and Simons of the Bern-
stein theorem proven in Chapter 1. We close the chapter with a discussion
of minimal cones in Euclidean space and the relationship to the Bernstein
theorem.

We start Chapter?? by introducing stationary varifolds as a general-
ization of classical minimal surfaces. After that, we prove a generalization
of the Bernstein theorem for minimal surfaces discussed in the preceding
chapter. Namely, following [?], we will show in Chapter?? that, in fact,
a bound on the density gives an upper bound for the smallest affine sub-
space that the minimal surface lies in. We will deduce this theorem from
the properties of the coordinate functions (in fact, more generally proper-
ties of harmonic functions) onk-rectifiable stationary varifolds of arbitrary
codimension in Euclidean space.

Chapter?? discusses the solution to the classical Plateau problem, fo-
cusing primarily on its regularity. The first three sections cover the basic
existence result for minimal disks. After some general discussion of unique
continuation and nodal sets, we study the local description of minimal sur-
faces in a neighborhood of either a branch point or a point of nontransverse
intersection. Following Osserman and Gulliver, we rule out interior branch
points for solutions of the Plateau problem. In the remainder of the chapter,
we prove the embeddedness of the solution to the Plateau problem when the
boundary is in the boundary of a mean convex domain. This last result is
due to Meeks and Yau.

Finally, in Chapter??, we discuss the theory of minimal surfaces in
three-manifolds. We begin by explaining how to extend the earlier results
to this case (in particular, monotonicity, the strong maximum principle, and
some of the other basic estimates for minimal surfaces). Next, we prove
the compactness theorem of Choi and Schoen for embedded minimal sur-
faces in three-manifolds with positive Ricci curvature. An important point
for this compactness result is that by results of Choi-Wang and Yang-Yau
such minimal surfaces have uniform area bounds. The next section surveys
recent results of [?], [?], [?], and [?] on compactness and convergence of
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minimal surfaces without area bounds. Finally, in the last section, we men-
tion an application (from [?]) of the ideas of [?] to the study of complete
minimal surfaces inR3.
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CHAPTER 1

The Variation Formulas and Some Consequences

In this chapter, we will first derive the minimal surface equation as the
Euler-Lagrange equation for the area functional on graphs. Subsequently,
we derive the parametric form of the minimal surface equation (the first
variation formula). The focus of the chapter is on some basic properties
of minimal surfaces, including the monotonicity formula for area and the
Bernstein theorem. We also mention some examples. In the last section, we
derive the second variation formula, the stability inequality, and define the
Morse index of a minimal surface.

1. The Minimal Surface Equation and Minimal Submanifolds

1.1. Graphs and the minimal surface equation.Suppose thatu :
Ω ⊂ R2 → R is a C2 function and consider the graph of the function
u

Graphu = {(x, y, u(x, y)) | (x, y) ∈ Ω} . (1)

Then the area is

Area(Graphu) =

∫
Ω

|(1, 0, ux)× (0, 1, uy)| (2)

=

∫
Ω

√
1 + u2

x + u2
y =

∫
Ω

√
1 + |∇u|2 ,

and the (upward pointing) unit normal is

N =
(1, 0, ux)× (0, 1, uy)

|(1, 0, ux)× (0, 1, uy)|
=

(−ux,−uy, 1)√
1 + |∇u|2

. (3)

Therefore for the graphsGraphu+tη whereη|∂Ω = 0 we get that

Area(Graphu+tη) =

∫
Ω

√
1 + |∇u+ t∇η|2 (4)
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2 1. THE VARIATION FORMULAS AND SOME CONSEQUENCES

hence

d

dt t=0
Area(Graphu+tη) =

∫
Ω

〈∇u ,∇η〉√
1 + |∇u|2

(5)

= −
∫

Ω

η div

(
∇u√

1 + |∇u|2

)
.

Therefore the graph ofu is a critical point for the area functional ifu satis-
fies the divergence form equation

div

(
∇u√

1 + |∇u|2

)
= 0 . (6)

Equation (6) is the divergence form of theminimal surface equationand
can alternatively be written as

0 =
(
1 + |∇u|2

) 3
2

( ux√
1 + |∇u|2

)
x

+

(
uy√

1 + |∇u|2

)
y

 (7)

= (1 + u2
y)uxx + (1 + u2

x)uyy − 2ux uy uxy .

Next we want to show that the graph of a function onΩ satisfying the
minimal surface equation is not just a critical point for the area functional
but is actually area-minimizing amongst surfaces in the cylinderΩ × R ⊂
R3. Letω be the two-form onΩ× R given by that forX, Y ∈ R3

ω(X, Y ) = det(X, Y,N) , (8)

where

N =
(−ux,−uy, 1)√

1 + |∇u|2
. (9)

Observe that

ω

(
∂

∂x
,
∂

∂y

)
=

1√
1 + |∇u|2

∣∣∣∣∣∣
1 0 −ux

0 1 −uy

0 0 1

∣∣∣∣∣∣ (10)

=
1√

1 + |∇u|2
,
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ω

(
∂

∂y
,
∂

∂z

)
=

1√
1 + |∇u|2

∣∣∣∣∣∣
0 0 −ux

1 0 −uy

0 1 1

∣∣∣∣∣∣ (11)

=
−ux√

1 + |∇u|2
,

and

ω

(
∂

∂x
,
∂

∂z

)
=

1√
1 + |∇u|2

∣∣∣∣∣∣
1 0 −ux

0 0 −uy

0 1 1

∣∣∣∣∣∣ (12)

=
uy√

1 + |∇u|2
.

Hence

ω =
dx ∧ dy − ux dy ∧ dz − uy dz ∧ dx√

1 + |∇u|2
(13)

and

dω =
∂

∂x

(
−ux√

1 + |∇u|2

)
+

∂

∂y

(
−uy√

1 + |∇u|2

)
= 0 , (14)

sinceu satisfies the minimal surface equation. In sum, the formω is closed
and, given any orthogonal unit vectorsX andY at a point(x, y, z),

|ω(X, Y )| ≤ 1 , (15)

where equality holds if and only if

X,Y ⊂ T(x,y,u(x,y)) Graphu . (16)

Such a formω is called acalibrationand it can be used to show thatGraphu

is area-minimizing:

LEMMA 1.1. If u : Ω → R satisfies the minimal surface equation and
Σ ⊂ Ω× R is any other surface with∂Σ = ∂ Graphu, then

Area(Graphu) ≤ Area(Σ) . (17)

PROOF. Sinceω is a closed form andGraphu andΣ are homologous,
Stokes’ theorem gives ∫

Graphu

ω =

∫
Σ

ω . (18)

Combining this with (15) and (16) gives

Area(Graphu) =

∫
Graphu

ω =

∫
Σ

ω ≤ Area(Σ) . (19)

�



4 1. THE VARIATION FORMULAS AND SOME CONSEQUENCES

COROLLARY 1.2. If u : Ω → R satisfies the minimal surface equation
andDr ⊂ Ω, then

Area(Br ∩Graphu) ≤
Area(S2)

2
r2 = 2π r2 . (20)

PROOF. Since∂Br ∩Graphu divides∂Br into two components at least
one of which has area at most equal to(Area(S2)/2) r2, (17) gives (20). �

If the domainΩ is convex, the minimal graph is absolutelyarea-minimizing.
To see this, observe first that for a convex setΩ the nearest point projection
P : R3 → Ω× R is a distance nonincreasing Lipschitz map that is equal to
the identity onΩ×R. If Σ ⊂ R3 is any other surface with∂Σ = ∂ Graphu,
thenΣ′ = P (Σ) hasArea(Σ′) ≤ Area(Σ). Applying (17) toΣ′, we see that
Area(Graphu) ≤ Area(Σ′) and the claim follows.

Very similar calculations to the ones above show that ifΩ ⊂ Rn−1 and
u : Ω → R is aC2 function, then the graph ofu is a critical point for the
area functional if and only ifu satisfies the equation

div

(
∇u√

1 + |∇u|2

)
= 0 . (21)

Moreover, as in (17), ifu satisfies (21), then the graph ofu is actually area-
minimizing. Consequently, as in (20), ifΩ contains a ball of radiusr, then

Vol(Br ∩Graphu) ≤
Vol(Sn−1)

2
rn−1 . (22)

1.2. The geometry of submanifolds.We could also have looked more
generally for ak-dimensional submanifoldΣ possibly with boundary and
sitting inside some Riemannian manifoldM (with metric g and covariant
derivative∇) and which is a critical point for the area functional.

In the following, if X is a vector field onΣ ⊂ M , then we letXT

andXN denote the tangential and normal components, respectively. The
covariant derivative∇ on M then induces a covariant derivative∇Σ on
Σ and second fundamental formA of Σ. That is, the induced covariant
derivative∇Σ is given by

∇Σ = (∇)T , (23)

and the vector-valued bilinear formA onΣ is given forX, Y ∈ TxΣ by

A(X, Y ) = (∇XY )N . (24)
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Since the bracket of tangential vector fields is again a tangential vector field,
it is easy to see thatA is symmetric, i.e.,A(X,Y ) = A(Y,X). Observe that

n−k∑
`=1

g(A(X, Y ), N`)N` =
n−k∑
`=1

g(∇XY,N`)N` (25)

= −
n−k∑
`=1

g(Y,∇XN`)N` ,

whereN` is an orthonormal basis of vector fields for the normal space toΣ
in a neighborhood ofx.

Themean curvature vectorH atx is by definition

H =
k∑

i=1

A(Ei, Ei) , (26)

whereEi is an orthonormal basis forTxΣ. Furthermore, thenorm squared
of the second fundamental formatx is by definition

|A|2 =
k∑

i,j=1

|A(Ei, Ej)|2 . (27)

Recall also that the Gauss equations assert that ifX, Y ∈ TxΣ, then

KΣ(X, Y ) |X ∧ Y |2 = (28)

KM(X, Y ) |X ∧ Y |2 + g(A(X,X), A(Y, Y ))− g(A(X,Y ), A(X, Y )) ,

where
|X ∧ Y |2 = g(X,X) g(Y, Y )− g(X, Y )2 (29)

andKM(X, Y ) andKΣ(X, Y ) are the sectional curvatures ofM andΣ,
respectively, in the two-plane spanned by the vectorsX andY . If Σn−1 ⊂
Mn is a hypersurface andN is a unit normal vector field in a neighborhood
of x, then

∇(·)N : TxΣ → TxΣ (30)

is a symmetric map (often referred to as the Weingarten map) and its eigen-
values(κi)i=1,...,n−1 are called the principal curvatures. Moreover,

g(H,N) = −
n−1∑
i=1

κi . (31)

Finally, if X is a vector field defined in a neighborhood ofΣ, then the
divergenceof X atx ∈ Σ is

divΣ X =
n−1∑
i=1

g(∇Ei
X,Ei) , (32)
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whereEi is an orthonormal basis forTxΣ. Notice thatdivΣ satisfies the
Leibniz rule

divΣ(fX) = 〈∇Σf,X〉+ f divΣ(X) . (33)

REMARK 1.3. We can also usedivΣ to define the Laplace operator∆Σ

onΣ by
∆Σf = divΣ(∇Σf) . (34)

REMARK 1.4. Note that

divΣ Y
N =

∑
i

g(Ei,∇Ei
Y N) = −

∑
i

g(Y N ,∇Ei
Ei)

= −g(Y N , H) . (35)

1.3. The first variation formula. Let F : Σ × (−ε, ε) → M be a
variation ofΣ with compact support and fixed boundary. That is,F = Id
outside a compact set,

F (x, 0) = x , (36)
and for allx ∈ ∂Σ

F (x, t) = x . (37)
The vector fieldFt restricted toΣ is often called thevariational vector field.
Now we want to compute the first variation of area for this one-parameter
family of surfaces. Letxi be local coordinates onΣ. Set

gij(t) = g(Fxi
, Fxj

) , (38)

ν(t) =
√

det(gij(t))
√

det(gij(0)) , (39)

whereaij denotes the inverse of the matrixaij. Note thatν(t) is well-
defined independent of the choice of coordinate system onΣ (sincedet(gij(t))
changes by the determinant squared of the differential of a coordinate trans-
formation whiledet(gij(0)) changes by the inverse of this). Furthermore,
the area formula is

Vol(F (Σ, t)) =

∫
ν(t)

√
det(gij(0)) , (40)

where the integral is overΣ. Differentiating this gives

d

dt t=0
Vol(F (Σ, t)) =

∫
d

dt t=0
ν(t)

√
det(gij(0)) . (41)

To evaluated/dtt=0ν(t) at some pointx, we may choose the coordinate
system such that atx it is orthonormal, i.e., so that at the pointx

gij(0) = δij =

{
0 if i 6= j ,

1 if i = j .
(42)
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Using this and the fact that thet andxi derivatives commute (i.e.,∇FtFxi
−

∇Fxi
Ft = [Ft, Fxi

] = 0), we get atx,

d

dt t=0
ν(t) =

1

2

k∑
i=1

d

dt
g(Fxi

, Fxi
) =

k∑
i=1

g(∇FtFxi
, Fxi

)

=
k∑

i=1

g(∇Fxi
Ft, Fxi

) = divΣ Ft . (43)

We can relate this formula to the mean curvature by writing the vector field
Ft as the sum of its normal and tangential parts to get

d

dt t=0
ν(t) =

n−k∑
`=1

k∑
i=1

g(∇Fxi
g(Ft, N`)N`, Fxi

) + divΣ F T
t (44)

=
n−k∑
`=1

k∑
i=1

g(Ft, N`) g(∇Fxi
N`, Fxi

) + divΣ F T
t

= −g(Ft, H) + divΣ F T
t .

HereN` is an orthonormal basis for the normal bundle ofΣ atx. Integrating
(43) and (44) gives the so-called first variation formula:

d

dt t=0
Vol(F (Σ, t)) = −

∫
Σ

g(Ft, H) =

∫
Σ

divΣ Ft . (45)

Note that Stokes’ theorem was used to see that
∫

divΣ F T
t = 0. As a con-

sequence of (45), we see thatΣ is a critical point for the area functional if
and only if the mean curvatureH vanishes identically.

DEFINITION 1.5. (Minimal Submanifold) An immersed submanifold
Σk ⊂ Mn is said to beminimal if the mean curvatureH vanishes identi-
cally.

It follows from the identity (45) that a graph inR3 is a minimal surface
if and only if it satisfies the minimal surface equation (6).

2. Some Simple Examples of Minimal Surfaces inR3

EXAMPLE 1.6. (A Plane) x3 = 0. Planes are the only flat minimal
surfaces.

EXAMPLE 1.7. (The Helicoid; see figure 1.) x3 = tan−1
(

x2

x1

)
which

is given in parametric form by

(x1, x2, x3) = (t cos s, t sin s, s) , (46)



8 1. THE VARIATION FORMULAS AND SOME CONSEQUENCES

wheres, t ∈ R. This is a ruled surface since its intersections with horizontal
planes{x3 = s} are straight lines. These lines lift and rotate with constant
speed to form a double spiral staircase.

EXAMPLE 1.8. (The Catenoid; see figure 3.)x3 = cosh−1
√
x2

1 + x2
2,

that is, the surface obtained by rotating the curvex1 = cosh x3 around the
x3-axis.

EXAMPLE 1.9. (Enneper’s surface) The surface parameterized by

(x1, x2, x3) = (s− s3/3 + st2,−t− s2t+ t3/3, s2 − t2) , (47)

wheres, t ∈ R. Unlike the first three examples, Enneper’s surface is not
embedded.

EXAMPLE 1.10. (Scherk’s Surface) Scherk’s surface is the doubly–
periodic surface given on the square|x1| < π/2 and|x2| < π/2 by

x3 = log
cos(x2)

cos(x1)
. (48)

Let us check that Scherk’s surface is, in fact, a minimal surface. We
need only check thatx3 = x3(x1, x2) satisfies the minimal surface equation.
Clearly

∂x1x3 = tan(x1) (49)

∂x2x3 = − tan(x2) (50)

∂x1x1x3 = 1 + tan2(x1) , (51)

∂x2x2x3 = −1− tan2(x2) , (52)

∂x1x2x3 = 0 . (53)

Hence,x3 satisfies the minimal surface equation (7).

FIGURE 1. Multi–valued
graphs. The helicoid is
obtained by gluing together
two ∞–valued graphs along
a line.

FIGURE 2. The catenoid
given by revolving
x1 = coshx3 around
thex3–axis.
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3. Consequences of the First Variation Formula

In this section, we will collect some important consequences of the first
variation formula. The most important of these is the monotonicity formula,
Proposition 1.13. In later chapters, we will return to this subject. In Chap-
ter 3, we extend these results to stationary varifolds, and in Chapter 5 to
minimal surfaces in a three-manifold.

From (45), we see thatΣ is minimal if and only if for all vector fields
X with compact support and vanishing on the boundary ofΣ,∫

Σ

divΣ X = 0 . (54)

This equation is known as the first variation formula. It has the benefit that
(54) makes sense as long as we can define the divergence onΣ. (This will
later allow us to define a notion of “weak solution” for minimal surfaces.)

In the rest of this section, ifx0 ∈ Rn is fixed, then we letBs = Bs(x0)
be the Euclidean ball of radiuss centered atx0.

3.1. Harmonicity of the coordinate functions. As a consequence of
(54), we will show the following proposition:

PROPOSITION1.11. Σk ⊂ Rn is minimal if and only if the restrictions
of the coordinate functions ofRn to Σ are harmonic functions.

PROOF. Let η be a smooth function onΣ with compact support and
η|∂Σ = 0, then∫

Σ

〈∇Ση, ∇Σxi〉 =

∫
Σ

〈∇Ση , ei〉 =

∫
Σ

divΣ(η ei) . (55)

From this, the claim follows easily. �

Another very useful consequence of (54) is a formula for the Laplacian
of |x|2 on ak-dimensional minimal surfaceΣ. Namely, since for any vector
v we have

∇vxi = 〈v, ei〉 , (56)

we see that
divΣ(x1, . . . , xn) = k . (57)

Combining (57) and (54) (actually we just use thatdivΣ Y
N = 0 for anyY )

gives

∆Σ|x|2 = 2 divΣ(x1, . . . , xn)T = 2 divΣ(x1, . . . , xn) = 2k . (58)

Recall that ifΞ ⊂ Rn is a compact subset, then the smallest convex
set containingΞ (the convex hull,Conv(Ξ)) is the intersection of all half–
spaces containingΞ. The maximum principle forces a minimal submanifold
to lie in the convex hull of its boundary:
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PROPOSITION1.12. (Convex Hull Property) If Σk ⊂ Rn is a compact
minimal submanifold, thenΣ ⊂ Conv(∂Σ).

PROOF. A half–spaceH ⊂ Rn can be written as

H = {x ∈ Rn | 〈x, e〉 ≤ a} , (59)

for a vectore ∈ Sn−1 and constanta ∈ R. By Proposition 1.11, the function
u(x) = 〈e, x〉 is harmonic onΣ and hence attains its maximum on∂Σ by
the maximum principle. �

The argument in the proof of the convex hull property can be rephrased
as saying that as we translate a hyperplane towards a minimal surface, the
first point of contact must be on the boundary.

3.2. Monotonicity. Before we state and prove the monotonicity for-
mula of volume for minimal submanifolds, we will need to recall the coarea
formula. This formula asserts (see, for instance, [?] for a proof) that ifΣ is
a manifold andh : Σ → R is a proper (i.e.,h−1((−∞, t]) is compact for all
t ∈ R) Lipschitz function onΣ, then for all locally integrable functionsf
onΣ andt ∈ R ∫

{h≤t}
f |∇Σh| =

∫ t

−∞

∫
h=τ

f dτ . (60)

PROPOSITION1.13. (The Monotonicity Formula) Suppose thatΣk ⊂
Rn is a minimal submanifold andx0 ∈ Rn; then for all0 < s < t

t−k Vol(Bt ∩ Σ)− s−k Vol(Bs ∩ Σ) =

∫
(Bt\Bs)∩Σ

|(x− x0)
N |2

|x− x0|k+2
. (61)

PROOF. SinceΣ is minimal,

∆Σ|x− x0|2 = 2 divΣ(x− x0) = 2k . (62)

By Stokes’ theorem integrating this gives

2 k Vol(Bs ∩ Σ) =

∫
Bs∩Σ

∆Σ|x− x0|2 = 2

∫
∂Bs∩Σ

|(x− x0)
T | . (63)

The coarea formula (i.e., (60)) gives

Vol(Bs ∩ Σ) =

∫
{r≤s}

|∇Σr|−1 |∇Σr| =
∫ s

0

∫
r=τ

|∇Σr|−1 dτ . (64)
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Combining this with (63), an easy calculation gives

d

ds

(
s−k Vol(Bs ∩ Σ)

)
= −k s−k−1 Vol(Bs ∩ Σ) + s−k

∫
∂Bs∩Σ

|x− x0|
|(x− x0)T |

= s−k−1

∫
∂Bs∩Σ

(
|x− x0|2

|(x− x0)T |
− |(x− x0)

T |
)

(65)

= s−k−1

∫
∂Bs∩Σ

|(x− x0)
N |2

|(x− x0)T |
.

Integrating and applying the coarea formula once more gives the claim.�

Notice that(x − x0)
N vanishes precisely whenΣ is conical aboutx0,

i.e., whenΣ is invariant under dilations aboutx0. As a corollary, we get the
following:

COROLLARY 1.14. Suppose thatΣk ⊂ Rn is a minimal submanifold
andx0 ∈ Rn; then the function

Θx0(s) =
Vol(Bs ∩ Σ)

Vol(Bs ⊂ Rk)
(66)

is a nondecreasing function ofs. Moreover,Θx0(s) is constant ins if and
only if Σ is conical aboutx0.

Finally, if x0 ∈ Σ, thenΘx0(s) ≥ 1; if for somes > 0, Θx0(s) = 1, then
Bs ∩ Σ is a ball in somek-dimensional plane.

PROOF. Proposition 1.13 directly shows thatΘx0(s) is monotone non-
decreasing. SinceΣ is smooth and proper, it is infinitesimally Euclidean
and hence

lim
s→0

Θx0(s) ≥ 1 . (67)

Combining monotonicity ofΘx0(s) with (67) shows thatΘx0(s) ≥ 1. If we
haveΘx0(s) = 1, thenΘx0 is constant ins so that, by (61),(x − x0)

N is
identically zero. Clearly this implies thatΣ is dilation invariant, and since
Σ is smooth,Σ is contained in ak-plane. �

For later reference, we will record some consequences of Corollary
1.14. LetΣ be a minimal submanifold and define thedensityatx0 by

Θx0 = lim
s→0

Θx0(s) . (68)

This limit, which exists sinceΘx0(s) is monotone, is always at least1 for
x0 ∈ Σ by (67). In fact, so long asΣ is smooth,Θx0 is a nonnegative integer
equal to the multiplicity ofΣ at x0. Note that ifΣ is not embedded, then
this multiplicity can be greater than one.
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The next result, which is an elementary consequence of monotonicity,
shows that this multiplicity is upper semicontinuous.

COROLLARY 1.15. If Σk ⊂ Rn is a minimal submanifold, then the
densityΘx is an upper semicontinuous function onRn. Consequently, for
anyΛ ≥ 0, the set

{x ∈ Σ | Θx ≥ Λ} (69)

is closed.

PROOF. We need to show that ifxj is a sequence of points going tox,
then

Θx ≥ lim sup
xj→x

Θxj
. (70)

Given anyδ > 0, there exists ans > 0 such that

Θx ≥ Θx(2s)− δ , (71)

and we can choose0 < ε < s so that

Θx ≥ (1 + s−1 ε)k Θx(2s)− 2 δ . (72)

For anyxj with |x− xj| < ε,

Θxj
≤ Θxj

(s) ≤ Vol(Bs+ε(x) ∩ Σ)

Vol(Bs ⊂ Rk)
= (1 + s−1 ε)k Θx(s+ ε) (73)

≤ 2δ + Θx ,

where the last inequality follows from (72). Sinceδ was arbitrarily small,
(73) implies (70) and henceΘ is upper semicontinuous. It follows immedi-
ately that the set defined in (69) must be closed. �

3.3. The meanvalue inequality.

PROPOSITION1.16. (The Mean Value Inequality) If Σk ⊂ Rn is a
minimal submanifold,x0 ∈ Rn, andf is a function onΣ, then

t−k

∫
Bt∩Σ

f − s−k

∫
Bs∩Σ

f (74)

=

∫
(Bt\Bs)∩Σ

f
|(x− x0)

N |2

|x− x0|k+2
+

1

2

∫ t

s

τ−k−1

∫
Bτ∩Σ

(τ 2−|x−x0|2) ∆Σf dτ .

PROOF. Observe that the monotonicity formula will be the special case
wheref = 1. SinceΣ is minimal, integration by parts gives

2k

∫
Bs∩Σ

f =

∫
Bs∩Σ

f ∆Σ|x− x0|2 (75)

=

∫
Bs∩Σ

|x− x0|2 ∆Σf + 2

∫
∂Bs∩Σ

f |(x− x0)
T | − s2

∫
Bs∩Σ

∆Σf .
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Using this and the coarea formula (i.e., (60)) gives

d

ds

(
s−k

∫
Bs∩Σ

f

)
(76)

= −k s−k−1

∫
Bs∩Σ

f + s−k

∫
∂Bs∩Σ

f
|x− x0|

|(x− x0)T |

= s−k−1

∫
∂Bs∩Σ

f
|(x− x0)

N |2

|(x− x0)T |
+

1

2
s−k−1

∫
Bs∩Σ

(s2 − |x− x0|2) ∆Σf .

Integrating and using the coarea formula gives the claim. �

For future reference, we next record a general mean value inequality
which follows from Proposition 1.16.

COROLLARY 1.17. Suppose thatΣk ⊂ Rn is a minimal submanifold,
x0 ∈ Σ, ands > 0 satisfyBs(x0) ∩ ∂Σ = ∅. If f is a nonnegative function
onΣ with ∆Σf ≥ −λ s−2 f , then

f(x0) ≤ e
λ
2

∫
Bs∩Σ

f

Vol(Bs ⊂ Rk)
. (77)

PROOF. If we defineg(t) by

g(t) = t−k

∫
Bt∩Σ

f , (78)

then Proposition 1.16 implies that

g′(t) ≥ −λ
2
s−2 t1−k

∫
Bt∩Σ

f = −λ
2
s−2 t g(t) . (79)

We can rewrite (79) as

g′(t)

g(t)
≥ −λ

2
s−2 t ≥ − λ

2s
. (80)

From (80), it is obvious thateλ t/(2s) g(t) is monotone nondecreasing and
(77) follows immediately. �

We get immediately the following mean value inequality for the special
case of nonnegative subharmonic functions:

COROLLARY 1.18. Suppose thatΣk ⊂ Rn is a minimal submanifold,
x0 ∈ Rn, andf is a nonnegative subharmonic function onΣ; then

s−k

∫
Bs∩Σ

f (81)
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is a nondecreasing function ofs. In particular, if x0 ∈ Σ, then for alls > 0

f(x0) ≤
∫

Bs∩Σ
f

Vol(Bs ⊂ Rk)
. (82)

4. The Gauss Map

Let Σ2 ⊂ R3 be a surface. TheGauss mapis a continuous choice of a
unit normal

N : Σ → S2 ⊂ R3 . (83)

Observe that there are two choices of such a mapN and−N corresponding
to a choice of orientation ofΣ. Moreover, the differential of the mapN can
be identified with the Weingarten map defined above. To see this, suppose
thatE1, E2 is an orthonormal frame onΣ. Since the unit normal toS2 at
N(x) is justN(x) itself, E1, E2 also gives an orthonormal frame on the
image. Using this identification, the differentialdN is given by

〈dN(Ei), Ej〉 = 〈∇Ei
N,Ej〉 = −〈N,∇Ei

Ej〉 = −Aij . (84)

In the last equality, we identified the normal vectorAij with its inner product
with N (sinceΣ is a hypersurface).

If Σ is minimal, then the Gauss map is an (anti) conformal map since
the eigenvalues of the Weingarten map areκ1 andκ2 = −κ1. Moreover, for
a minimal surface

|dN |2 = |A|2 = κ2
1 + κ2

2 = −2κ1 κ2 = −2K = −2 det(dN) , (85)

and the area of the Gauss map is a multiple of the total curvature. This
conformality of the Gauss map for a minimal surface inR3, namely (85),
can be used to prove the classical Bernstein theorem described in the next
section.

4.1. Local coordinates on a graph.We conclude this section by cal-
culating the metric, curvature, and second fundamental form of a graph. If
Σ ⊂ R3 is the graph of a functionu = u(x, y), then, as we have already
seen, we can take

N =
(−ux,−uy, 1)√

1 + |∇u|2
. (86)

Using(x, y) as coordinates on the graph, we may express the induced metric
g as

gxx = (1 + u2
x) , gxy = gyx = uxuy , gyy = (1 + u2

y) . (87)

By direct calculation, the eigenvalues of the matrixg are1 and(1+ |∇u|2).
This can also easily be seen geometrically. Similarly, the inverse matrix is
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given by

gxx =
1 + u2

y

1 + |∇u|2
, gxy = gyx =

−ux uy

1 + |∇u|2
, gyy =

1 + u2
x

1 + |∇u|2
. (88)

By the Gauss equation, the Gauss curvature of the graph ofu is given
by

K =κ1 κ2 =
〈Nx, (1, 0, ux)〉 〈Ny, (0, 1, uy)〉 − 〈Nx, (0, 1, uy)〉2

|(1, 0, ux)× (0, 1, uy)|2

=
〈(−uxx,−uyx, 0), (1, 0, ux)〉 〈(−uxy,−uyy, 0), (0, 1, uy)〉

(1 + |∇u|2)2
(89)

− 〈(−uxx,−uxy, 0), (0, 1, uy)〉2

(1 + |∇u|2)2
=
uxx uyy − u2

xy

(1 + |∇u|2)2
.

Therefore

K dArea =
uxx uyy − u2

xy

(1 + |∇u|2) 3
2

dx ∧ dy . (90)

Similarly, we may express the second fundamental formA in the coordi-
nates(x, y) as

Axx =
uxx

(1 + |∇u|2) 1
2

,

Axy = Ayx =
uxy

(1 + |∇u|2) 1
2

, (91)

Ayy =
uyy

(1 + |∇u|2) 1
2

.

Recall that (by (27)) the norm squared ofA is given by

|A|2 = Aij Akl g
ik gjl . (92)

The expression for the second fundamental form and the bound on the
eigenvalues ofg (see (87)) together imply

|Hessu |2

(1 + |∇u|2)3
≤ |A|2 ≤ 2

|Hessu |2

1 + |∇u|2
. (93)

5. The Theorem of Bernstein

Before we prove the famous theorem of Bernstein, we will give a bound
for the total curvature of a minimal graph. We will later see that, with
some more work, this bound can be used to give local curvature estimates
for minimal graphs. Such a local curvature estimate was proven originally
by Heinz [?] using complex analysis and provided a generalization of the
theorem of Bernstein.
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LEMMA 1.19. If u : Ω ⊂ R2 → R is a solution to the minimal sur-
face equation, then for all nonnegative Lipschitz functionsη with support
contained inΩ× R∫

Graphu

|A|2 η2 ≤ C

∫
Graphu

|∇Graphu
η|2 . (94)

PROOF. Let ω denote the area two-form on the unit sphereS2. Since
the upper hemisphere is contractible, we can find a (smooth) one-formα on
the upper hemisphere so that

dα = ω . (95)

As before, letN denote the Gauss map. SinceΣ is minimal and the differ-
entiald commutes with pull-backs, we see that

|A|2 dArea = −2K dArea = 2N∗ω = 2 dN∗α . (96)

Moreover, sinceα is a one-form, there is a constantCα so that

|N∗α| ≤ Cα |dN | = Cα |A| . (97)

SetΣ = Graphu. By (96), Stokes’ theorem, and (97), we get∫
Σ

η2 |A|2 dArea = 2

∫
Σ

η2 dN∗α = −4

∫
Σ

η dη ∧N∗α

≤ 4Cα

∫
Σ

η |∇Ση| |A| dArea (98)

≤ 4Cα

(∫
Σ

η2 |A|2 dArea

) 1
2
(∫

Σ

|∇Ση|2 dArea

) 1
2

,

where the last inequality used the Cauchy-Schwarz inequality. Therefore∫
Σ

η2 |A|2 ≤ 16C2
α

∫
Σ

|∇Ση|2 . (99)

This proves the lemma. �

COROLLARY 1.20. If u : Ω ⊂ R2 → R is a solution to the minimal
surface equation,κ > 1, andΩ contains a ball of radiusκR centered at
the origin, then ∫

B√κ R∩Graphu

|A|2 ≤ C

log κ
. (100)

PROOF. SetΣ = Graphu. Define the cutoff functionη on all ofR3 and
then restrict it to the graph ofu as follows: Letr denote the distance to the
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origin in R3 and defineη by

η =


1 if r2 ≤ κR2 ,

2− 2 log(r R−1)/ log κ if κR2 < r2 ≤ κ2R2 ,

0 if r2 > κ2R2 .

(101)

Since|∇Σr| ≤ |∇r| = 1, we have

|∇Ση| ≤
2

r log κ
. (102)

Applying Lemma 1.19 with this cutoff functionη and using the area bound
(20), we get∫

B√κ R∩Σ

|A|2 ≤
∫

Σ

η2 |A|2 ≤ C

∫
Σ

|∇Ση|2 ≤
4C

(log κ)2

∫
Bκ R∩Σ

r−2

≤ 4C

(log κ)2

log κ∑
`=(log κ)/2

∫
(B

e` R
\B

e`−1 R
)∩Σ

r−2 (103)

≤ 4C

(log κ)2

log κ∑
`=(log κ)/2

2π e2 ≤ 4π C e2

log κ
.

�

The above argument, i.e., integration by parts with this particular choice
of η, is often referred to as “a logarithmic cutoff argument.” It is quite useful
when the surface has at most quadratic area growth (as above).

As a consequence of this corollary, we get the following theorem of S.
Bernstein [?] from 1916:

THEOREM 1.21. [?] If u : R2 → R is an entire solution to the minimal
surface equation thenu(x, y) = ax+by+c for some constantsa, b, c ∈ R.

PROOF. By the previous corollary, we have for allR > 1∫
B√R∩Graphu

|A|2 ≤ C

logR
. (104)

LettingR → ∞, we conclude that|A|2 ≡ 0; hence0 = uxx = uxy = uyy

and thereforeu = ax+ by + c for some constantsa, b, c ∈ R. �

The previous proof (due to L. Simon [?]) of the theorem of Bernstein
relied on minimality for two facts:

• The area bound for minimal graphs, (20).
• The conformality of the Gauss map, (85).
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This proof can actually be applied to a wider class of differential equations
where the conformality is replaced by quasi-conformality. We will briefly
return to this later (in (??), where we also define quasi-conformality), but
we will not discuss estimates for quasi-conformal maps in these notes. A
detailed discussion may be found in chapter16 of [?].

6. The Weierstrass representation

The classical Weierstrass representation takes holomorphic data (a Rie-
mann surface, a meromorphic function, and a holomorphic one–form) and
associates a minimal surface inR3. To be precise, given

• a Riemann surfaceΩ,
• a meromorphic functiong onΩ,
• a holomorphic one–formφ onΩ,

then we get a (branched) conformal minimal immersionF : Ω → R3 by

F (z) = Re
∫

ζ∈γz0,z

(
1

2
(g−1(ζ)− g(ζ)),

i

2
(g−1(ζ) + g(ζ)), 1

)
φ(ζ) .

(105)
Herez0 ∈ Ω is a fixed base point and the integration is along a pathγz0,z

from z0 to z. The choice ofz0 changesF by adding a constant. In general,
the mapF may depend on the choice of path (and hence may not be well–
defined); this is known as “the period problem” (see M. Weber and M. Wolf,
[?], for the latest developments).

LEMMA 1.22. If f 1, f2, f3 are holomorphic functions onΩ ⊂ C and
F = (F 1, F 2, F 3) : Ω → R3 is given by

F (z) = Re
∫

ζ∈γz0,z

(
f 1, f2, f3

)
dζ , (106)

then for eachi = 1, 2, 3 we get

∂F i

∂x
− i

∂F i

∂y
= f i . (107)

PROOF. If g = u+ i v is holomorphic, then the Cauchy-Riemann equa-
tions are

∂u

∂x
=
∂v

∂y
, (108)

∂u

∂y
= −∂v

∂x
. (109)
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In particular, we get

2 g′ =
∂g

∂x
− i

∂g

∂y
=

(
∂u

∂x
+
∂v

∂y

)
− i

(
∂u

∂y
− ∂v

∂x

)
= 2

(
∂u

∂x
− i

∂u

∂y

)
. (110)

�

As an immediate consequence of Lemma 1.22, we see that the Weier-
strass representation gives a conformal mapping (see (112) below). Since
harmonic functions are conformally invariant in dimension two, it follows
that the restrictions of the coordinate functions to the image of a Weierstrass
representation are harmonic. Consequently, we see that the image is in fact
a minimal surface.

The unit normalN , metricds2, and Gauss curvatureK of the resulting
surface are then

N =
(2 Reg, 2 Im g, |g|2 − 1)

|g|2 + 1
, (111)

ds2 =
|φ|2

4

(
|g|−1 + |g|

)2
, (112)

K = −
[

4|∂zg| |g|
|φ| (1 + |g|2)2

]2

. (113)

Since the pullbackF ∗(dx3) is Reφ by (105),φ is usually called theheight
differential. By (111),g is the composition of the Gauss map followed by
stereographic projection.

The standard constructions of minimal surfaces from Weierstrass data
are

g(z) = z, φ(z) = dz/z, Ω = C \ {0} giving a catenoid, (114)

g(z) = eiz, φ(z) = dz, Ω = C giving a helicoid, (115)

g(z) = 1/z, φ(z) = 2 z dz, Ω = C giving Enneper’s surface. (116)

The representation (105) gives an obvious way to deform a minimal
immersion. Namely, multiplying the one–formφ by a unit complex number
eiθ gives another minimal immersion. Moreover, since the metricds2 only
depends on|φ|, this new surface is isometric to the original one. Whenθ =
π/2, the new surface is called theconjugateminimal surface; for general
values ofθ, these are called associate minimal surfaces. Using a change of
variables, it is not hard to see that the helicoid and the (universal cover of
the) catenoid are conjugate minimal surfaces.
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The Weierstrass representation is particularly useful for constructing
immersed minimal surfaces. For example, in [?], Nadirashvili used it to
construct a complete immersed minimal surface in the unit ball inR3. In
particular, Nadirashvili’s surface is not proper, i.e., the intersections with
compact sets are not necessarily compact.

Typically, it is rather difficult to prove that the resulting immersion is
an embedding (i.e., is1–1), although there are some interesting cases where
this can be done. The first modern example was [?] where D. Hoffman
and W. Meeks proved that the surface constructed by Costa was embedded;
this was the first new complete finite topology properly embedded minimal
surface discovered since the classical catenoid, helicoid, and plane. This
led to the discovery of many more such surfaces (see [?], [?], and [?] for
more discussion).

7. The Strong Maximum Principle

First note that the difference of two solutions of the minimal surface
equation satisfies a uniformly elliptic divergence form equation (where the
bound on the ellipticity depends on the bounds for the gradients of the min-
imal graphs):

LEMMA 1.23. If u1 andu2 are solutions of the minimal surface equation
on a domainΩ ⊂ Rn, thenv = u2 − u1 satisfies an equation of the form

div(ai,j ∇v) = 0 , (117)

where the eigenvalues of matrixai,j = ai,j(x) satisfy

0 < µ ≤ λ1 ≤ · · · ≤ λn ≤ 1/µ . (118)

The constantµ depends only on the upper bounds for the gradients of|∇ui|.
PROOF. Define the mappingF : Rn → Rn by

F (X) =
X

(1 + |X|2)1/2
. (119)

By the fundamental theorem of calculus and the chain rule, we can write

F (∇u2)− F (∇u1) =

∫ 1

0

d

dt
(F (∇u1 + t(∇u2 −∇u1))) dt

=

∫ 1

0

dF (∇u1 + t(∇u2 −∇u1))∇(u2 − u1) dt (120)

=

(∫ 1

0

dF (∇u1 + t(∇u2 −∇u1)) dt

)
∇(u2 − u1) .

From this, we conclude thatv = u2 − u1 satisfies an equation of the form

div(ai,j ∇v) = 0 , (121)
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where the matrixai,j is given by (120).
Given a unit vectorV ∈ Sn−1 andX ∈ Rn, we see that

dF (X)V =
V

(1 + |X|2)1/2
− 〈X,V 〉

(1 + |X|2)3/2
X . (122)

In particular, taking the inner product withV gives

(1 + |X|2)3/2 〈V, dF (X)V 〉 = (1 + |X|2)− 〈X,V 〉2

≥ (1 + |X|2)− |X|2 = 1 . (123)

It follows that ai,j is a weighted average of positive definite matrices and
thus also positive definite, completing the proof. �

The following corollary is the local version of the strong maximum prin-
ciple for minimal hypersurfaces:

COROLLARY 1.24. LetΩ ⊂ Rn be an open connected neighborhood of
the origin. Ifu1, u2 : Ω → R are solutions of the minimal surface equation
with u1 ≤ u2 andu1(0) = u2(0), thenu1 ≡ u2.

PROOF. Since the matrixai,j given by Lemma 1.23 is positive definite,
we can apply the maximum principle for linear equations tov = u2 − u1

(see, for instance, [?] or theorem 3.5 of [?]). �

By writing a hypersurface locally as the graph of a function, we see that
Corollary 1.24 has the following immediate consequence:

COROLLARY 1.25. (The Strong Maximum Principle) If Σ1, Σ2 ⊂
Rn are complete connected minimal hypersurfaces (without boundaries),
Σ1 ∩ Σ2 6= ∅, andΣ2 lies on one side ofΣ1, thenΣ1 = Σ2.

As an application of the strong maximum principle, we next prove a
generalization due to Schoen of a famous theorem of Rado (cf. Theorem
??).

THEOREM 1.26. [?] Let Ω ⊂ R2 be strictly convex andσ ⊂ R3 a
simple closed curve which is a graph over∂Ω with bounded slope. Then
any minimal surfaceΣ ⊂ R3 with ∂Σ = σ must be graphical overΩ and
hence unique.

PROOF. We show thatΣ is graphical and leave the uniqueness to the
reader. By the maximum principle, the interior ofΣ is contained in the
interior of the cylinderΩ × R. Given a plane{x3 = t}, we divideΣ into
the portionsΣ+

t above andΣ−
t below the plane. ReflectingΣ+

t below the
plane gives a new minimal surfacẽΣ+

t below the plane. By the maximum
principle, there cannot be a firstt whereΣ−

t andΣ̃+
t have an interior point

of contact. Since∂Σ is a graph, there cannot be a boundary point of contact.
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It follows then that the projection ofΣ to the plane{x3 = 0} must be one
to one, as desired. �

The combination of the maximum principle and reflection used above
is known as “the method of moving planes.” It was originally developed
by Alexandrov to prove that a closed embedded constant mean curvature
hypersurface inRn must be a round sphere.

8. Second Variation Formula, Morse Index, and Stability

8.1. The second variation formula.Suppose now thatΣk ⊂ Mn is a
minimal submanifold; we want to compute the second derivative of the area
functional for a variation ofΣ. Therefore, let againF be a variation ofΣ
with compact support. In fact, we will assume thatF is a normal variation,
that is, onΣ we have

F T
t ≡ 0 . (124)

As before, letxi be local coordinates onΣ and set

gij(t) = g(Fxi
, Fxj

) , (125)

ν(t) =
√

det(gij(t))
√

det(gij(0)) . (126)

Differentiating the measureν(t) gives

d2

dt2t=0

Vol(F (Σ, t)) =

∫
d2

dt2 t=0
ν(t)

√
det(gij(0)) . (127)

Recall that the first derivative of the measureν(t) can be written as

2
d

dt
ν(t) = Tr(g′ij(t)g

`m(t)) ν(t) , (128)

where the trace here means
∑

i,j g
′
ij(t)g

ij(t). To see this, recall that

d

dtt=0

det(δij + t aij) = Tr(aij) . (129)

To evaluated2/dt2t=0ν(t) at some pointx ∈ Σ, we may choose the
coordinate systemxi to be orthonormal atx. Differentiating (128) then
gives atx

2
d2

dt2t=0

ν(t) = Tr(g′′ij(0))− Tr(g′ij(0) g′`m(0)) +
1

2
[Tr(g′ij(0))]2 . (130)

SinceΣ is minimal, we haveTr(g′ij(0)) = 0 and, therefore, we get

2
d2

dt2t=0

ν(t) = Tr(g′′ij(0))− Tr(g′ij(0) g′`m(0)) . (131)
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An easy calculation gives

g′ij(0) = g(Fxit, Fxj
) + g(Fxi

, Fxjt) = −2 g(A(Fxi
, Fxj

), Ft) , (132)

and atx

k∑
i=1

g′′ii(0) = 2
k∑

i=1

g(Fxitt, Fxi
) + 2

k∑
i=1

g(Fxit, Fxit) (133)

= 2
k∑

i=1

g(Fxit, Fxit) + 2
k∑

i=1

g(RM(Ft, Fxi
)Ft, Fxi

) + 2 divΣ(Ftt)

= 2
k∑

i=1

g(F T
xit
, F T

xit
) + 2

k∑
i=1

g(FN
xit
, FN

xit
)

+ 2
k∑

i=1

g(RM(Ft, Fxi
)Ft, Fxi

) + 2 divΣ(Ftt)

= 2
k∑

i,j=1

|g(A(Ei, Ej), Ft)|2 + 2|∇N
ΣFt|2

+ 2
k∑

i=1

g(RM(Ft, Ei)Ft, Ei) + 2 divΣ(Ftt) .

HereRM is the Riemann curvature tensor ofM . To get the second equality,
we used that atx

k∑
i=1

g(∇Ft∇FtFxi
, Fxi

) =
k∑

i=1

g(∇Ft∇Fxi
Ft, Fxi

)

=
k∑

i=1

g(RM(Ft, Fxi
)Ft, Fxi

) +
k∑

i=1

g(∇Fxi
∇FtFt, Fxi

)

=
k∑

i=1

g(RM(Ft, Fxi
)Ft, Fxi

) + divΣ(Ftt) . (134)

Therefore, we get atx

d2

dt2t=0

ν(t) = −
k∑

i,j=1

|g(Ft, A(Ei, Ej))|2 (135)

+ |∇N
ΣFt|2 −

k∑
i=1

g(RM(Ft, Ei)Ei, Ft) + divΣ(Ftt) .
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Inserting (135) into (127), integrating and using the minimality ofΣ and
Stokes’ theorem, we get

d2

dt2t=0

Vol(F (Σ, t)) = −
k∑

i,j=1

∫
Σ

|g(Ft, A(Ei, Ej))|2

+

∫
Σ

|∇N
ΣFt|2 −

k∑
i=1

∫
Σ

g(RM(Ft, Ei)Ei, Ft)

= −
∫

Σ

g(Ft, L Ft) . (136)

The self-adjoint operatorL is the so-calledstability operator(or Jacobi
operator) defined on a normal vector fieldX to Σ by

LX = ∆N
Σ X +

k∑
i=1

RM(X,Ei)Ei + Ã(X) , (137)

whereÃ is Simons’ operatordefined by

Ã(X) =
k∑

i,j=1

g(A(Ei, Ej), X)A(Ei, Ej) (138)

and∆N
Σ is theLaplacian on the normal bundle, that is,

∆N
Σ X =

k∑
i=1

(∇Ei
∇Ei

X)N −
k∑

i=1

(∇(∇Ei
Ei)TX)N . (139)

A normal vector fieldX with LX = 0 is said to be aJacobi field.
For a hypersurfaces with a trivial normal bundle, the stability operator

simplifies significantly since, in this case, it becomes an operator on func-
tions. Namely, if we identify a normal vector fieldX = η N with η, then

Lη = ∆Σ η + |A|2 η + RicM(N,N) η . (140)

We will adopt the convention thatλ is a (Dirichlet) eigenvalue ofL on
Ω ⊂ Σ if there exists a nontrivial normal vector fieldX which vanishes on
∂Ω so that

LX + λX = 0 . (141)

DEFINITION 1.27. TheMorse indexof a compact minimal surfaceΣ is
the number of negative eigenvalues of the stability operatorL (counted with
multiplicity) acting on the space of smooth sections of the normal bundle
which vanish on the boundary.
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The second variation formula shows that ifΣk ⊂ Mn is a minimal
submanifold, then the Hessian of the area functional atΣ is given by

−
∫

Σ

g(·, L ·) . (142)

It follows that we could have equivalently defined the Morse index ofΣ to
be the index ofΣ as a critical point for the area functional.

8.2. Stability. We say that a minimal submanifoldΣk ⊂ Mn is stable
if for all variationsF with boundary fixed

d2

dt2t=0

Vol(F (Σ, t)) = −
∫

Σ

g(Ft, L Ft) ≥ 0 . (143)

Observe that stability is the same as requiring the stability operator to be
negative semidefinite (i.e., Morse index zero). Note also that ifΣn−1 ⊂ Rn

is the graph of a function satisfying the minimal surface equation, thenΣ
is stable sinceΣ is, in fact, area-minimizing. A complete (possibly non-
compact) minimal submanifold without boundary is said to bestableif all
compact subdomains are stable.

For stable minimal hypersurfaces, we have the following useful inequal-
ity:

LEMMA 1.28. (The Stability Inequality) Suppose thatΣn−1 ⊂ Mn

is a stable minimal hypersurface with trivial normal bundle, then for all
Lipschitz functionsη with compact support∫

Σ

(inf
M

RicM +|A|2) η2 ≤
∫

Σ

|∇Ση|2 . (144)

PROOF. SinceΣ is stable,

0 ≤ −
∫

Σ

η Lη = −
∫

Σ

(η∆Σ η + |A|2 η2 + RicM(N,N) η2) . (145)

Integrating by parts gives∫
Σ

(RicM(N,N) + |A|2) η2 ≤
∫

Σ

|∇Ση|2 . (146)

This proves the lemma. �

The stability inequality gives restrictions on a stable minimal hypersur-
face when we have some positivity of the curvature ofM . The next two
corollary records two versions of this (the first due to J. Simons and the
second to Schoen and Yau):

COROLLARY 1.29. Suppose thatΣn−1 ⊂ Mn is a closed stable mini-
mal hypersurface with trivial normal bundle.



26 1. THE VARIATION FORMULAS AND SOME CONSEQUENCES

• If RicM ≥ 0, thenΣ is totally geodesic andRicM(N,N) = 0 on
Σ.

• If ScalM > 0 andn = 3, thenΣ is anS2 or anRP2 and∫
Σ

(ScalM +|A|2) ≤ 8π . (147)

PROOF. SinceΣ is compact and has no boundary, we can use the con-
stant functionη = 1 in the stability inequality to get∫

Σ

(RicM(N,N) + |A|2) ≤ 0 . (148)

The first conclusion follows immediately. For the second, let

E1, E2, andE3 = N

be an orthonormal basis alongΣ and use the Gauss equation to write

RicM(N,N) = R3113 +R3223 = 1/2 ScalM −R2112

= 1/2 ScalM −KΣ−1/2 |A|2 . (149)

Substituting this into (150), we get that

1/2

∫
Σ

(ScalM +|A|2) ≤ −
∫

Σ

KΣ = −2π χ(Σ) , (150)

whereχ(Σ) is the Euler characteristic ofΣ and the equality used the Gauss-
Bonnet formula. It follows thatχ(Σ) > 0, giving the claim. �

By using Lemma 1.28 and a logarithmic cutoff argument (as in the proof
of Theorem 1.21), it is easy to give a second proof of Theorem 1.21. We
will return to this point of view in the next chapter.

8.3. A characterization of stability. We will close this section with
some useful characterizations of stability for minimal hypersurfaces with
trivial normal bundle and we will derive some consequences. This will
require more background in PDE than in the rest of these notes; when this
occurs, precise references will be given.

For minimal hypersurfaces with trivial normal bundle, we saw that sta-
bility was equivalent toλ1(Ω, L) ≥ 0 for everyΩ ⊂ Σ where

λ1(Ω, L) = inf

{
−
∫
η Lη | η ∈ C∞

0 (Ω) and
∫

Ω

η2 = 1

}
. (151)

For smooth functionsu, we define theH1-norm by

‖u‖2
H1 =

∫
u2 +

∫
|∇u|2 . (152)

The Sobolev spaceH1
0 (Ω) is the closure of the compactly supported smooth

functions onΩ with respect to theH1-norm. Similarly,H1(Ω) is the closure
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of the space of smooth functions onΩ with respect to theH1-norm. By
standard elliptic theory, see, for instance, [?] or [?], we get the following:

LEMMA 1.30. LetL andΩ ⊂ Σ be as above and setλ1 = λ1(Ω, L). If
u ∈ H1

0 (Ω) satisfies

−
∫

Ω

uLu = λ1

∫
Ω

u2 , (153)

thenLu = −λ1u.

PROOF. We can assume that∫
Ω

u2 = 1 . (154)

If ψ is a smooth function with compact support inΩ and∫
ψu = 0 , (155)

then obviously
d

dt t=0

∫
(u+ tψ)2 = 0 . (156)

By the definition ofλ1, (156) implies that

0 =
d

dt t=0

∫
(u+ tψ)L(u+ tψ) = 2

∫
ψ Lu , (157)

where the second equality follows from Stokes’ theorem. By approxima-
tion, equation (157) holds for anyψ ∈ H1

0 (Ω) satisfying (155). In particu-
lar, given anyφ ∈ H1

0 (Ω), then (157) holds for

ψ = φ− u

∫
(φu) , (158)

and thus ∫
φLu =

∫
φu

∫
uLu = −λ1

∫
φu . (159)

Since (159) holds for allφ ∈ H1
0 (Ω), u is a weak solution toLu = −λ1 u.

The lemma now follows by elliptic regularity (theorem 8.8 of [?]). �

Combining Lemma 1.30 and the Harnack inequality, we see in the next
lemma that any eigenfunction for the first eigenvalue cannot change sign.

LEMMA 1.31. If u is a smooth function onΩ that vanishes on∂Ω and
Lu = −λ1u whereλ1 = λ1(Ω, L), thenu cannot change sign inΩ.

PROOF. We may assume thatu is not identically zero. Sinceu vanishes
on ∂Ω, so does|u|. In fact, it is easy to see that|u| also achieves the mini-
mum in (151) and hence, by Lemma 1.30, we haveL |u| = −λ1 |u|. Since
|u| ≥ 0 and|u| is not identically zero, the Harnack inequality, Lemma 1.36,
implies that|u| > 0 in Ω and the lemma follows. �
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Since the eigenfunctions are all orthogonal to each other, Lemma 1.31
implies that only the lowest eigenfunction does not change sign and, in fact,
the first eigenvalue has multiplicity one. As a consequence, we see that if
Σ ⊂ M is a stable minimal hypersurface with trivial normal bundle and
without boundary, theñΣ ⊂ M̃ is also stable where

G : M̃ →M (160)

is a covering map,̃Σ = G−1(Σ), andM̃ is given the pullback metric. On
the other hand, easy examples show that a cover of a stable minimal sub-
manifold is not in general stable (consider, for instance,RP2 ⊂ RP3).

More generally, we have the following:

LEMMA 1.32. LetΣ be a minimal hypersurface with trivial normal bun-
dle,L its stability operator, andΩ ⊂ Σ a bounded domain. If there exists a
positive functionu onΩ withLu = 0, thenΩ is stable.

PROOF. Setq = |A|2 + RicM(N,N) so thatL = ∆Σ + q. Sinceu > 0,
w = log u is well-defined and satisfies

∆Σw = −q − |∇Σw|2 . (161)

Let f be a compactly supported smooth function onΩ. Multiplying both
sides of (161) byf 2 and integrating by parts gives∫

f 2 q +

∫
f 2 |∇Σw|2 = −

∫
f 2 ∆Σw ≤ 2

∫
|f | |∇Σf | |∇Σw| (162)

≤
∫
f 2 |∇Σw|2 +

∫
|∇Σf |2 ,

where the second inequality follows from the Cauchy-Schwarz inequality.
Cancelling the

∫
f 2 |∇Σw|2 term from both sides of (162), we see that

−
∫
f Lf ≥ 0 . (163)

Since this is true for any suchf , the lemma follows. �

Note that ifΣ is closed or, more generally, ifu vanishes on∂Σ, then
Lemma 1.32 follows immediately from Lemma 1.31.

The variationF : R3 × R → R3 given by

F (·, t) : (x1, x2, x3) → (x1, x2, x3 + t) (164)

is a one-parameter group of isometries ofR3, and hence for any surface
Σ ⊂ R3 we have thatArea F (Σ, t) is constant. The variation vector field
isFt = (0, 0, 1). If Σ is minimal, then the second variation formula implies
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that 〈N, (0, 0, 1)〉 (the normal component of the variation vector field) is a
Jacobi field. Furthermore, whenΣ = Graphu

〈N, (0, 0, 1)〉 =
1√

1 + |∇R2u|2
, (165)

is therefore a positive Jacobi field. Consequently, Lemma 1.32 gives an-
other way to see that minimal graphs are stable.

A manifoldΣ is said to beparabolicif any positive superharmonic func-
tionu (i.e.,∆Σu ≤ 0) is constant. The next proposition uses the logarithmic
cutoff trick to see that quadratic volume growth implies parabolicity. In this
proposition, we will letBΣ

s = BΣ
s (p) denote an intrinsic (geodesic) ball in

Σ.

PROPOSITION1.33. If Σ is a complete surface so that for alls > 0 we
have

Area (BΣ
s ) ≤ C s2 , (166)

thenΣ is parabolic.

PROOF. Suppose thatu > 0 and∆Σu ≤ 0 and set

w = log u , (167)

so that|∇Σw|2 ≤ −∆Σw. Let r denote the distance top and define the
cutoff functionη by

η =


1 if r2 ≤ R ,

2− log r2

log R
if R < r2 ≤ R2 ,

0 if r2 > R2 .

(168)

By Stokes’ theorem and the absorbing inequality (2ab ≤ 1
2
a2 +2b2), we get

∫
η2 |∇Σw|2 ≤ −

∫
η2 ∆Σw ≤ 2

∫
η |∇Ση| |∇Σw| (169)

≤ 1

2

∫
η2 |∇Σw|2 + 2

∫
|∇Ση|2 .
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Substituting the definition ofη and the area bound gives∫
BΣ√

R

|∇Σw|2 ≤
∫
η2 |∇Σw|2 ≤ 4

∫
|∇Ση|2

≤ 16

(logR)2

log R∑
`= 1

2
log R

∫
(BΣ

e`\B
Σ
e`−1 )

r−2 (170)

≤ 16

(logR)2

log R∑
`= 1

2
log R

C e2 ≤ 8C e2

logR
.

LettingR→∞, we get thatw is constant. �

Applying Proposition 1.33, we see that an entire two-dimensional mini-
mal graphΣ is parabolic. This follows since the intrinsic distance is bounded
from below by the Euclidean distance and therefore the area bound (20) im-
plies that minimal graphs have quadratic area growth. Setting

u = 〈N, (0, 0, 1)〉 (171)

as in (165) gives a positive Jacobi field. In particular,

∆Σu = −(|A|2 + RicR3(N,N))u = − |A|2 u ≤ 0 , (172)

so thatu is a positive superharmonic function. By Proposition 1.33,u must
be constant so that∆Σu = 0 and hence|A|2 = 0. In other words, any
complete minimal graph defined onR2 must be flat. This yields another
proof of the Bernstein theorem, Theorem 1.21.

We will next give a characterization of stability for complete noncom-
pact minimal hypersurfaces with trivial normal bundle due to Fischer-Colbrie
and Schoen. We will assume that the boundary is smooth if it is nonempty.

PROPOSITION1.34. [?] If Σ is a complete noncompact minimal hyper-
surface with trivial normal bundle, then the following are equivalent:

λ1(Ω, L) ≥ 0 for every bounded domainΩ ⊂ Σ . (173)

λ1(Ω, L) > 0 for every bounded domainΩ ⊂ Σ . (174)

There exists a positive functionu withLu = 0 . (175)

PROOF. By Lemma 1.32, (175) implies (173).
Clearly (174) implies (173). To see the equivalence of (173) and (174),

given any bounded domainΩ0 ⊂ Σ choose a strictly larger bounded domain
Ω1. The variational characterization of eigenvalues, (151), implies that

λ1(Ω0, L) ≥ λ1(Ω1, L) ≥ 0 , (176)
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where the second inequality follows from (173). Letu0 denote the first
eigenfunction forL onΩ0, and defineu1 onΩ1 by

u1(x) =

{
u0(x) if x ∈ Ω0 ,

0 otherwise.
(177)

If we had equality in (176), then, by Lemma 1.30,Lu1 = −λ1u1 on Ω1

and, by Lemma 1.31,u1 > 0 on Ω1. This is not possible sinceu1 vanishes
onΩ1 \ Ω0, and thus the equivalence of (173) and (174) follows.

It remains to show that (174) implies (175). To do this, fixp ∈ Σ and
for eachr > 0 let

BΣ
r = BΣ

r (p) = {q ∈ Σ | distΣ(p, q) < r} . (178)

Sinceλ1(B
Σ
r , L) > 0, by the Fredholm alternative (see theorem 6.15 of

[?]), there exists a unique functionvr with

Lvr = −|A|2 − RicM(N,N) onBΣ
r and vr = 0 on∂BΣ

r . (179)

Settingur = vr + 1, (179) gives

Lur = 0 onBΣ
r and ur = 1 on∂BΣ

r . (180)

We claim that:
ur > 0 onBΣ

r . (181)

By the Harnack inequality, Lemma 1.36, it suffices to show thatur ≥ 0 in
BΣ

r . If this fails, then we can choose a nonempty connected componentΩ
of the open set

{x ∈ BΣ
r | ur(x) < 0} . (182)

By construction, we haveur < 0 in Ω andur = 0 on∂Ω, and Lemma 1.31
implies thatλ1(Ω, L) = 0. This contradiction implies that (181) holds.

For eachr, we define a positive functionwr by

wr = (ur(p))
−1 ur (183)

and observe thatLwr = 0 andwr(p) = 1.
Now, letK be any compact set withK ⊂ BΣ

R0
. Applying the Harnack

inequality (see theorem 8.27 of [?] for the estimates up to∂Σ), we get for
anyr ≥ 2R0 that

sup
K
wr ≤ CK . (184)

The interior and boundary Schauder estimates (theorems 6.2 and 6.6 of [?])
imply that

|wr|C2,α
K

≤ C ′
K . (185)

In other words, ifK ⊂ BRΣ
0
, we have uniformC2,α

K estimates for everywr

for r ≥ 2R0. By the Arzela-Ascoli theorem, we can choose a subsequence
of thewr that converges uniformly inC2, α

2 on compact sets to a function
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w. This convergence guarantees thatw satisfiesLw = 0. Since eachwr

was positive andwr(p) = 1, w is nonnegative and hasw(p) = 1. Finally,
the Harnack inequality implies thatw is also positive, which completes the
proof. �

We can use Proposition 1.34 to give a slight generalization of the Bern-
stein theorem.

COROLLARY 1.35. If Σ ⊂ R3 is a complete, connected, stable, para-
bolic, orientable minimal surface without boundary, then it must be a plane.

PROOF. SinceΣ is orientable and stable, Proposition 1.34 implies that
there exists a functionu > 0 with

∆Σu = −(|A|2 + RicR3(N,N))u = − |A|2 u ≤ 0 . (186)

SinceΣ is parabolic,u must be constant. Hence (186) implies that|A| ≡ 0
and the corollary follows. �

9. Basic properties of multi–valued graphs

We will need the notion of a multi–valued graph, each staircase will
be a multi–valued graph. Intuitively, an (embedded) multi–valued graph
is a surface such that over each point of the annulus, the surface consists
of N graphs. To make this notion precise, letDr be the disk in the plane
centered at the origin and of radiusr and letP be the universal cover of the
punctured planeC \ {0} with global polar coordinates(ρ, θ) soρ > 0 and
θ ∈ R. AnN–valued graphon the annulusDs \Dr is a single valued graph
of a functionu over

{(ρ, θ) | r < ρ ≤ s , |θ| ≤ N π} . (187)

For working purposes, we generally think of the intuitive picture of a multi–
sheeted surface inR3, and we identify the single–valued graph over the
universal cover with its multi–valued image inR3.

The multi–valued graphs that we will consider will all be embedded,
which corresponds to a nonvanishing separation between the sheets (or the
floors). Here theseparationis the function (see fig. 3)

w(ρ, θ) = u(ρ, θ + 2π)− u(ρ, θ) . (188)

If Σ is the helicoid, thenΣ \ {x3 − axis} = Σ1 ∪ Σ2, whereΣ1, Σ2 are
∞–valued graphs onC \ {0}. Σ1 is the graph of the functionu1(ρ, θ) = θ
andΣ2 is the graph of the functionu2(ρ, θ) = θ + π. (Σ1 is the subset
wheres > 0 in (46) andΣ2 the subset wheres < 0.) In either case the
separationw = 2 π. A multi–valued minimal graphis a multi–valued graph
of a functionu satisfying the minimal surface equation.
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Note that for an embedded multi–valued graph, the sign ofw determines
whether the multi–valued graph spirals in a left–handed or right–handed
manner, in other words, whether upwards motion corresponds to turning in
a clockwise direction or in a counterclockwise direction.

FIGURE 3. The separationw
for a multi–valued minimal
graph; see (188).

It is easy to see that a multi-valued graph must be stable. Namely, the
function 〈N, (0, 0, 1)〉 is a non-vanishing Jacobi field so stability follows
immediately from Lemma 1.32.

Finally, we note that the separationw satisfies a reasonably nice diver-
gence form equation. Namely, Lemma 1.23 implies that

div(ai,j ∇w) = 0 , (189)

where the matrixai,j is bounded and positive definite. In fact, the eigenval-
ues ofai,j are uniformly bounded in terms of the maximum of the gradient
of the multi-valued functionu. Note that this is enough to get a Harnack
inequality forw so long as the gradient ofu is uniformly bounded.

10. Exercises

EX 1. Prove that the area functional on graphs is convex.

EX 2. Prove that the catenoid and helicoid are minimal surfaces.

EX 3. Verify that the Weierstrass representation

F (z) = Re
∫

ζ∈γz0,z

(
1

2
(g−1(ζ)− g(ζ)),

i

2
(g−1(ζ) + g(ζ)), 1

)
φ(ζ) ,

whereg(z) = z, φ(z) = dz/z, Ω = C \ {0} gives a catenoid.

EX 4. Derive the formulas(111)–(113)for the unit normal, metric, and
curvature of a minimal surface from its Weierstrass data.

EX 5. Compute the total curvature, i.e.,
∫
K, of the catenoid.

EX 6. Find all rotationally symmetric solutions of the minimal surface
equation onR2 \D1.

EX 7. Prove that Enneper’s surface is not embedded but its unit normal
is asymptotically vertical (i.e., like a graph). What does Enneper’s surface
look like asymptotically?
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EX 8. Suppose thatM is a three-manifold with sectional curvatures at
most−1.

• Prove that there is no minimal immersion ofS2 intoM .
• Prove an area bound for a minimal immersion of a surface of genus
g intoM .

EX 9. Suppose thatu : D1 → R satisfies the minimal surface equation
and|Du| ≤ 1 onD1. Use standard elliptic theory to prove a uniform bound
|D2u|(0) ≤ C.

EX 10. Find a sequence of functionsuj : D1 → R satisfying the mini-
mal surface equation with|Duj| ≤ 1 onD1 but supD1

|D2uj| → ∞.

EX 11. Prove that any positive harmonic function on a catenoid must
be constant.

EX 12. Suppose thatΣ is a minimal annulus whose boundary compo-
nents are circles{x2 + y2 = 1, z = H} and {x2 + y2 = 1, z = −H}.
Prove thatH cannot be too large.

EX 13. Suppose thatΣ is a complete minimal surface so that for allR

Area(BR ∩ Σ) ≤ 2πR2 .

Prove that eitherΣ is embedded or the union of two planes.

EX 14. Define the divergence form operator

Lu = div(f(|∇u|2)∇u)

for a nonnegative functionf (e.g.,f(s) = (1 + s)−1/2 gives the minimal
surface equation). For which functionsf doesL have a strong maximum
principle?

EX 15. Complete the proof of Theorem 1.26 by showing uniqueness of
minimal graphs.

EX 16. What is the Morse index of the catenoid?

EX 17. Prove that the Morse index of the helicoid is infinite. Can you
divide the helicoid into two stable pieces?

11. Appendix: The Harnack inequality

We will next recall the Harnack inequality for nonnegative solutions of
uniformly elliptic equations. The version that we will use is contained in
theorem 8.20 of [?] and applies to a very general class of operators. For the
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next lemma, letL be a second-order linear differential operator onRn given
by

Lu =
n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

+ bi(x)u

)
+

n∑
i=1

ci(x)
∂u

∂xi

+ d(x)u , (190)

where the coefficientsaij, bi, ci, d are measurable functions.

LEMMA 1.36. LetL be a second-order linear differential operator on
Ω ⊂ Rn with bounded measurable coefficientsaij, bi, ci, d as in(190)satis-
fying

n∑
i,j=1

aijxixj ≥ λ|x|2 (191)

for someλ > 0 and
n∑

i,j=1

(aij)2 ≤ Λ , (192)

λ−2

n∑
i=1

(|bi(x)|2 + |ci(x)|2) + λ−1|d(x)| ≤ ν2 , (193)

for someΛ, ν <∞. Suppose thatu ∈ C0(Ω) ∩H1(Ω) satisfiesu ≥ 0 in Ω
andLu = 0 weakly inΩ. Then, for any ballB4R(y) ⊂ Ω, we have

sup
BR(y)

u ≤ C inf
BR(y)

u , (194)

whereC = C(n, Λ
λ
, νR) <∞.

By using local coordinates and a covering argument with chains of balls
we can extend the Harnack inequality of Lemma 1.36 to elliptic equations
on bounded domains in a Riemannian manifold.


